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ABSTRACT

In this work we present a one-dimensional model of quantum electron transport
in semiconductors that makes use of the Wigner function formalism and that
takes into account the full band structure of the medium for energy bands
of any shape. We introduce a multi-band Wigner function and derive the
evolution equations for each component, with and without external fields, by
using a Bloch states representation of the density matrix.

1 Introduction

The Wigner-function approach to quantum electron transport in semiconduc-

tors is widely used to describe the properties of electronic devices such as the

1



Resonant Tunneling Diode (RTD) and others [1, 2, 3]. By making use of phase
space concepts, it presents a close analogy to the classical Boltzmann-equation
approach; this has the advantage that many of the analytical and numerical
techniques commonly used for the Boltzmann equation can be adapted to the
Wigner function. In particular, the numerical complexity of other quantum
statistical approaches to electron transport, such as the density-matrix ap-
proach [4, 5, 6] and the Green’s-function approach [7, 8, 9], is significantly
reduced in the kinetic models that make use of the Wigner function. Also,
when dealing with space dependent problems in finite domains, it is always
difficult to devise the correct boundary conditions to be imposed; because of
the analogy with the classical Boltzmann equation, this difficulty is more easily
overcome with the Wigner-function approach, since one can rely on imposing
classical boundary conditions in a region sufficiently far from the quantum re-
gion, where classical effects dominate [3]. Also, adding collisions to the model
equations that govern the evolution of the Wigner function is less complicated
than including collisions into the other statistical models of quantum transport
[2].

All existing transport models for semiconductors based on the Wigner func-
tion, however, rely on the following two approximations: 1) that only single-
conduction-band electrons contribute to the current flow, and 2) that only a
small region of the Brillouin zone near the minimum of the band is populated,
leading to the parabolic band approximation. Under these conditions, conduc-
tion electrons can be considered as semiclassical particles having an effective
mass related to the curvature of the energy band function near the minimum.
The evolution equation for the Wigner function of the conduction electrons
then becomes the evolution equation for free particles with an effective mass.
This allows the inclusion of any fields (barriers or bias) by means of the stan-

dard pseudodifferential operator [1].

In the case of devices in which interband transitions or non-parabolicity



effects may occur, the single-band, effective mass approximation is not sat-
isfactory. A correctly defined Wigner function for these phenomena should
include the populations of all bands involved in the transport processes and
the evolution equation that governs the time dependence of the Wigner func-
tion should take into account possible non-parabolicity effects. In this work, we
remove the single-band approximation and the parabolic band approximation,
by introducing a Wigner function which includes the populations of all energy
bands and derive an evolution equation which allows for energy bands of any
shape. The resulting equations provide an exact model for the description of
collisionless electron transport in semiconductors without the single-band and
the effective mass approximations. Collisions can be added to the model in
standard ways. We also discuss the derivation of the effective mass approx-
imation starting from the exact equations. Some of our results have already
appeared in the literature for particular cases. In absence of external fields,
the evolution equations are a generalization of an earlier result for a single
band by Markowich, Mauser and Poupaud [10, 11]. A statistical description of
multiband transport was formulated by Krieger and lafrate [12, 13] by making
use of accelerated Bloch states in a model based on the density matrix. A two
band kinetic model without external fields was developed by Kuhn and Rossi
[14] and by Hess and Kuhn [15] for the description of semiconductor lasers.

2 The density matrix and the Wigner function

In this work, we consider an ensemble of electrons moving in a semiconduc-
tor crystal, which is considered as an infinite homogeneous medium. The
main quantity of a quantum statistical description of the electron ensemble
in phase space is the Wigner function, which is defined by a suitable Fourier
transformation of the density matrix. If p is the single particle density opera-

tor, the corresponding density matrix in the space representation is given by



p(r,s) =< r|p|s >, where Dirac’s notation has been used. Then, the Wigner
function [1] is derived from the density matrix by first considering a transfor-
mation from the variables r and s to the variables @ = (r+s)/2 (center of mass
variable) and n = r — s (relative variable), and then taking Fourier transforms
with respect to n:

f(xvp):/dn<$+g|/)|$—g>e_ip”/h. (1)

This relation can be inverted and the elements of the density matrix can be

written in terms of the Wigner function:
1 r+s :
< rlpls >= — [d <_ ) ip(r—s) /1 5
rlpls >= 5 [dnf (" "0p) € (2)

In general, an electron in the crystal will be found in a superposition of
Bloch states belonging to different energy bands. If we wish to use the Wigner
function approach in situations in which band to band transitions occur, the
Wigner function has to contain the information about the electron populations
of all energy bands and their dynamics. A suitable partition of the Wigner
function among the energy bands is obtained by using the Bloch states and

the matrix elements of the density operator in the Bloch states representation.

Let Hy be the Hamiltonian containing only the kinetic energy and the pe-
riodic potential V,, and given by Hy = p*/2m + V,, and let W,,(z, k), m € N,
k € B, with B the Brillouin zone [10], be the eigenfunctions and ¢;(k), ex(k),

oy €mo1(k), €n(k), ..., the eigenvalues of Hy:

HoW,, (2, k) = €, (k) (2, k),
or, using Dirac’s notation,
Holm, k >= €, (k)|m,k > . (3)
The eigenfunctions are given by the Bloch functions
< z|lmk >= WU, (2, k) = * () (4)
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and form a complete orthonormal set [16]. Here, u,x(x) is the periodic part
of the Bloch function for the m-th band and the states {|mk >}, m € N,
k € B are the Bloch states. If a is the period of the lattice, we have that

Uk (T + @) = Ui (x) and
et < x|lmk >=< & + plmk > (5)

Vu € L, with L the direct lattice (therefore y = u(l) = la, | € Z). The
functions €,,(k) are the energy bands of the material and are periodic in the
crystal momentum £ with period 27 /a. They can be expanded in a Fourier

series,

em(k) = 3 Em(p)e™, (6)

peL
where € (1) = €,(—pu), since the €,(k) are real functions of k. By using the
completeness of the Bloch states {|mk >} in equation (1), the Wigner function
can be written as a double sum of contributions from all energy bands:
f(xvp) = Z fm'm”(xvp) (7)

where
Fomin(,p) = /B AR i (K K)
X /dn <z+ g|m’k’ >< m"kE" v — g > et (8)
and
i (KK =< Kol > )

are the elements of the density operator in the Bloch states representation.
Equation (8) can be written in a more compact form, by introducing a pro-
jection operator Pimn such that, (Ppmnf)(x,p) = forme(x,p). Let us first
define the coefficients

B (K K" 2, p) = /dn <r+ glm’k’ >< m"k" e — g > emwi/h o (10)



These integrals have the property that

1
o / / dxdp ® (K K" 2, p) = Sprmnd (k' — "), (11)
T

which can be easily derived from the orthogonality of the Bloch states. After

substituting into (8) we have:

fm/m”(l', p) = /B2 dk/dk”pm’m”(klv k//)q)m’m“(klv kl/v L, p)' (12)

The coefficients p,imn (K, k") of the density matrix can be written in terms of

the Wigner function by using (2). After some algebra, we have:
pm’m”(klv k‘”) =< m’k’|p|m’/k" >=
= //drds <m'K'r ><r|p|s >< sjm"k" >=
= L//alacalpf (x,p) /dn <m'k'|x + Tocao Q|m"k" > e/t —
2mh ’ 2 2
1
= —/d:z;/dpq)fn,m/,(k',k",x,p)f (x,p).
2mh
Finally, by introducing the transfer function
Wt (2, p, 2’ p') = /2 dE'dE" ® s (K K 2, p) @, 0 (KK 2 p'),  (13)
B
the band projection f,,/,» can be written as
1
Formr(2,p) = %//dx'dp'Wm/mn(x,p, 2 p") (2 ) = (Porwr f)(z, p).
(14)
The last equality defines the linear integral operator P,,.,,», which yields the
q y g p ) y
projections f,,1,» from the total Wigner function f. It is easy to see that P,
is a projection operator. The functions f,/,,», which are the projections of f

onto the band subspaces, and the coefficients pp,i,n (K, k") are similar to the

ones introduced in [17, 18, 19].

The macroscopic quantities such as particle density, current and energy, are
likewise expressed as a sum of band terms. It can be shown that only the

diagonal terms contribute to the total number of particles, that is

[ [ dwvstepy =3 [ [ dwdpfunie.p)
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This follows from the fact that [ [ dedpfome(x, p) = 0 for m’ # m”, as results

from equation (11).

3 General evolution equations

The time evolution of the Wigner fuction is given by the sum of the time

evolutions of the band projections,

L Of B .
zha(x,p,t) = > ik

m!m?’

afm’m”
at (x7p7 t)?

and it must follow from the time evolution of the density matrix, which is

governed by the Liouville-von Neumann equation
dp
ot

We shall analyze separately the contribution to the time evolution due to the

in 2l = (1, p). (15)

periodic potential, and determined by the Hamiltonian Hy, and the contribu-

tion due to the external potential V. We shall write explicitely

o0 (9 , (o
= (5),+(3), )

where th(0p/0t)o = [Ho, p] and th(0p/0t)y = [V, p]. Similarly, we shall write
or _ (o1 or
o= ), (), &

We begin by considering the time evolution of the Wigner function due to

for the Wigner function.

the periodic potential. From equation (12) we have:

. afm/m// ] apm’m”

h 1) = / Ak ik KK 0O®, (kK x,

(2} oy = aanin (L) 0000
(18)

and, by using equations (3) and (15),

B (8Pm/m“ (k/,k”,t) < m/k/|[H07/0]|m//k” >=
= lem (k') = € (E")) prrmn (K K" 1).
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By using the Fourier expansion (6) for the energy bands, we then have:

. afm’m” .
Zh( at )O(xvpvt)_

/ AR AR [ (k') — e (K] st (K K ) ® i (K, K 2, p) =
B2

— dk‘/dk” Z[gm/(lu)eik’u _ gm//(u)eik//%‘] %
B2

nel
Xpm/m//(k/, k”, t)q)m/m//(k/, k”, r, p). (19)

In order to obtain a closed system of equations for the f,,/,»’s, the right hand
side of equation (19) must be rewritten in terms of the f,,/,n’s themselves.
By using (5) and following [11], we have that e** < x + 7/2|mk >=< z +
p+n/2lmk > and e < mkl|z — /2 >=< mklr — pu —n/2 > and, after
substituting in (19) and using the explicit expression for the coefficients (10),
we have:

Zh (afm/m//) (x,p,t) _ Z/ dk/dk//pm/m//(k/,k//7t) %
ot J, B?

pel

X [gm'(ﬂ)q)m'm”(klv kl/v T+ gvp) - gm”(/“‘)q)m’m“(klv kl/y T — g,p)] eipu/h‘

After rearranging terms we finally obtain:

. afm’m” .
Zh( at )O(xvpvt)_

= H ~ H i
= Z [em’(ﬂ)fm’m”(x + §7p7t) — em”(,u)fm’m”(x — §7p7t):| e pu/h (20)
weL

Equations (20) for the band projections f,» are the equations that govern
the time evolution of the Wigner function of an ensemble of electrons moving
in a semiconductor crystal in the absence of external fields and of collisions,
and that allows for energy bands of any shape. Note that, as was to be
expected, the populations of the bands do not interact and each contribution
to the Wigner function evolves independently in the absence of external fields.
Equation (20) is a generalization to the multi-band case of an earlier result

obtained by Markowich, Mauser and Poupaud [11] for a single band. In the
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next Section, we shall relate these equations to the better known equations of

the effective mass approximation.

Next, we consider the time evolution of the Wigner function due to the

external potentials:

: a_f — n n —ipn/h
ih (at)vw,p,t) _ [dy <o+ MVplle—Ls i )

We recall that the right hand side of equation (21), can be cast in the form [1]

[dn <o+ 2Vplle— 3 > e = @@V e nt)  (22)

where ©(5V) is the pseudodifferential operator with symbol 6V (z,n) = V(x +
n/2) = V(e —n/2),

(O(V) )., t) = [ dndV (e,n) f(e,n, )7/,

and

flen )= 5 [ dpf(e,p, )l
is the Fourier transform of the Wigner function with respect to the momentum
variable. Expressions (21)-(22) remain valid also in the multiband case, with
f the total Wigner function. We are however interested in the time evolution
of the single components f,,:,,», which can be obtained by acting on both sides

of equation (21) with the operator Py, From equation (22) we have:
P (O(8V) [)(, ps 1) =
- ﬁ / / da'dp' W (2, p, 2, p)(O(SV) ) (@', 1/, 1) =
- ﬁ / / da'dp' W (2, p, ', p) / dnsV (' ) f (@', t)e”#h =
= ﬁ / da' / dp' Wi, p, @’ pl)e= /" / dnsV (2’ ) f(x' n,t) =
= //d“?'dﬁwm'm“(%pa 2, =)V (@' ) (&', ),

where

o~

1 -
”m’m”(xvpv 51?/777) = o1k /dp/”m’m”(xvpv x/7p/)€2p77/h
m
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is the Fourier transform of W,,/,,» with respect to the last variable, and finally

. a mim! , o . . .
ih ( fat ) (z,p,t) = //d:z; dnWormn (@, p, 2’y =)V (' n) f(a! 0, 1).
v
(23)

The full time evolution of the band projection f,,/,,» of the Wigner func-
tion, due to both the periodic potential of the crystal lattice and the external
potential, is obtained by adding the two contributions of equation (20) and
equation (23):

i afm’m”
h =
ST
- = H _z _H ipp/h
e Z Gm/(/,b)fm/m//(flj —|— 2 7p7t) em”(,u)fm’m”(x 2 7p7t) € —|—
weL
[ [ de W (o’ =)V (! ) (1), (24)

Equation (24) gives the full time evolution of each component of the Wigner

function, in presence of an external field and in the absence of collisions.

3.1 Quantum effects for linear and quadratic potentials

It is well known that in the case of linear and quadratic potentials the pseudod-
ifferential operator of the transport equation for the standard Wigner function
reduces to the classical differential operator of the Boltzmann equation. We
now show that this property holds in the multiband case with a slight modifi-

cation.

In the case of linear and quadratic potentials, the symbol §V of the pseu-

dodifferential operator factors in the form
SV (w,n) = V(z+n/2) = V(e —n/2) = —F(x)n

where F(x) is the force. For a linear potential, V() = —Fx and we have

F(x) = E; for a quadratic potential, V(x) = az?/2 and we have F'(z) = —aux.
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In either case, the standard pseudodifferential operator with the potential be-

comes the differential operator in p-space of the classical Boltzmann equation:

O@V)f = /dUCSV(w,U)]E(x,n)e_ip”/h:
af

= —F () [ dmfteme = i () g

In the multiband case, a more general result is obtained and we have for

equation (23):

a m!m! ) a
ih ( J ) (2, p,1) = P (O(6V) ), py 1) = ih Pt (Fa—f) (%, p,1).
, p

ot
(25)
In the case of a constant applied external field, £, we have F(z) = E and

equation (25) becomes

O ) of
( ot )V (l',p,t) = EPpin (a_p) (l’,p,t). (26)

The simplification introduced by the differential operator is very important for

numerical calculations.

4 The parabolic band approximation and the

effective mass

The single band model with the parabolic band approximation is used to de-
scribe the electron population near the minimum of the conduction band. In
electronic devices such as the RTD, this approximation is justified since these
electrons are responsible for most part of the flow of current. In the parabolic
band approximation, the evolution equation for the Wigner function simpli-
fies considerably. Moreover, in the absence of external fields the evolution
equations in the parabolic band approximation can be written out without the
explicit knowledge of the eigenfunctions of the Hamiltonian (the Bloch states),

and they reduce to the standard free-streaming part of the Wigner equation.
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In the presence of external fields, instead, little progress can be made without
the knowledge of the Bloch states for the material under study. For this rea-
son, we shall analyze the field-free case only, leaving the case with the field for

a separate work [20].

In the single band model, the total Wigner function f coincides with the
projection onto the conduction band and the sum over m’ and m” in equation
(7) collapses to a single term, say m’ = m” = 1. Equation (20) with m’' =
m” = 1 then gives the time evolution of the Wigner function of the conduction

band for a band of arbitrary shape in the absence of external fields.

For a band ¢(k) having a minimum at & = 0, in the parabolic band approx-
imation and in the absence of external potentials, the evolution equation for

the Wigner function f is given by

af , p of _
o e
with , )
d*e\
(2
ok? ), _,
the effective mass. If the energy band attains its minimum at k& = k.,
h2(k — k.)?
k) = elky) + ———, 2
(k) = (k) + = (27)
with the effective mass defined by
9%\ !
N 28
. (akz) k=ky 7 ( )
the evolution equation is
0 — hk, 0
or . » 9 _y (29)

ol m. Ox

In this section, we shall discuss the parabolic band approximation from the ex-
act equation (20) for a single band and illustrate its range of validity. Through-

out this Section, we shall omit the band index from the band energy function
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(e(k) instead of €,,(k)) and from the band projection (f instead of frmn) of
the Wigner function. We shall also write df/dt for (0f/0t)o throughout this
and the next Section. Equation (20) for a single band of arbitrary shape is
. 8f B ~ U wpu/h
Zha(l’,p,t)—Zé(/,L) f( +27p7 ) f(x_gvpvt) € : (30)
peL
By expanding the nonlocal terms in the square brackets in a Taylor series
about p = 0, we obtain:

L Of 2 1 aQn—Hf tup/h _
Zhat (2:p,1) = 2 &lu [22< ) (Zn—l-l)!a:p?”"‘l] c N

pel

o) 2 2n aZn—I—lf R 5 L N
-3 LS o =
= (2n + 1)! 022 +1u€L

00 9— 2n( ) [82n+1 ] aZn—I—lf

==i) (2n + 1)

o ak2n+1 o/h ax2n+1 =
3 3
k|, O ok, O

For the parabolic band given in (27) the third derivatives of the energy band
vanish exactly and we obtain the evolution equation (29) for the Wigner func-
tion. Notice that the first non-parabolicity correction is proportional to the
third derivative of the energy band at the minimum and it involves the third
partial derivative of the Wigner function with respect to the space variable.
The non-parabolicity correction to the free-streaming equation dosn’t appear
as a small term in some parameter, but it is of the same order of magnitude as
the free-streaming terms. This fact needs further understanding, particularly
since the parabolic band approximation is known to work well when only states
near the minimum of the band contribute to the density matrix (and thus to

the Wigner function).

It is also interesting to compare the exact solution of equation (30) with the
solution of the corresponding free-streaming equation obtained in the effective

mass approximation.
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-15 -10 -5 0 5 10 15

Figure 1: f(z,p) as a function of 2, 0 < 2 < 20 for p = 0.5, and for ¢ = 20;
exact solution from (31) (solid line), free-streaming approximation from equation
(29) (dashed line). Dimensionless variables as defined in the text.

For the comparison, which is only qualitative, we have used dimensionless
variables: the space variable x is measured in units of a, the momentum p in
units of h/a, time ¢ in units of ma*/h and the crystal momentum k in units of

1/a. In the dimensionless variables, the free-streaming equation becomes

af ~of
E‘FP%—O.

Also, we have chosen ¢(k) = 1 — cosk, —m < k < m, for the band profile
(thus k. = 0) and 0 < & < 20. Note that, with these dimensionless quantities,
the phase-space momentum p and the crystal momentum &, though different
variables, are measured in the same units. We have followed the time evolution
of an initial Gaussian shaped Wigner function in phase space, according to the
exact equation and according to the free-streaming approximation. Equation
(30) can be solved explicitely by using Fourier Transforms in space. If fk is

the k—th Fourier component of f with respect to x, it is easy to see that

fe(p.t) = filp, 0)ex) (31)
where

ku .
ag(p) =21 Z?(/,L) sin %ewu/h‘
1
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= I 0 1 2 3
Figure 2: f(z,p) as a function of p, —7 < p < 7 for z = 0, and for t = 20;

exact solution from (31) (solid line), free-streaming approximation from equation
(29) (dashed line). Dimensionless variables as defined in the text.

The main features of the comparison are shown in Figures 1, 2 and 3. Figure 1
shows f(x,p) as a function of x for a fixed value of p, p = 0.5, and a fixed value
of t. Figure 2 shows f(x,p) as a function of p for a fixed value of x, = 0,
and the same fixed value of ¢. This value of ¢ is such that the range of phase
space momenta where the bulk of the Wigner function lies, when interpreted in
terms of the crystal momentum variable, still corresponds to the parabolicity

region of the band. Figure 3 shows the average position

<r> W)_M (32)

[ fla,p,t)de
as a function of time for 0 < ¢ < 30 and for p &~ 0.5. The solid lines rep-

resent the exact solution and the dashed lines represent the free-streaming

approximation.

From these figures, it is clear that the free-streaming approximation cannot
describe the oscillatory behaviour of the Wigner function in phase space. The
oscillations, however, contribute little to the moments and the results for the
average quantities shows a better agreement (see Figure 3). This example

underlines the conceptual and practical difference between the Wigner variable
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5 10 15 20 25 30

Figure 3: Average position < x > from equation (32) as a function of ¢, 0 < ¢ < 30
for p = 0.5; exact solution (solid line), free-streaming approximation (dashed line).
Dimensionless variables as defined in the text.

p and the crystal momentum k& of the Bloch functions. It has to be remarked
that other effects, such as external fields and collisions, will alter this picture
significantly; in particular, collisions may help the particles stay near the band
minimum, while external fields will tend to move them farther away. We shall

examine these details in a separate work.

4.1 A two-band model with no external fields

It is interesting to exemplify our concepts with a simple two-band model which,
for now, does not include external fields. In a two-band model the Wigner
function and its evolution equation are given by equations (7) and (20) where
now m’ = 1,2 and m” = 1,2. The Wigner function is then given by the sum
of four contributions, fi1, fi2, fo1 and fa. It can be seen easily from equation
(8) that fi2 = f5;, while fi1 and fy3 are real. Each of the four contributions
evolves according to equation (20). In the parabolic band approximation, the
differential equations for fi; and fy; are identical to (29):

Ofh bl Ofn

ot m; Oz =0 (33)
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O | p=hhOp
ot me Oz

=0, (34)

where mq and my are the effective masses for band 1 and band 2 respectively
and k; and kq are the values of the crystal momentum at which band 1 and band
2 attain their minimum. The evolution equations for fi; and f3; = f7, have

instead a different structure. From equation (20), after a simple calculation,

we have
., Of12 . (P — hk1)2 (P — hk2)2
th 5 = {lel(kl) + T — |ea(k2) + 27% fia(z,p) +
_@ p—hkl_l_p—hkz ale_l ﬁ_ﬁ 82f12
2 my me Ox 8\m; my/) 022’

which, by introducing wis = (€1(k1)—e€2(ka)) /T, Qu2(p) = wiat+(p—hki)?/(2mh)—
(p — hkqy)?/(2mah) and

gia(,p) = fia(, p)e,

can be cast in the more elegant form

dg12 n 1 (p—hkl n p—hk2) dgrz  th ( 1 1 ) %12

ot 2 D22

ox 8

=0. (35

mi my mi my

Note that in the definition of the Wigner function (7) fi5 and f5; appear only in
the combination fi2 + fo1, consistently with the Wigner function’s being real.
The time evolution of the real and imaginary parts is given by the system

obtained by taking real and imaginary parts of (35).

Equation (35) shows that the time evolution of f5 is the composition of an
oscillatory term, a free streaming term and a diffusive term. The frequency of
the oscillatory term, {45, is proportional to the difference in the total energy
of the particle in the two bands; the velocity of the free streaming term is
an average of the velocities of the particle in the two bands and the diffusion
coefficient in the diffusive term depends, in magnitude and sign, on the relative

magnitude of the effective masses.
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Equations (33), (34) and (35) completely describe the time evolution of
all the components of the Wigner function in the two band model with the
parabolic band approximation and in the absence of external fields. Note these

evolution equations are uncoupled.

5 Conclusions

In this work we have developed a model describing the multiband transport of
electrons in a semiconductor crystal by using the Wigner function approach.
An infinite homogeneous medium, with space-independent band profiles, has
been assumed throughout. We have defined the components of the Wigner
function on each band subspace by introducing a projection operator that acts
on the total Wigner function and gives the band projection as a result. We
have derived exact evolution equations for each Wigner projection, with and
without external fields. In absence of fields the equations are uncoupled, as
expected. This confirms that band transitions can occur only in presence of
external fields or collisions. The numerical approach to the model equations is

underway.

Finally, we have discussed the effective mass approximation in the absence of
external fields and compared the exact time evolution with the free-streaming
evolution that governs the Wigner function in the effective mass approxima-

tion.
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