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Sturm-Liouville problems with mixed conditions and
involving the ordinary p—Laplacian

—(q|u'|P72u") + s|ulP72u = M (x,u) on ]a,b[,

P
u(a) = u'(b) =0, .

q,s € L([a, b]), s #0, qo = essinf[, 5y g > 0 and sp = essinfp, y 5 > 0,
A positive real parameter,
p>1,

f:la, b)) xR—R
is a L'-Carathéodory function

f(-,s) is measurable for all s € R,
- f(x,-) is continuous for a.e. x € [a, b],
- for all p > 0 one has esupy, <, If(x, t)] € L'([a, b]).

Put .
F(x,¢&) = f(x,t)dt forall (x,§) € [a,b] xR.
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We want to prove the existence of two non-zero solutions for problem for each A

in an appropriate interval. We use variational methods and multiple critical points
theorems.

Denote b
e X = {ue W"P([a, b]) : u(a) =0}

the Sobolev space endowed with the norm

1

Jall = ( / "Gl (P + / " slutaPax)”.

for every u € X. (X,] - ||) is compactly embedded in (C°([a, b]), || - ||oc) and one

has .
b—a\ 7.
||U||oo<( a> |lul| forall wue X.
qo0
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|
Consider the following operators
®, U : X — R defined as follows

@ & is coercive and continuously Giteaux differentiable and its Gateaux
derivative at point u € X is defined by

S ()(v) = [ a2 G det [ s()lul) 2ulv(x)d,

for every v € X.

@ V is continuously Gateaux differentiable and its Gateaux derivative at point
u € X is defined by

b
V' (u)(v) :/ f(x, u(x))v(x)dx Vv e X,

moreover
®(0) = W(0) = 0.
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Definition
u: [a, b] — R is a weak solution of problem if u € X satisfies the following
condition

J3 aGlu (x)[P=2u (V' (x)ax + [ s(x)]u(x)[P2u(x)v(x)dx =

A fab f(x, u(x))v(x)dx

for all v € X.

Consider the functional

I =®— AV

a critical point for functional /y is exactly a weak solution for problem .
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|
The following theorem of Bonanno and D’Agui, ensures the existence of at least
two critical points.
We consider the Banach space X, and we observe that all regularity assumptions
on the functionals ® and V are satisfied.

Theorem (Bonanno -D’Agui (2016))

infx ® = ®(0) = W(0) = 0. Assume that there are r € R and 0 € X, with
0 < (&) < r, such that

sup V(u) B
ued—1(]—0o0,r]) - V(@)
r d(@)’
(1) r

d, fe h A the functional Iy = ® — AW
and, for eac €:|w(a)7supue¢—1(]—oo,r]) V(o) [ e functional Iy

satisfies (PS)-condition and it is unbounded from below.

Then, for each \ € } (D(INJ), r
\IJ(u) SUPyed—1(]—o0,r]) \U(U)
least two non-zero critical points uy 1, ux 2 such that Iy(ux1) <0 < L(ux2).

[, the functional Iy admits at

@ G. Bonanno, G. D'Agui, Two non-zero solutions for elliptic Dirichlet problems, Z.

Anal. Anwend. 35 (2016), 449-464.
7/ 2



|
Main result

Theorem

Assume that there exist four positive constants c, d, u and R with p > p and
d < c, such that

() [ F(x, t)dx >0 Vte[0,d],

b
. fab maxie|<c F(x,&)dx Go\ P! kf%b F(x,d)dx
(i) <(3) o
lalloo+ 22 (52 lIslloo
(i) 0 < wF(x,t) < tf(x,t) for all x € [a, b] and for all |t| > R.

Then, for each

cP
where k =

2P~ 1gP gt ter

p(b— )Ptk [, F(x,d)dx p(b— a)P~t [¥ maxiej<c F(x,&)dx
; <

problem (P) has at least two non-zero weak solutions.
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Proof

The proof relies on the following steps

1. we choose the function & € X defined by putting

b2_da(xfa) if x € [a, a;b{,
u(t) ==
d ifxe[a+b,b].
2
2. 1
1 2 \*~ p+2 (b—a\’
<¢_ < - [e%e] 4 '] dp
0so@ =3 (525)  |lalet 253 (557) lslle]
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3. since 0 < d < ¢ and using (ii), we obtain

< (L) ber

2
P—LcpP
4. Putr=—20° e have
p(b— a)p~t
o(n) <r
b
V(o) > l% F(x,d)dx
2
> 1
SUPuco-1(j—cor)) V() _ Jo maxigj<c F(x,§dx _ w(@
cP - cP o(u
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6. taking into account (iii) by standard computations, for each A > 0 the
functional ® — AW is unbounded from below and satisfies the
(PS)—condition.

All assumptions of theorem (Bonanno-D'Agui(2016)) are satisfied, so for each

2p=1gPp gbter

A€ )
p(b—a)P~k fabi, F(x,d)dx p(b— a)rP~t fab max|e|<c F(x,§)dx

problem (P) has at least two non-zero weak solutions.
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——
Consequences

Consider the following problem
{ —(lGP~2u () + [u()[P~2u(x) = Af(u(x)) on 10,1,

u(0) = v'(1) =0,

(1)

and put F(t) = /t f(&)d¢ for all t € R.
0
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Theorem

Let f : R — R be a nonnegative continuous function such that

. f(1)
B o1 = OO

and assume that there are two positive constants (1 > p and R > 0 with [t| > R
such that
0 < pF(t) < tf(t).
Then, for each X €]0, \*[ where \* = 2°(p+1) sup ¢
2°(p+ 1)+ p+2 >0 F(c)
(1) has two nonnegative and non zero classical solutions.

, the problem
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——
Example

Example

Consider p = 3 and the function

3 JE 4= G t>0
(1) = SVt + >
0 t<O0.

We observe that it is enought to pick for instance i = 4 and (AR)-condition is

2
/54 [ the problem

verified. Due to Theorem, for each A € }0, o1

—(|'|u") + |ulu = Af(u) on ]0,1[,

admits at least two non-zero and nonnegative weak solutions.
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——
mixed boundary value system with (p1,--- , pm)-Laplacian

_(’u”pl_zui),:AFul(t? by, - ,Um) in]O,l[

—(|ul |Pr=2ul Y = NF,, (t,u1, -+ ,um) in]0,1]
ui(0) =ui(1)=0 i=1---.m

m>2,p;>1(1<i<m), \is a positive real parameter,
u:[0,1] = R™ (m>2)
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F:[0,1] xR™ - R
@ F is a C'-Carathéodory function
e F(t,0,---,0) =0 for every t € [0,1]
o for every p >0

sup |Fu.(t,x1,--- , xm)| € L}(]0,1]), i=1,--,m,
[(xay e oxm) | <p

where F,. denotes the partial derivative of F respect on u; (i =1, -+, m).
Under suitable assumptions on F, we want to prove the existence of multiple weak

solutions for this problem for each X in an appropriate interval.
We use variational methods and multiple critical points theorems
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Denote by X = [[", X, where

Xp, ={ue WH([0,1]), u(0)=0}, p;>1

endowed with the norm

m m 1
ol =3 sl =3 (/O i (t)
=1 =1

for every u € X.

1
Pi
Pi dt>
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Consider the following operators
P,V X >R

@ & is continuous and convex
@ & is coercive, weakly sequentially lower semicontinuous

@ continuously Gateaux differentiable and the Gateaux derivative at point
u=(u, - ,um) € X is defined by

()W) = [ DO (e (o)

for every v = (vg,- -+ ,vp) € X.
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o WV is weakly sequentially upper semicontinuous

@ W is continuously Gateaux differentiable and the Gateaux derivative at point
u=(u1, - ,Um) € X is defined by

/ ZFu, x, u(t))v;(t)dt

for every v = (vi, -+ ,Vp) €
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Definition

A function u = (u1, - ,um) € X is said a weak solution to system if

Jo SRl (®)P2ui(e)vi (£)dt = X 5 7 Fu(t,a(8), - um(8))vi(t)dt

for every v = (vq,--- ,vm) € X.

Consider the functional /| = & — \W

@ a critical point for functional | = & — AWV is exactly a weak solution for
system .

o the functional is weakly sequentially lower semicontinuous
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The following theorem of Bonanno, ensures the existence of at least two distinct
critical points.

Theorem (Bonanno (2012))

Let X be a real Banach space and let ®, W : X — R be two continuously Gateaux
differentiable functionals such that ® is bounded from below and

®(0) = w(0) =0.

Assume that there exist r € R and o € X, with 0 < ®(&) < r, such that

() emattd < 3y

(j) foreach A € \:= %, Supuerl(]ioo,,]) Vo) the functional | = ® — \V s

unbounded from below and satisfies (PS)-condition.

Then, for each A € N\, the functional | = ® — AV has at least two distinct critical
points in X.

@ G. Bonanno, Relations between the mountain pass theorem and local minima,
Adv. Nonlnear Anal. 1 3 (2012) 205-220.
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|
In the following result we use the previous result and also the
Ambrosetti-Rabinowitz condition.

Theorem

We suppose that F,(t,0,---,0) #0 for every t € [0,1] (i=1,---,m). We
assume that there exist four constants ¢, d, ;1 > maxi<i<m{pi} and R such that

(hy) fo (t,x)dt > 0 for every (t,x) € [0,1] X Ry
where Ry = {x = (X1, ,xm) ER™ : 0< x; <d i=1,---,m};

(i2)
0< ,uF(t,Xl,"’ ,Xm) < ZXini(t,Xla"‘ 7Xm)

for all t € [0,1] and |x| > R ;
(3)

Bl

m
Y dP <
i=1

fol maxeco(e) F(£, &+, Em)dt f F(t,d,---,d)dt
¢ Z:n12p’ dpi

pi
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Theorem
m 2Pt dPi
Then, for each \ € = £ , the system has at
T} Fled.d)de’ J7 maxceq F(e€n En)dt Y

least two non trivial weak solutions.

QN ={e= (- &n) B/ X1, 8 < )

23/ 24



References

References

@ G.D'Agui - A. Sciammetta - E. Tornatore, Two non-zero solutions for
Sturm-Liouville equations with mixed boundary conditions, pre-print

[3 D. Averna, E. Tornatore, Ordinary (p1,. .., pm)—Laplacian system with mixed
boundary value, Nonlinear Anal. Real World Appl. 28 (2016), 20-31.

YA



	References

