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Sturm-Liouville problems with mixed conditions and
involving the ordinary p−Laplacian

 −(q|u′|p−2u′)′ + s|u|p−2u = λf (x , u) on ]a, b[ ,

u(a) = u′(b) = 0,
(P)

q, s ∈ L∞([a, b]), s 6≡ 0, q0 = ess inf [a,b] q > 0 and s0 = ess inf [a,b] s ≥ 0,
λ positive real parameter,
p > 1,

f : [a, b]× R→ R
is a L1-Carathéodory function

- f (·, s) is measurable for all s ∈ R,
- f (x , ·) is continuous for a.e. x ∈ [a, b],
- for all ρ > 0 one has e sup|t|≤ρ |f (x , t)| ∈ L1([a, b]).

Put

F (x , ξ) :=

∫ ξ

0

f (x , t)dt for all (x , ξ) ∈ [a, b]× R.
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We want to prove the existence of two non-zero solutions for problem for each λ
in an appropriate interval. We use variational methods and multiple critical points
theorems.

Denote by
X = {u ∈W 1,p([a, b]) : u(a) = 0}

the Sobolev space endowed with the norm

‖u‖ =
(∫ b

a

q(x)|u′(x)|pdx +

∫ b

a

s(x)|u(x)|pdx
) 1

p

.

for every u ∈ X . (X , ‖ · ‖) is compactly embedded in (C 0([a, b]), ‖ · ‖∞) and one
has

‖u‖∞ <

(
b − a

q0

) p−1
p

‖u‖ for all u ∈ X .
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Consider the following operators
Φ, Ψ : X → R defined as follows

Φ(u) =
1

p
‖u‖p Ψ(u) =

∫ b

a

F (x , u(x))dx , ∀u ∈ X .

Φ is coercive and continuously Gâteaux differentiable and its Gâteaux
derivative at point u ∈ X is defined by

Φ′(u)(v) =

∫ b

a

q(x)|u′(x)|p−2u′(x)v ′(x)dx +

∫ b

a

s(x)|u(x)|p−2u(x)v(x)dt,

for every v ∈ X .

Ψ is continuously Gâteaux differentiable and its Gâteaux derivative at point
u ∈ X is defined by

Ψ′(u)(v) =

∫ b

a

f (x , u(x))v(x)dx ∀v ∈ X ,

moreover
Φ(0) = Ψ(0) = 0.
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Definition

u : [a, b]→ R is a weak solution of problem if u ∈ X satisfies the following
condition∫ b

a
q(x)|u′(x)|p−2u′(x)v ′(x)dx +

∫ b

a
s(x)|u(x)|p−2u(x)v(x)dx =

λ
∫ b

a
f (x , u(x))v(x)dx

for all v ∈ X .

Consider the functional

Iλ = Φ− λΨ

a critical point for functional Iλ is exactly a weak solution for problem .
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The following theorem of Bonanno and D’Agùı, ensures the existence of at least
two critical points.
We consider the Banach space X , and we observe that all regularity assumptions
on the functionals Φ and Ψ are satisfied.

Theorem (Bonanno -D’Agùı (2016))

infX Φ = Φ(0) = Ψ(0) = 0. Assume that there are r ∈ R and ũ ∈ X , with
0 < Φ(ũ) < r , such that

sup
u∈Φ−1(]−∞,r ])

Ψ(u)

r
<

Ψ(ũ)

Φ(ũ)
,

and, for each λ ∈
]Φ(ũ)

Ψ(ũ)
,

r

supu∈Φ−1(]−∞,r ]) Ψ(u)

[
, the functional Iλ = Φ− λΨ

satisfies (PS)-condition and it is unbounded from below.

Then, for each λ ∈
]Φ(ũ)

Ψ(ũ)
,

r

supu∈Φ−1(]−∞,r ]) Ψ(u)

[
, the functional Iλ admits at

least two non-zero critical points uλ,1, uλ,2 such that Iλ(uλ,1) < 0 < Iλ(uλ,2).

G. Bonanno, G. D’Agùı, Two non-zero solutions for elliptic Dirichlet problems, Z.
Anal. Anwend. 35 (2016), 449–464.
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Main result

Theorem

Assume that there exist four positive constants c, d, µ and R with µ > p and
d < c, such that

(i)
∫ a+b

2

a
F (x , t)dx > 0 ∀t ∈ [0, d ],

(ii)

∫ b

a
max|ξ|≤c F (x , ξ)dx

cp
<
(q0

2

)p−1

k

∫ b
a+b

2
F (x , d)dx

dp
,

where k = 1
||q||∞+ p+2

p+1 ( b−a
2 )p||s||∞

,

(iii) 0 < µF (x , t) ≤ tf (x , t) for all x ∈ [a, b] and for all |t| ≥ R.

Then, for each

λ ∈

 2p−1dp

p(b − a)p−1k
∫ b

a+b
2

F (x , d)dx
,

qp−1
0 cp

p(b − a)p−1
∫ b

a
max|ξ|≤c F (x , ξ)dx


problem (P) has at least two non-zero weak solutions.
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Proof

The proof relies on the following steps

1. we choose the function ū ∈ X defined by putting

ū(t) :=


2d

b − a
(x − a) if x ∈

[
a,

a + b

2

[
,

d if x ∈
[

a + b

2
, b

]
.

2.

0 ≤ Φ(ū) ≤ 1

p

(
2

b − a

)p−1 [
||q||∞ +

p + 2

p + 1

(
b − a

2

)p

||s||∞
]

dp
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3. since 0 < d < c and using (ii), we obtain

dp <
(q0

2

)p−1

kcp.

4. Put r =
qp−1

0 cp

p(b − a)p−1
we have

Φ(ū) < r

Ψ(ū) ≥
∫ b

a+b
2

F (x , d)dx

5.
supu∈Φ−1(]−∞,r ]) Ψ(u)

cp
≤
∫ 1

0
max|ξ|≤c F (x , ξ)dx

cp
<

Ψ(ū)

Φ(ū)
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6. taking into account (iii) by standard computations, for each λ > 0 the
functional Φ− λΨ is unbounded from below and satisfies the
(PS)−condition.

All assumptions of theorem (Bonanno-D’Agùı(2016)) are satisfied, so for each

λ ∈

 2p−1dp

p(b − a)p−1k
∫ b

a+b
2

F (x , d)dx
,

qp−1
0 cp

p(b − a)p−1
∫ b

a
max|ξ|≤c F (x , ξ)dx


problem (P) has at least two non-zero weak solutions.
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Consequences

Consider the following problem −(|u′(x)|p−2u′(x))′ + |u(x)|p−2u(x) = λf (u(x)) on ]0, 1[ ,

u(0) = u′(1) = 0,
(1)

and put F (t) =

∫ t

0

f (ξ)dξ for all t ∈ R.
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Theorem

Let f : R→ R be a nonnegative continuous function such that

lim
t→0+

f (t)

tp−1
= +∞,

and assume that there are two positive constants µ > p and R > 0 with |t| ≥ R
such that

0 < µF (t) < tf (t).

Then, for each λ ∈]0, λ∗[ where λ∗ =
2p(p + 1)

2p(p + 1) + p + 2
sup
c>0

cp

F (c)
, the problem

(1) has two nonnegative and non zero classical solutions.
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Example

Example

Consider p = 3 and the function

f (t) =

{
3
2

√
t + 5t4 t ≥ 0

0 t < 0.

We observe that it is enought to pick for instance µ = 4 and (AR)-condition is

verified. Due to Theorem, for each λ ∈
]

0,
2

21
7
√

54

[
the problem


−(|u′|u′)′ + |u|u = λf (u) on ]0, 1[ ,

u(0) = u′(1) = 0,

admits at least two non-zero and nonnegative weak solutions.
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mixed boundary value system with (p1, · · · , pm)-Laplacian


−(|u′1|p1−2u′1)′ = λFu1(t, u1, · · · , um) in ]0, 1[
...

−(|u′m|pm−2u′m)′ = λFum(t, u1, · · · , um) in ]0, 1[

ui(0) = u′i(1) = 0 i = 1, · · · ,m

m ≥ 2, pi > 1 (1 ≤ i ≤ m), λ is a positive real parameter,

u : [0, 1]→ Rm (m ≥ 2)
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F : [0, 1]× Rm → R
F is a C 1-Carathéodory function

F (t, 0, · · · , 0) = 0 for every t ∈ [0, 1]

for every ρ > 0

sup
|(x1,··· ,xm)|≤ρ

|Fui (t, x1, · · · , xm)| ∈ L1([0, 1]), i = 1, · · · ,m,

where Fui denotes the partial derivative of F respect on ui (i = 1, · · · ,m).

Under suitable assumptions on F , we want to prove the existence of multiple weak
solutions for this problem for each λ in an appropriate interval.
We use variational methods and multiple critical points theorems
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Denote by X =
∏m

i=1 Xpi where

Xpi = {u ∈W 1,pi ([0, 1]), u(0) = 0}, pi ≥ 1

endowed with the norm

‖u‖ =
m∑
i=1

||ui ||pipi =
m∑
i=1

(∫ 1

0

|u′i (t)|pi dt

) 1
pi

for every u ∈ X .
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Consider the following operators
Φ, Ψ : X → R

Φ(u) :=
m∑
i=1

||ui ||pipi
pi

Φ is continuous and convex

Φ is coercive, weakly sequentially lower semicontinuous

continuously Gâteaux differentiable and the Gâteaux derivative at point
u = (u1, · · · , um) ∈ X is defined by

Φ′(u)(v) =

∫ 1

0

m∑
i=1

|u′i (t)|pi−2u′i (t)v ′i (t)dt

for every v = (v1, · · · , vm) ∈ X .
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Ψ(u) =

∫ 1

0

F (t, u(t))dt ∀u ∈ X .

Ψ is weakly sequentially upper semicontinuous

Ψ is continuously Gâteaux differentiable and the Gâteaux derivative at point
u = (u1, · · · , um) ∈ X is defined by

Ψ′(u)(v) =

∫ 1

0

m∑
i=1

Fui (x , u(t))vi (t)dt

for every v = (v1, · · · , vm) ∈ X .
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Definition

A function u = (u1, · · · , um) ∈ X is said a weak solution to system if∫ 1

0

∑m
i=1 |u′i (t)|pi−2u′i (t)v ′i (t)dt = λ

∫ 1

0

∑m
i=1 Fui (t, u1(t), · · · , um(t))vi (t)dt

for every v = (v1, · · · , vm) ∈ X .

Consider the functional I = Φ− λΨ

a critical point for functional I = Φ− λΨ is exactly a weak solution for
system .

the functional is weakly sequentially lower semicontinuous
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The following theorem of Bonanno, ensures the existence of at least two distinct
critical points.

Theorem (Bonanno (2012))

Let X be a real Banach space and let Φ, Ψ : X → R be two continuously Gâteaux
differentiable functionals such that Φ is bounded from below and
Φ(0) = Ψ(0) = 0.
Assume that there exist r ∈ R and ū ∈ X , with 0 < Φ(ū) < r , such that

(j)
supu∈Φ−1(]−∞,r [) Ψ(u)

r < Ψ(ū)
Φ(ū)

(jj) for each λ ∈ Λ :=
]

Φ(ū)
Ψ(ū) ,

r
supu∈Φ−1(]−∞,r ]) Ψ(u)

[
the functional I = Φ− λΨ is

unbounded from below and satisfies (PS)-condition.

Then, for each λ ∈ Λ, the functional I = Φ− λΨ has at least two distinct critical
points in X .

G. Bonanno, Relations between the mountain pass theorem and local minima,
Adv. Nonlnear Anal. 1 3 (2012) 205–220.
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In the following result we use the previous result and also the
Ambrosetti-Rabinowitz condition.

Theorem

We suppose that Fui (t, 0, · · · , 0) 6= 0 for every t ∈ [0, 1] (i = 1, · · · ,m). We
assume that there exist four constants c, d, µ ≥ max1≤i≤m{pi} and R such that

(h1)
∫ 1

2

0
F (t, x)dt ≥ 0 for every (t, x) ∈ [0, 1]× R+

where R+ = {x = (x1, · · · , xm) ∈ Rm : 0 ≤ xi ≤ d i = 1, · · · ,m};
(i2)

0 < µF (t, x1, · · · , xm) ≤
m∑
i=1

xiFxi (t, x1, · · · , xm)

for all t ∈ [0, 1] and |x | > R ;

(i3)
m∑
i=1

dpi <
c

k∫ 1

0
maxξ∈Q(c) F (t, ξi , · · · , ξm)dt

c
<

∫ 1
1
2

F (t, d , · · · , d)dt∑m
i=1

2pi−1

pi
dpi

.
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Theorem

Then, for each λ ∈
] ∑m

i=1
2pi−1

pi
dpi∫ 1

1
2
F (t,d,··· ,d)dt

, c∫ 1
0

maxξ∈Q(c) F (t,ξ1,··· ,ξm)dt

[
, the system has at

least two non trivial weak solutions.

Q(r) = {ξ = (ξ1, · · · , ξm) ∈ Rm /
∑m

i=1
|ξi |pi
pi
≤ r}

k = max1≤i≤m{ 2pi−1

pi
}, k = min1≤i≤m{ 2pi−1

pi
}.
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