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~ (WP ) + @) PO ) = M) o1l
)

u(0) = u(1) =0,

® a € L>([0, 1]), with essinf|y ;ja > 0,
® pe C([0,1]) Put
- . + o
= min p(x = max p(x
p XE[O’I]p( )s p XE[O’I]P( )
and assume
p~ > 1
® )\ is a positive real parameter
® f:[0,1] x R — R is a nonnegative L' —Carathéodory function, that is:
1. x — f(x, &) is measurable for every £ € R;
2. &+ f(x, &) is continuous for almost every x € [0, 1];
3. forevery s > 0 there is a function , € L' ([0, 1]) such that

sup |f(x, §) < L(x),

[€]<s

fora.e. x € [0, 1].
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The variable exponent Lebesgue ans Sobolev spaces

1
’®([0,1])= {u 2 [0, 1] — R, u is measur. and p,, () ::/ [u(x) PO dx < +oo} .
0

] 1 p(x)
||u||U(x)([0’]]) =inf{n>0: /0 dx<1y.

wire) ([0, 1]) := {u e '™ ([0,1]) : o’ € "X ([0, 1])}

u(x)
n

Hu”Wl,p(X)([o’]]) = ||”||M(1)([0,1]) + ”"‘IHUJ(X)([()J])‘
Sincep™ > 1
o 17()([0, 1]) is a separable, reflexive and uniformly convex Banach space;
o Wwhr)([0,1]) is separable, reflexive and uniformly convex a Banach space.

By W(;”’(X)([O7 1]) we denote the closure of C5° ([0, 1]) in whr@ ([0, 1]).

[1] D.V. Cruz-Uribe, A. Fiorenza,Variable Lebesgue Spaces, Applied and Numerical Harmonic Analysis,
Springer Basel, Heidelberg 2013.

[2] L. Diening, P. Harjulehto, P. Histo, M. RuZicka, Lebesgue and Sobolev spaces with variable exponents,
Lecture Notes in Mathematics, Springer-Verlag, Heidelberg 2017.
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Lemma (Holder’s inequality)

Letpandp’ € C([0,1])s. t. p~ > landi%» /1
) p(x) — p'(x)
f € PW([0,1]) and for all g € L' ¥ ([0, 1]) one has fg € L' ([0, 1])

=1, forall x € [0, 1]. For all

1 1
el < (14 == = YWl o Il o -

Proposition (Poincaré inequality)
Let p € C([0, 1]) such that p~ > 1. Then for all u € W™ ([0, 1]) one has

llullo < ||”/HLp(x)([o’1]) and ||“||yz(x)([o,1]) < ||“l||1,u(x)([o,1])-
Moreover, the embedding of W(; ) ([0, 1]) into C(]0, 1]) is compact.

Remark

1 1 1,p(x
llloo < 5 (14 = = =) W llgpco o,y Forall € Wy ([0, 1]).

» +

N =
=

1 1 1 p 1,p(x)
lull ooy 0,17y < 5(1 s pj)llu lpe oy forall ue Wy ([0, 1)
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Definition of Globally log-Holder continuity

Let 2 C R. A function p : Q — R is locally log-Hélder continuous on €Q if there exist c; > 0

S. t.
Cl

lp(x) = p()] < m,

lx =yl
‘We say that p satisfies the log-Holder decay condition if there exist poo € Rand ¢y > 0s. t.

forall x,y € Q.

c
P() = poel < 2
og (e

, forall xé€ Q.
+ |x])

Locally log-Holder continuous + log-Holder decay condition => globally log-Holder
continuous.

[1] L. Diening, P. Harjulehto, P. Histo, M. RuZicka, Lebesgue and Sobolev spaces with variable exponents,
Lecture Notes in Mathematics, Springer-Verlag, Heidelberg 2017.

[2] X.-L. Fan, Some results on variable exponent analysis, More Progresses in Analysis, Proceedings of the
Sth International ISAAC Congress, World Scientific, New Jersey, 2009, 93-99.

[3] X.-L.Fan, J. Shen, D. Zhao, Sobolev embedding theorems for spaces whr() (€2), J. Math. Anal. Appl.,
262 (2001), 749-760.

[4] O. Kovacik, J. Rakosnik, On the spaces 1Y) qnd whre , Czechoslovak Math. 41 (1991), 592-618.

[5] D.V.Cruz-Uribe, A. Fiorenza, Variable Lebesgue Spaces, Applied and Numerical Harmonic Analysis,
Sprineer Basel, Heidelbere 2013.
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As in the case with constant exponent, on Wé P ([0, 1]) we can consider the norm
ety 10,1 7= 1 apto 0,1

Now, taking into account that a € L>°(§2), with essinf,¢ o, 1ja(x) > 0, we define on
Wg"’(”([o, 1]) the following norm

1
||u||a := inf o‘>0:/(
0

Proposition

@ p(x) +a(®) ( Y|P p(x)

Letp € C([0, 1] such that p— > 1. Then, one has

1
ol g gy < il < €1+ Hlalloo) ™ o g -

From Poincaré inequality, previous Proposition and [1, Theorem 1.3] we obtain
llulloo < llulla

forallu € Wé*”(x)([o, 1)).

)dx<1}.

[1] X.-L.Fan, D. Zhao, On the spaces I’ (Q) and W"") (), J. Math. Anal. 263 (2001), 424-446.
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Main tool

Theorem (G. Bonanno 2012)

Let X be a real Banach space and let ®, ¥ : X — R be two continuously Gateaux differentiable
functionals such that i%f ® = ®(0) = ¥(0) = 0. Assume that there are r € R and & € X, with

0 < ®(it) < r, such that
sup W (u)
ued—1(]—oo0,r[) W (i)

and, for each

U(ir)’ sup U (u) [’
u€®—1(]—o0,r|)

the functional I = ® — AV satisfies the (PS)["] —condition.
Then, for each

it

(& r [
(@)’ sup () U
ue®—1(]—o0,r[)

Ae]

W

there is uy € ®~1(]0, r[) such that I (ux) < I (u) forallu € ®=1(]0, r[) and I} (u)) = 0.

[11 G. Bonanno, Relations between the mountain pass theorem and local minima, Adv. Nonlinear Anal. 1

(2012), no. 3, 205-220.
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u) = 1 u () a(x) Ju(x (Y> X — (x, u(x))dx
B = [ WP + a0 ) asx [ Fato.

@ (u) W (u)

Energy functional

Flx,1) = /0 e, €)de, forall (1) € 0, 1] x R.

Definition
A function u : [0, 1] — R is a weak solution of problem (me) if u € X satisfies the following
condition for all v € X

]u'xpw_zu'xv'x ]ax u(x) PO =2 u(x)v(x = 1 x, u(x))v(x) dx
| W@ W@y @ e+ [ a2 acov de =[x ue)vie) ds.

' (u)(v) w7 () (v)

Lemma

If we assume f(x, 0) > 0 for a.e. x € [0, 1], then the weak solutions of problem (D‘;\(X)) are
nonnegative.
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Main result

Theorem

Letf : [0,1] x R — R be a nonnegative L'-Carathéodory function. Assume that there exist two
positive constants ¢ and d, withd < ¢, s. t.

3

1 4
F(x,c) dx / F(x,d) dx
/0 ®e) 2p i

< .
min{e ;e }  pt (@ + 2llall) max{d ;a3

40 + 2||al|1 max{dl’_;dl’+} 1 min{cp_;cp+}
3

2p— : Tpt ]
[4 F(x,d) dx /0 F(x,c) dx
q

(D‘;\(X)) admits at least one nonnegative and non-zero weak solution # s. t. |i#(x)| < ¢ for all
x€[0,1].

Then, foreach A € A = , problem
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Sketch of Proof

X = w0, 1))
u) .= IL MIX P(X) alx) (ux ()C) X. u) = l X, U(X XV u
0w = [ (WY +a) PO de v = [P ) e x

()

satisfy all regularity assumptions requested in our main tool and the critical points in X of
Iy = ® — AV are the weak solutions of (Dﬁ\(x)).

. -t
.Putr:p{mln{c” ;¢P }and

4dx if xe 0,1/,
ii(x) d if x € %,% ,
4d(1—x) if x€|3,1

Clearly, i € Wy "™ ([0, 1]). From d < c+ (1) => 0 < ®(ii) < r and

3
3 1
F(x,d)dx + sup W (u)
\I/(ﬁ) > 2177 A > p /0 F(x7 C) dx ued—1(]—o0,r)
®(it) — 4% 4 2|a||; max{dr”;drt} min{c?”;epT} T r '

. Hence

D(a) r

W(it)’ sup U(u) |’
u€®=1(]—o0,r[)

AEAC

and our conclusion is achieved.

PDE
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Some consequences

Theorem

Letf : [0,1] x R — R be a nonnegative L'-Carathéodory function. Assume that there exist two
distinct positive constants ¢ and d, withd < 1 < ¢ such that

3
1 7
/ i) - /l F(x,d) dx
0 2p 1
< .
™ pr(@* +2|la|l1) ar-
#° 4 2aly - 1 o (X)
Then, for each A € = , problem (D’j\ )

2p i Tpt T
Y F(x,d) dx /0 F(x,c) dx

admits at least one nonnegative and non-zero weak solution # such that |i(x)| < ¢ for all
x € [0,1].

a—
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Some consequences

Let o € L' ([0, 1]) be such that a(x) > Oae. x € [0,1],« Z 0,and let g : R — Rbe a
continuous nonnegative function. Consider the following Dirichlet boundary value problem

o = (WP 200) ) ) P2 u(w) = Aawguo) i 10,1,
()

u(0) = u(1) = 0.

3
/4 a(x)dx
2p~ i
@* +2)all)  lalh

G(t) = /Olg(ﬁ) d¢, forall teR, K= o

Theorem

Assume that there exist two positive constants ¢, d, with d < ¢ < 1, such that

G(c G(d
9) _ S

Then, for each A €
11 @ 1 "

K ptlalli G(@)" ptllall G(c)

problem (AD’;\('X)) admits at least one nonnegative and non-zero weak solution « such that
la(x)| < cforallx € [0, 1].
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Consider following problem

— (W P20 (@) = M) in 10,11

u(0) = u(1) =0,
Theorem
Let g : R — R be a nonnegative continuous function such that

-4 i
/ s < 2o [ a(erae
+ _

4r 1 4r 1

Then, for each A € — : —_— , the problem (A ) admits at

—4p 1 ’ + 4
P /0 g(€)de b /Og(é)dé

least one non-zero weak solution z such that 0 < #(x) < 4 forall x € [0, 1] .

(Ax)

PDI
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Some consequences

Example
d=1 <c=4p(x) =% +5forallx € [0,1] and

(10g)  if 0<e<l,
_ 5\
g(&) = Q) if 1<g<d,
h(&) if £>4,

where £ : [4, +0o[— R is an arbitrary function. Owing to previous Theorem, the problem

{ ~ (W PO W @) = ) in Jo,1],
u(0) =u(1) =0,

admits at least one non-zero weak solution u such that 0 < u(x) < 4. Indeed
" _

4 — p2p- i
p~ 47 7 47 1 4 1

/ 8(§)d¢ < TT/ g(§)dfand —— ——— <1< ¥ 4

0 pT 4T Jo p=4 3 14

/ g(€)de 8(&)d¢
0 0
We explicitly observe that the function f is not (p~ — 1)—sublinear at zero since one has
lim 9 10% < 4o,

=0+ 7 1
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Some consequences

~ (W @PO 72w @)+ al) (PO~ u(x) = Aa(g(u(x) in 10,11,

(AD5Y)
u(0) = u(l) =
Theorem
Assume that
lim gft) = +o0,
t—0+ 1

3 # max { SUPg<c<1 e Cp+ ySUPe>1 e @ } [’
ptllalh Jo &(8) d¢ = fo g(&) de

problem (AD‘;(X)) admits at least one non-zero and nonnegative weak solution.

Then, for each A € ]O

Example

{—Quwr“wm)+wmﬁ“wwfwmziumw
u(0) = u(1) =0
() N 1 1

= +oo, \* > L —_—
PN S ol g e@)de

2 .
x) =x"+4, lim = lim —
P t—ot =1 ot A1
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Infinitely many solutions

G. D’Agui, A. Sciammetta, Infinitely many solutions to elliptic problems with variable exponent
and nonhomogeneous Neumann conditions, Nonlinear Analysis: Theory, Methods and
Applications, Volume 75, Issue 14, (2012), 5612-5619.

— A ou(x) + a(x) u(@) PO ux) = A (x,u(x))  in Q,
(P)\,u)

VU@ P22 = g (5 (u()) on 09,

Apyu(x) = div (|Vu(x)|”("'>72 Vu(x)) is the p(x) —Laplacian operator;

Q C RY is an open bounded domain with smooth boundary;

p € C(Q) with N < p~ := inf p(x) < p(x) < pT :=supp(x);
x€Q XEQ

f: 2 x R — Ris a Carathéodory function and g : R — R is a nonnegative continuous
function,

® A>0and p > 0;

® o € L>™(Q), with essinfoa > 0;

® p is the outer unit normal to O€2;

o v WP (Q) — 1M (8Q) is the trace operator.

Main tool

G. Bonanno, A critical point theorem via Ekeland variational principle, Nonlinear Anal. 75
(2012). 2992-3007.



mg}g F(x,t)dx / F(x,&)dx
A := liminf 2% , B:=limsupZ2

Jaki<e 7T _ llali
E—+o0 & £ too €p+

)

p—1

—— 1\ d - —1 =
b <27 max{ () e () ey
el Ni— PN el
where |||, is the usual norm in L' (Q), m = k,— (1 +m(2)).

Theorem
Letf : Q x R — R an L'-Carathéodory function. Assume that

max F(x, t)dx _ / F(x, €)dx
.. Q lf<€ P . Q
lim inf — — lim sup e
£—+oo é’l’ p+mp ||a||1 £—4o00 é’l’

Then, for each A € ]\, Az, for each nonnegative continuous function g : R — R such that

G
Goo = lim sup ﬁ_) < +o0,
g—+oo &P
1—mP ptAA
and for each p € [0, 6], with § = 7’117[), where a(0Q2) = do, the problem
mP” ptGooa(0R) o0

(P, ) admits a sequence of weak solutions which is unbounded in wlp@) ().

1

PDE

y A= o,
p~B ptmP~ A
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Thank you for your kind attention

PDE
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