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A is a closed planar annulus

P : A— Ais an area preserving homeomorphism
and

(%) it rotates the two boundary circles in opposite directions
(this is called the “twist condition”).

Then, P has at least two fixed points.
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An equivalent formulation

S =R x [a, b] is a planar strip

a

| x

P .S — S is an area preserving homeomorphism,
and writing

Px.y) = (x+f(x.y),y +9(x,y)),
both f(x, y) and g(x, y) are continuous, 27 -periodic in x,
g(x,a) =0=g(x,b) (boundary invariance) ,
and
(%) f(x,a) <0 < f(x, b) (twist condition) .

Then, P has at least two geometrically distinct fixed points.
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Applications to the existence of periodic solutions were provided by:

Bartsch, Bonheure, Boscaggin, Butler, Calamai, Corsato, Dalbono,
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Generalizing the Poincaré — Birkhoff theorem
(in the framework of Hamiltonian systems)

Consider the system

OH

. . oH
X—a—y(t,X,y), y—_a(tﬁﬂy),

and assume that the Hamiltonian H(t, x,y) is T-periodic in t.

‘Assume H(t, x,y) to be also 7-periodic in x.‘

Let S =R x [a, b] be a planar strip.

Twist condition: the solutions (x(t), y(t)) with starting point
(x(0), ¥(0)) on 9S are defined on [0, T] and satisfy

(*)

<0, ify(0)=a,
X(T)X(o){> 0, ify(0)=b.




Generalizing the Poincaré — Birkhoff theorem
(in the framework of Hamiltonian systems)

Consider the system

OH

. . oH
X_aiy(txay)v y—_a(tﬁﬂy);

and assume that the Hamiltonian H(t, x,y) is T-periodic in t.

‘Assume H(t, x,y) to be also 7-periodic in x.‘

Let S =R x [a, b] be a planar strip.

Twist condition: the solutions (x(t), y(t)) with starting point
(x(0), ¥(0)) on 9S are defined on [0, T] and satisfy

o ol e

Then, there are at least two distinct T -periodic solutions, with
(x(0),y(0)) € S.
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dimensional extension of Poincaré’s last geometric theorem.”

[Birkhoff, Acta Mathematica 1925]

Attempts in some directions have been made by:

Amann, Arnold, Bertotti, Birkhoff, K.C. Chang, Conley, Felmer, Golé,
Hingston, Josellis, J.Q. Liu, Mawhin, Moser, Rabinowitz, Szulkin,
Weinstein, Willem, Winkelnkemper, Zehnder, ...

However,

“A genuine generalization of the Poincaré — Birkhoff theorem
to higher dimensions has never been given.”

[Moser and Zehnder, Notes on Dynamical Systems, 2005]




The finite-dimensional case (F. — Urefna, 2017)

Consider the system
).(:vyH(t’th)? y:_vXH(ta)(?y)a

and assume that the Hamiltonian H(t, x, y) is T-periodic in t.
Here, x = (x1,...,xy) € RN and y = (yy,...,yn) € RV,




The finite-dimensional case (F. — Urefna, 2017)

Consider the system
X:VyH(t’X’y)7 y:_vXH(t7X7y)a

and assume that the Hamiltonian H(t, x, y) is T-periodic in t.
Here, x = (x1,...,xy) € RN and y = (yy,...,yn) € RV,

Assume H(t, x, y) to be also 7 -periodic in xi, foreach k =1,... N.




The finite-dimensional case (F. — Urefna, 2017)

Consider the system
X:VyH(t’X’y)7 y:_vXH(t7X7y)7

and assume that the Hamiltonian H(t, x, y) is T-periodic in t.
Here, x = (x1,...,xy) € RN and y = (yy,...,yn) € RV,

Assume H(t, x, y) to be also 7 -periodic in xi, foreach k =1,... N.

Let Sy = RN x [Tr_,[ak, bx] be a 2N-dimensional strip.



The finite-dimensional case (F. — Urefna, 2017)

Consider the system
X:VyH(t’X’y)7 y:_vXH(t)X7y)7

and assume that the Hamiltonian H(t, x, y) is T-periodic in t.
Here, x = (x1,...,xy) € RN and y = (yy,...,yn) € RV,

’Assume H(t, x, y) to be also 7«-periodic in xi, foreach k=1,... N.

Let Sy = RN x [Tr_,[ak, bx] be a 2N-dimensional strip.

Twist condition: the solutions (x(t), y(t)) with starting point
(x(0),y(0)) on OSy are defined on [0, T] and satisfy

) %(T) - x(0) {i 0 oo



The finite-dimensional case (F. — Urefna, 2017)

Consider the system
X:VyH(t’X’y)7 y:_vXH(t)X7y)7

and assume that the Hamiltonian H(t, x, y) is T-periodic in t.
Here, x = (x1,...,xy) € RN and y = (yy,...,yn) € RV,

’Assume H(t, x, y) to be also 7«-periodic in xi, foreach k=1,... N.

Let Sy = RN x [Tr_,[ak, bx] be a 2N-dimensional strip.

Twist condition: the solutions (x(t), y(t)) with starting point
(x(0),y(0)) on OSy are defined on [0, T] and satisfy

) %(T) - x(0) {i 0 oo

Then, there are at least N + 1 distinct T -periodic solutions, with

(x(0),¥(0)) € Sn-
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Why N + 1 solutions?

The proof is variational, it uses an
infinite dimensional Lusternik — Schnirelmann theory.

The periodicity in xy, ..., xy permits to define the action functional on
the product of a Hilbert space E and the N-torus TVN:

o ExTN SR,
The result then follows from the fact that

cat(TN) = N+ 1.



Some applications:
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Periodic perturbations of Hamiltonian systems,
Advances in Nonlinear Analysis (2016)

A. Fonda and A. Sfecci,
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Discrete and Continuous Dynamical Systems (2017)

A. Fonda and P. Gidoni,
An avoiding cones condition for the Poincaré—Birkhoff theorem,
Journal of Differential Equations (2017)
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sublinear growth, Advances in Nonlinear Analysis (2017)
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Consider the system
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and assume that the Hamiltonian H(t, x, y) is T-periodic in t.
Here, x = (X1,...,Xn,...) €2 and y = (V1,..., YN, ...) € £2.

’Assume H(t, x,y) to be also 7«-periodic in xx, foreach k=1,2,... ‘

Let Seo = €2 x [[4—4[ak, bi] be an infinite-dimensional strip.

‘Assume that the sequences (7«)x and (bx — ax)x belong to 62.‘

Moreover, the Hamiltonian VH : R x 2 x (2 — (? x (? satisfies:
- at most linear growth
- Lipschitz continuity on bounded sets.
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Consider the system
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and assume that the Hamiltonian H(t, x, y) is T-periodic in t.
Here, x = (x1,...,Xn,...) €2 and y = (V1,..., YN, ... ) € 2.

We define:

o the projection Py : 2 — RN as
PN(€1a§2a"') = (§17£27"'7€N);

e the immersion Iy : RN — (2 as

lN(n177727"'777N): (77177727"'777N70703"');

e the function Hy : R x RN x RN - R as

Hn(t,u,v) = H(t, Inu, Inv) .
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The infinite-dimensional case

Consider the system
X:vyH(t’X’y)7 y:_vXH(t7X7y)a

and assume that the Hamiltonian H(t, x, y) is T-periodic in t.
Here, x = (x1,...,Xn,...) €2 and y = (V1,..., YN, ... ) € 2.

Twist condition: for every sulfficiently large integer N, the solutions of
u =VyHn(tu,v), v/ = —VuHn(t,u,v),
with starting point (u(0), v(0)) € Sy satisfy

(*) uk(T) — uk(0) {

<0, ifw(0)=a,
>O7 if Vk(O):bk.

Theorem
In the above setting, there exists at least one T -periodic solution, with

(x(0),¥(0)) € S -
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An application

Consider the system

oV
X!+ —(t, X1, ... Xg,...) = ex(t k=12,...
k+an(7 1, s Ak ) k()7
where

e V:Rx(?> - Ris T-periodicin t and 7x-periodic in xk;
e ViV :R x (%2 — 2 is Lipschitz continuous on bounded sets;
e e:R — (2 is T-periodic with fOT e(t)dt =0.

Theorem

Assume that (7 )k belongs to ¢? and that there exists (M) in ¢?
such that

)%
Txk(t»x)

< My, forevery(t x)c[0,T]x (2

Then, there is at least one T -periodic solution.
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