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Introduction

The problem

—(p(0)u' (1)) + q(t)u(r) = Af(t,u(t)) t€[0,T], t#1

u(0) = u(T) =0 (Sau)
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Introduction

The problem

—(p@)' () + q()u(t) = Af(r,u(z)) t€[0,T], t#14

u(0) = u(T) =0 Sapu)

A (1) = u’(t;') —u' () = pli(u(y)), j=1,2,...,n

p € C([0,T],10, +00[), g € L*([0, T]) with ess inf,c (o 71 ¢(t) > 0,

A €]0,4oof, u €]0,400, f:[0,T] x R — R,

0=ty <t <th <..<ty<ty =T,

A () = (7)) =/ (17) = hmsz u'(t) — limH[jf W' (1), ;: R—R

are continuous for everyj = 1,2, ..., n.
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Related works

Chen-He obtained, by using the Mountain Pass theorem, for the following

damped Dirichlet problem with impulses

—u(1) + q(e)u(t) = f(e,u(t) 1€ [0,T], 1 #1

u(0) =u(T) =0 (1)

N (1) = (67) = (17) = i(u(y), j=1,2,.m

the existence of at least one solution.
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Related works

For a Dirichlet boundary value problem involving the one dimensional

p—Laplace operator of type

— (| () [P~2u! ()" = Mu(x) P 2u(x) = f(x) x€[0,1], 1#4

Dpid (1) = [u (67)P =20 (7)) — |/ (57) P20 (17) = (), j=1,2,...m
(2)
Drabek-Langerova proved the existence of at least one solution .The proof is

variational and relies on the linking theorem. .
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Related works

Nieto and O’Regan obtained, by using the Mountain Pass theorem, for the

following nonlinear Dirichlet problem with impulses

—u" (1) + Au(t) = f(t,u(t)) ae.t€]0,T)

u(0) =u(T) =0 3)

N (1) = (657) = (17) = (u(y)), j=1,2,.,n

the existence of at least one solution.
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The variational s

The solution

A function u is called a solution of (S ;) if

°uc {w € C([0,7]: wiy .y € H2([t, 1)), Y = on}
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The variational setting

The solution

A function u is called a solution of (S ;) if
°uc {w € C([0,7]: wiy .y € H2([t, 1)), Y = on}

® satisfies the equation in (S ,) a.e. on [0, T] \ {t1, ...tu },
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The variational setting

The solution

A function u is called a solution of (S ;) if
°uc {w € C([0,7]: wiy .y € H2([t, 1)), Y = on}
® satisfies the equation in (S ,) a.e. on [0, T] \ {t1, ...tu },

e the limits «’(1;"), o' (;7) forall j = 1, ..., n exist
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The variational setting

The solution

A function u is called a solution of (S ;) if
o uc {w € C([0,7): W,y € H([1,41]), V) = on}
® satisfies the equation in (S ,) a.e. on [0, T] \ {t1, ...tu },
e the limits «’(1;"), o' (;7) forall j = 1, ..., n exist

® satisfy the impulsive conditions Au’(;) = pl;(u(t;))
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The variational setting

The solution

A function u is called a solution of (S ;) if
°uc {w € C([0,7]: wiy .y € H2([t, 1)), Y = on}

® satisfies the equation in (S ,) a.e. on [0, T] \ {t1, ...tu },

e the limits «’(1;"), o' (;7) forall j = 1, ..., n exist
® satisfy the impulsive conditions Au’(;) = pl;(u(t;))
® the boundary conditions #(0) = u(T) = 0 are verified.
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The variational setting

The solution

A function u is called a solution of (S ;) if
°uc {w € C([0,7]: wiy .y € H2([t, 1)), Y = on}

® satisfies the equation in (S ,) a.e. on [0, T] \ {t1, ...tu },

e the limits «’(1;"), o' (;7) forall j = 1, ..., n exist
® satisfy the impulsive conditions Au’(;) = pl;(u(t;))
® the boundary conditions #(0) = u(T) = 0 are verified.
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The variational setting

The solution

A function u is called a solution of (S ;) if
cuc {w € C([0,7): W,y € H([1,41]), V) = on}
® satisfies the equation in (S ,) a.e. on [0, T] \ {t1, ...tu },
e the limits «’(1;"), o' (;7) forall j = 1, ..., n exist
® satisfy the impulsive conditions Au’(;) = pl;(u(t;))
® the boundary conditions #(0) = u(T) = 0 are verified.

If f is continuous then the classical solution u € C?([tj, t;+1]),j =0,1,..n

and satisfies the equation in (S, ;) forall € [0, T \ {t1, ...tu }.
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The variational setting

In the Sobolev space H} (0, T), consider the inner product

) = [ PO Y @+ [ au(on)ar,

which induces the norm

i = ([ oeras [ aoumra)”

where p € C'([0,7],]0, +oo[), g € L*([0, T]) with ess inf,c [ 77 (1) > 0.
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The variational setting

A function u € H(l) (0, T) is said to be a weak solution of (Sh,) if u satisfies

T , , T
/0 PO (W (1) dt + / dr
7)\/ (1, u(t dt+ﬂ2p )1 (u(t))v(1) =0,
" 4)
forany v € H} (0, T).
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The variational setting

If u is a is weak solution of (S M ), then u € Hé (0,T) is a classical solution

Of(S/\,y)~
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The variational setting

The nonlinearity

Fi[01]xR—-R

(a) t — f(t,x) is measurable V x € R;
(b) x — f(t,x) is continuous a.e. t € [0, T];

(¢) Vp>0 3 1, e L'([0,T)) te.

‘Sl‘,lp If(t,x)| <1,(r) ae t€]0,T].
x|<p
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The variational setting

Assume that f(t,x) > 0 for all (t,x) € [0,T] x R and Ij(x) < 0 for all

x €R,j=1,..n Ifuis a classical solution of (S) ), then u(t) > 0 for all
te€0,T).
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The abstract tools

The abstract tools

Our results have been obtained by applying two abstract critical point
theorems obtained in
@ Bonanno G.,
Relations between the mountain pass theorem and local minima,
Adv. Nonlinear Anal., Volume 1, (2012) 205-220
@ Bonanno G. and D’ Agui G.,
Two non-zero solutions for elliptic Dirichlet problems,
Zeitschrift fiir Analysis und ihre Anwendungen, Volume 35, (2016)

449-464
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The abstract tools

Ey=®—\¥

® Assume that there are r € R and it € X, with 0 < ®(it) < r, such that

sup  ¥(u)
ue® ! (]—oo,1])
r

Y
< > 2.1

—~|—
S|
~— | —
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The abstract tools

Ey=®—\¥

® Assume that there are r € R and it € X, with 0 < ®(it) < r, such that

sup ¥ (u)
ued®~1(]—co,r]) ¥ (
r <q>(ﬁ) (2.1)
(@) , o
e

ued=1(]—o0,r])
satisfies (PS)-condition and it is unbounded from below.
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The abstract tools

Ey=®—\¥

® Assume that there are r € R and it € X, with 0 < ®(it) < r, such that

sup  ¥(u)
ue® (] —co,1]) ¥ (i)
r <q>(ﬁ) (2.1)
(@) r . )
T P —

ued=1(]—o0,r])
satisfies (PS)-condition and it is unbounded from below.
D (@) r [
¥ (@) sup  ¥(u)
ued=1(]—oo,r])
admits at least two non-zero critical points u, |, uy » such that

® Then, foreach A € } , the functional E

Ex(up,1) <0 <Ej(upp).
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The abstract tools

Ey=®—\¥

® Assume that there are r € R and it € X, with 0 < ®(@t) < r, such that

sup  ¥(u)
ue®1(J—o0,r]) Y
. 0 Q.1

—
N3
=

N
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The abstract tools

Ey=®—\¥

® Assume that there are r € R and it € X, with 0 < ®(@t) < r, such that

sup  ¥(u)
ucd-1(]—oo,r]) T(ﬁ)
p < >() 2.1

e

|~
[N
~— | —

~

, sup 70 {, the functional Ey = ® — AY

ued=1(]—oo,r])
satisfies (PS)-condition.
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The abstract tools

Ey=®—\¥

® Assume that there are r € R and it € X, with 0 < ®(@t) < r, such that

sup ‘I’(u)
ued~!(J—oco,r]) Y (@)
r < q)(a) 2.1
@ () , o
*Ae } Y (i)’ sup  ¥(u) { the functional Ey = ® — AY

ued=! (] —oo,r])
satisfies (PS)-condition.
DO (it) r
Y(@)’ sup  ¥(u)
ued®1(]—oo,r])
ug,x € ®71(]0, r[) such that E (up 1) < Ep(u), Yu € ®~1(]0, r[) and

® Then, foreach A € ] {, there is

E:\uol,\ =0.
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The abstract tools

Definition (1)

Let (X, || - ||), we say that the functional E, satisfies the Palais-Smale

condition, in short (PS)-condition, if any sequence {u; } C X such that
® {E(u)} is bounded;
® i E' « = 0;
{157 G l|x

has a convergent subsequence.
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The abstract tools

Definition (2)
Let (X, || - ||) be a real Banach space and @, ¥ : X — R be two

continuously Gateaux differentiable functionals; put E = ® — ¥ and fix
r € IR. We say that the functional E satisfies the Palais-Smale condition cut
off upper r, in short (PS)")-condition, if any sequence {u;} C X such that
® {E(u)} is bounded;
L 1. E/ * — O;
Jim1E G | x

® ®(uy) < rforeach k € IN;

has a convergent subsequence.

If r = +o0 it coincides with the classical (PS)-condition.
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The abstract tools

We say that u € X is a critical point of E; when E/ (1) = Ox~, that is,
E\(u)(v) =0V eX.
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Tiwo nontri

The variational setting

° F(1, &) = ./(ff(t,x)dx V(t,8) € 10,1 xR

Beatrice Di Bella Variational approach to some boundary value problems with impulsive effects



Tiwo nontri

The variational setting

° F(1, &) = ./(ff(t,x)dx V(t,8) € 10,1 xR
o X :=W,*([0,T])
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Tiwo nontri

The variational setting

o F(1,8) = / de (1) €[0,1] xR
* X :=Wy*([0,T])
® Ey(u) :=P(u) — A¥(u)
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Tiwo nontri

The variational setting

F(1,8) = ./(ff(t,x)dx V(t,8) € 10,1 xR
X =Wy ([0,7])

® Ey(u) :=0(u) — A¥(u)

2 (u) = [ F(u(t)di— 50 p(t) o) 1(x) dx

@(u) = 3Ju|
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Tiwo nontri

The variational setting

F(1,8) = ./(ff(t,x)dx V(t,8) € 10,1 xR
X =Wy ([0,7])

® Ey(u) :=0(u) — A¥(u)

D(u) = 1

fo ) dt — X i1 1(t) fu(tj) Ii(x) dx
fo dt+f0 u(t)v(t) dt
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Tiwo nontri

The variational setting

F(1,8) = ./(ff(t,x)dx V(t,8) € 10,1 xR
X =Wy ([0,7])

® Ey(u) :=0(u) — A¥(u)

<I><u>=l fo df—x " () f3 1) de
fo dt+f0 u(t)v(t) dt

° = Jo £( v(r)di— 5 }Llp(fj)l( u(t))v (1) -
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Tiwo nontri

The variational setting

F(1,8) = ./(ff(t,x)dx V(t,8) € 10,1 xR
X =Wy ([0,7])

® Ey(u) :=0(u) — A¥(u)

<I><u>=l fo df—x " () f3 1) de
fo dt+f0 u(t)v(t) dt

° = Jo £( v(r)di— 5 }Llp(fj)l( u(t))v (1) -
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Tiwo nontri

The variational setting

F(1,8) = ./(ff(t,x)dx V(t,8) € 10,1 xR
X =Wy ([0,7])

® Ey(u) :=0(u) — A¥(u)

© D) =3 fo d’—x " () fo () d
o fo dt+f0 u(t)v(t) dt
° = fo S v(r)dr — & ?zlp(fj)b(u(tj))V(O)-

As consequence, the critical points of E are the weak solutions of the

problem (S ;).
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The first result guarantees the existence of one non trivial solution to

problem (S} ;).

Assumptions

© (h) there exist constants «, § > 0 and ¢ € [0, 1] such that

|Ii(x)] <a+B|x|” foranyxeR, j=1,2,..,n.

9 13 = Zjnzlp(tj)/
— 6p*
® k= STl

or, = % + ((Tﬁl) 1 where a, B, o are given by (h;) and c is a

positive constant.
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Theorem (5)
Suppose that (h) is satisfied. Furthermore, assume that there exist two
positive constants ¢, d, with d < c, such that
(a1) F(1,8) > 0forall (1,¢) € ([0, 7]V, T]) x [0,d];
T 3T/4
max F(t,¢) dt / F(t,d)dt
T/4

0 [¢|<c
(ag) o <k 7 5 )
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Then, for every
2p* d? 2p* c?
AEN:= kT (3774 P T /
/ F(t,d)dt max F(z, &) dt
T/4 0 [¢]=c

there exists 0 :=

5 T 3T/4 .

1 2p*c? — )\T/O max|g|<, F(1,&)dt I’C)LT/T/4 F(t,d)dt — 2p*d
— min

Tﬁ Czrc ! d2l"(d/ﬁ)

such that, for each p €10, ] the problem (S}, ,,) has at least one non-trivial

classical solution.
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Chen-He, in order to obtain one solution, assume a conditon on F at infinity:

there exists a constant a such that

. max(o 71 F(t, u)
lim —————~

ot P
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Let g : R —]0, +o0[ be a continuous function, put

60 = [ st

6(e_T/4 o e—3T/4)

for all R, and k* := .
orall¢ € R, an (2412 = 1)

Corollary (1)

Suppose that (hy) is satisfied. Furthermore, assume that there exist two

positive constants ¢, d, with d < c, such that

d? 2 ?
Th A h ]
en, for every A € ] T —1) G(@)’ T(eF —1) G(c) [ , there exists
5=
1o 2e T2 —AT(1 — e T)G(c) k*AT(e7T/* — e 3T/H)G(d) — 2¢~Td?
T Czrc ’ dzr(d/ﬁ)

such that,
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for each i €)0, 8] the problem

—u"(t) +u' (1) +u(t) = Ag(u(r)) t€[0,T], t#¢

u(0) =u(T)=0

A (1) = u/(tf) - u/(tj*) = uli(u(y)), j=1,2,..,n

has at least one non-trivial classical solution.

&)
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To establish the existence of two solutions to problem (S, ;) we assume that
the nonlinear term f satisfies the Ambrosetti-Rabinowitz condition:

assume that there exist v > 2 and R > 0 such that

0 <vF(1,&) <&(1,E) Yielo,T], || =R, (AR)

Beatrice Di Bella Variational approach to some boundary value problems with impuls



Theorem (6)

Suppose that (hy), (a1), (a2) and (AR) are satisfied.
Then, for every A € A, there exists 5, where A and  are introduced in the

statement of Theorem 5, such that, for each y 6]0, 1) [ the problem (S A ) has

at least two distinct non-trivial solutions.
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Subquadratic behaviour at zero

Theorem (7)

Letf : R — R be a continuous and non-negative function. Assume (AR)

(@) 2 c?
and glir{)h T = +OO Put )\* = ﬁ Supc>0 m
Then, for all I; : R — R continuous functions, j = 1,2, ...,n, satisfying

(hy), the following problem

u(0) =u(T) =0 (S
) = () = pli(u(y)), j=1,2,n
admits at least two non-trivial solutions for all A € 0, A*|,

we o g (2-arER2) [
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Example 4.

Consider the following problem:

(
)=0 ©)

where |7(x)| < 31/]x| and

12x—x2 if 0<x<12

flx) =
0 otherwise.
0 if x<0
Then, F(x) = 6x2 =% if 0<x< 12

288 if x> 12.
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Let ¢ = 20 and d = 6. It is easily verified that all conditions in Theorem 5

are satisfied. Then, problem (6) has at least one non-trivial solution for each
13 25

A€ } ' [ =]2.1667,2.7778] and for each p €]0, 5[ where

(5_min{\@(4— 36A> ,2V/78 (M— 1>} = h(A).

25 13
For instance, for A = 2.4 we have § = 0.5724. If A = 2.6 then 6 =0.6400.
The graph of the function £ is presented on Figure 1. Note that the equation
V5 (4— g—g/\) = 2v/78 (% — ) has unique solution Ay = 2.4966 and the
maximum value of () in the interval ]2.1667, 2.7778] is

80 = h(Ag) = 0.9053.
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Figura: 1
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Example 5

Owing to Theorem 7, the following superlinear problem:

—u(6) +u(t) = Y] + @) ae. [0,1]

u(0) =u(1)=0 (7

Au' (1) =o' (1) =o' (1) = log(Ju(tr)[ + 1)

admits two non-zero solutions. Indeed, in this case we can choose

A=u=1
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