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The problem

u) (z) + Af(z,u(z)) =0 in [0,1]
u(0) = u/(0) =0 (Pxp)
W) =0 (1) = pg(u(D)

e f:]0,1] x R — R is an L'—Carathéodory function
@ g: R — R is a continuous function

@ )\, i are positive parameters
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Physical meaning

@ variational methods
e L. Yang, H. CHEN, X. YANG,
o Appl. Math. Letters (2011) existence of three solutions for problem

(Px,1)
o Appl. Math. and Computations (2011) existence of three solutions

for problem (Pj )
o T.F. Ma, Appl. Math. and Computations (2004) existence of at
least two positive solutions for problem (Pi,1)
o A. CaBADA, S. TERSIAN, Appl. Math. and Computations, (2013)
existence of two non trivial solutions for problem (Pj,»)

o iterative methods
o T.F. Ma, J. DA SiLva, Appl. Math. Letters (2004) problem

(PA,#)~
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Variational structure of problem (f’)\'“)
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Variational structure of problem (f’)\'u)

e the embedding X — C*([0,1]) is compact

o llulos o,y = max {[[ulloc, |t loc} < u] for each u € X
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Variational structure of problem (f’)\'“)

The functional ®

1
T2

Vee X  ®(u): ||| ?
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Variational structure of problem (f’)\'u)

The functional ®

1
Vee X  ®(u):= §||u||2

o & is Frechét differentiable, ® € C1(X)
(@' (u fo o (x)v" (x) dz, for each u,v € X

P is sequentlally Weakly Iower semi-continuous and coercive

’ admits a continuous inverse on X*
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Variational structure of problem (f’)\'“)

The functional ¥, ,

VA, > 0,V € X
Uy u(u /qu( ) da -+ 5 Glu()

° fo f(z,t) dt foreach z € [0,1], £ € R
fo ) dt for each £ € R
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Variational structure of problem (f’)\'u)

The functional ¥, ,

YA, > 0,Vu € X

s (u /qu( ) da -+ 5 Glu()
° fo f(z,t) dt foreach z € [0,1], £ € R
° fo ) dt for each £ € R
o U, , is Frechét differentiable, Uy, €CHX)

(W (), v) = fo Ju(z) dz + Lg(u(1))v(1), for each u,v € X

\I/A’H is compact
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Variational structure of problem (f’)\'“)

INM = — )\\I/)\7M,

L. Yang, H. Chen, X. Yang (2011)

For each A, u > 0, the critical points of I ,, are classical solutions for
problem (P ,,).
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The main tool
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The main tool

@ G. BONANNO, Relations between the mountain pass theorem and
local minima, Adv. Nonlinear Anal., 1 (2012), 205-220.

4

ul) (@) + Af (e, u(@) = 0 in [0,1]
u(0) = u'(0) = 0 (Pr.)
W(1)=0 W (1) = pg(u(1))

admits at least one non-zero solution
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The main tool

The main tool

@ X real Banach space
e VU:X SR, QVecC(X)
o infycx ®(x) = ©(0) = ¥(0)
e dr>0andz e X, r < ®(z):
o2, 'y
P

(a1) " <

) T
() sup V(@)
P(z)<r
satisfies (P.S.)[" condition.

P
(az) for each X €] T [ the functional I := ® — AU
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The main tool

The main tool

Theorem 1 (Bonanno(2012))
o(z) T

U(z) sup ¥(z)
P(z)<r
that I{(z0,x) = 9x+ and I\(zo,x) < Ix(z) for all z € @~1(]0, 7[).

for each A € A, :=] [, there is zo.x € ®71(]0, r[) such
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The main result

Notations

For a > 0, we put
1
e = max F(x,§) dx
0 €< (@,8)

and

GY = G
max €3]
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The main result

The main result

(f1) there exist 6,7 € R, with 0 < § < ~, such that

P13\ [ F(@0)de
fyz<87r4(2) e

(f2) F(z,t) > 0 for almost every = € [0,1] and for all ¢ € [0, d].
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The main result

The main result
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The main result

The main result

2\ 3 52 2
Ag = |4t () ,
o 3) [YF(z,6) de’ 2F7

Theorem 2 (Bonanno,C. , Tersian - Electronic Journal of Qualitative

Theory of Differential Equations - (2015))

for each A € A;, and for each g : IR — R continuous, there exists
7,9 > 0 such that for each p € ]0,7, 4[ the problem (P) ) admits at
least one non-zero solution wy such that [|u | o, ||t} [|cc < 7.
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The main result

3 if G(8) >0
y2—2XFY 4”452*/\( )3 fé F(z,5) dz
2GY ) ( )SG(ﬁ)

g =

if G(5) <0,

min

(SIS NI
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The main result

2_o\F7 :
Mg = . V2 OAF 4774527/\(%) fé F(z,5) dz
Hoanp 2G7 (2)°c(s)

2_ A
We read % = +o0o0 when G? =0

if G(5) <0,
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The main result

e MY if G(5) >0

462 3 r1 . -

Mg = min V2§é>"\rF77 e /\( )3 f% ree
(8)°¢@)

if G(5) <0,

(SIS NI

2_ A
We read % = +o0o0 when G? =0

For each A € A5 4 and g : R — R continuous it results 7y 4 > 0.
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Proof of Theorem 2

o X :={ue H*0,1]) : uw(0) = «/(0) = 0}
@ A€ A5y, g: R — R continuous, p €]0,7 4]

Do) = 3l <X P, u(a) do -+ §Glu(v))
—— 0
2(u) W (w)

o infuex ®(x) = B(0) = U, ,(0) =0
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Proof of Theorem 2

I, verifies (ag) of Theorem 1
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Proof of Theorem 2

I, verifies (ag) of Theorem 1

for all r €] — 00, +00] the function Iy ,, satisfies the( P.S.)I"l-condition.

4

I, ., verifies (ag) of Theorem 1
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Proof of Theorem 2

@ v depends on §
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Proof of Theorem 2

3

0 0,
zE 8‘
N o A 3

g i(2) = ¢ Geos’(—— .
o(x) deos’( 3 ) zef i

k)
0 1
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Proof of Theorem 2

@(’)—4#462(3) o(z) € (0,8 Vz € [2,2] + (f2)

U, (o /an dx+“G(5)

\p/\’#(@) fa (z,0) dx + £G(9)
D(v) — 452(5)3
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Proof of Theorem 2

@ 7 depends on v, r = 772

Yue X :®(u) <,

1 2 2
— sup Uy u(u) < 5F7 + —%G”
T wed—1(]—oco,r]) Y
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Proof of Theorem 2

r and v verify (a;) of Theorem 1
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Proof of Theorem 2

r and v verify (a;) of Theorem 1

452 3\3 1
: 2 gy AT -N(3)7 [3 F(.6) do
°© G(0) <0,mrg = Hnn{7 S (g)BGE})

H<nx,g
2 2 4 1
— F7 ——G7 < =
N EPEDY A

| i P@)de G
2S Aris? (23 Agndg2 (2)°
™62 (3) 4707 (3)

l"<n)\,g
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Proof of Theorem 2

r and v verify (a;) of Theorem 1
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Proof of Theorem 2

r and v verify (a;) of Theorem 1

2, 2y 1 _SiFEIE )
~¥? 2 3o 4mts? (2) A 4rds2 (%)
)

1 1 Wy ,(0)

- sup Uy u(u) < — < 22—

T ucd-1(oconl) AT 9(0)

\

(a1) of Theorem 1 is verified
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Proof of Theorem 2

D(v) r
] )\ S A g —\
it ] U u(0) " SuPguy<r Ua,pl(u) [
U

Theorem 1 guarantees the existence of a non-trivial classical solution of
problem (Py ), ux such that [Jux|ec, |t} [|oc <
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Consequences

An example of application of Theorem 2

o f:R—R
0, u < 0,
fu)=< uv—u? 0<u<l,
0 u > 1.
0 d=1~v=22
U

for each A €]1385.4,1452[ and each g : R — IR continuous there exists
7, > 0 such that for each 1 €]0,7 4[ , the problem (Py ) admits at
least one non-zero solution uy with ||u|se, |[t/]|c0 < 22.
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Consequences
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Consequences

A particular case of Theorem 2

(1) f:R — [0,400[ continuous, limsup,_,y+ % = 400

4

Theorem 3 (Bonanno,C. , Tersian - EJQTDE - (2015))

Yy > 0, VA €]0, QF(:)[ Vg : R — [0, 4+o00[ continuous and

Y €]0, %[ the problem
u®™) (z) + Af(u(z)) =0 in [0,1]
u(0) =4/ (0) =0
w(1) =0 (1) = pg(u(1))

admits at least one non-zero classical solution u such that
llwlloo, 14 lloo <
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Consequences

variational structure in Theorem 2
1 ! "

Inula) = gllulP =A( | Plz,u(e) do+ £ Gu(1)
—— 0

& () q’%u(“)
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Consequences

variational structure in Theorem 2

D) 1= gl =X Pl u(@) da+ §Gw)

—
& () q’%u(“)

Do) s= 5l =3 [ Fla,u(o)) da+ Glu(v)

——
<I>(u) ‘I’kvu(“)
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Consequences

(g1) there exist 0,7 € R with 0 < § < 7:
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Consequences

for each y € ', and for each f : [0,1] x R — R L*—Carathéodory
function verifying condition (f2) of Theorem 2€0, there exists

v2 —2uGY
Ou,f = > 0 such that for each A €]0,6,, f[ the problem
(Pa,.) admits at least one non-zero solution u such that
[elloo, 1vlloo <
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Consequences

A particular case of Theorem 2’

(¢7) 9 : R — [0, +00] continuous, limsup,_, 5+ @ =400

4

Theorem 3' (Bonanno,C. , Tersian - EJQTDE - (2015))

Vv > 0, Yu €]0, %(27)[ Vf:R — [0,4+oc0] continuous and

WA €]0, L5290 the problem
u®) (z) + Af(u(z)) =0 in [0,1]
u(0) =4/ (0) =0
(1) =0 (1) = ug(u(1))

admits at least one non-zero classical solution u such that
llwlloo, 14 lloo <
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Consequences

Corollary of Theorem 3’

f:R —[0,400[, f continuous,

| <:

Corollary of Theorem 3’

for each \ € } [ the problem

O o o
w (z) + Af(u(z)) = 0 in [0,1]
w(0) =/ (0) =0
u”(l) =0 U”I(l) — |u(1)‘

admits at least one non-zero classical solution
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@ X real Banach space

e VU:X 5 R, PVecC(X)

o rc R,
I(:) = ®(-) — U(-) verifies (P.S.)l"] condition if any sequence {u, }nen
in X such that
(o) {I(un)} is bounded;

[ i 4 Pr— N
(5) Jim_ |1 (un)x- =0

(7) ®(un) <1 for each n € IN;

has a convergent subsequence.
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X reflexive
¢ c OY(X) v e Cl(X)
® s.w.l. semicontinuous ¥’ compact
® coercive

®’ admits a continuous inverse

I

for all 7 €] — 0o, +00] the function ® — W satisfies the (P.S.)I"l-condition.
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