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 u(iv)(x) + λf(x, u(x)) = 0 in [0, 1]
u(0) = u′(0) = 0
u′′(1) = 0 u′′′(1) = µg(u(1))

(Pλ,µ)

f : [0, 1]× lR→ lR is an L1−Carathéodory function

g : lR→ lR is a continuous function

λ, µ are positive parameters
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variational methods

L. Yang, H. Chen, X. Yang,

Appl. Math. Letters (2011) existence of three solutions for problem
(Pλ,1)
Appl. Math. and Computations (2011) existence of three solutions

for problem (Pλ,λ)

T.F. Ma, Appl. Math. and Computations (2004) existence of at
least two positive solutions for problem (P1,1)
A. Cabada, S. Tersian, Appl. Math. and Computations, (2013)
existence of two non trivial solutions for problem (Pλ,λ)

iterative methods

T.F. Ma, J. Da Silva, Appl. Math. Letters (2004) problem
(Pλ,µ).
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X := {u ∈ H2([0, 1]) : u(0) = u′(0) = 0}

‖u‖ :=

(∫ 1

0

(u′′(t))2 dt

) 1
2

the embedding X ↪→ C1([0, 1]) is compact

‖u‖C1([0,1]) := max {‖u‖∞, ‖u′‖∞} ≤ ‖u‖ for each u ∈ X
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The functional Φ

∀x ∈ X Φ(u) :=
1

2
‖u‖2

Φ is Frechét differentiable, Φ ∈ C1(X)

〈Φ′(u), v〉 =
∫ 1

0
u′′(x)v′′(x) dx, for each u, v ∈ X

Φ is sequentially weakly lower semi-continuous and coercive

Φ′ admits a continuous inverse on X∗
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The functional Ψλ,µ

∀λ, µ > 0,∀u ∈ X

Ψλ,µ(u) :=

∫ 1

0

F (x, u(x)) dx+
µ

λ
G(u(1))

F (x, ξ) :=
∫ ξ

0
f(x, t) dt for each x ∈ [0, 1], ξ ∈ lR

G(ξ) :=
∫ ξ

0
g(t) dt for each ξ ∈ lR

Ψλ,µ is Frechét differentiable, Ψλ,µ ∈ C1(X)〈
Ψ′λ,µ(u), v

〉
=
∫ 1

0
f(x, u(x))v(x) dx+ µ

λ
g(u(1))v(1), for each u, v ∈ X

Ψ′λ,µ is compact
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Iλ,µ := Φ− λΨλ,µ,

L. Yang, H. Chen, X. Yang (2011)

For each λ, µ > 0, the critical points of Iλ,µ are classical solutions for
problem (Pλ,µ).
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G. Bonanno, Relations between the mountain pass theorem and
local minima, Adv. Nonlinear Anal., 1 (2012), 205–220.

⇓

 u(iv)(x) + λf(x, u(x)) = 0 in [0, 1]
u(0) = u′(0) = 0
u′′(1) = 0 u′′′(1) = µg(u(1))

(Pλ,µ)

admits at least one non-zero solution
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The main tool

X real Banach space

Φ,Ψ : X → lR, Φ,Ψ ∈ C1(X)

infx∈X Φ(x) = Φ(0) = Ψ(0) = 0

∃ r > 0 and x̄ ∈ X, r < Φ(x̄):

(a1)

sup
Φ(x)≤r

Ψ(x)

r
<

Ψ(x̄)

Φ(x̄)
,

(a2) for each λ ∈]
Φ(x̄)

Ψ(x̄)
,

r

sup
Φ(x)≤r

Ψ(x)
[ the functional Iλ := Φ− λΨ

satisfies (P.S.)[r] condition. 3
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Theorem 1 (Bonanno(2012))

for each λ ∈ Λr :=]
Φ(x̄)

Ψ(x̄)
,

r

sup
Φ(x)≤r

Ψ(x)
[, there is x0,λ ∈ Φ−1(]0, r[) such

that I ′λ(x0,λ) ≡ ϑX∗ and Iλ(x0,λ) ≤ Iλ(x) for all x ∈ Φ−1(]0, r[).

Antonia Chinǹı (University of Messina) Existence of one non-zero solution for a two point boundary value problem involving a fourth-order equationGEDO2018 11/37



GEDO2018 

The problem
Physical meaning

Variational structure of problem (Pλ,µ)
The main tool

The main result
Proof of Theorem 2

Consequences
Bibliography

Notations

For α > 0, we put

Fα :=

∫ 1

0

max
|ξ|≤α

F (x, ξ) dx

and
Gα := max

|ξ|≤α
G(ξ)
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The main result

(f1) there exist δ, γ ∈ lR, with 0 < δ < γ, such that

F γ

γ2
<

1

8π4

(
3

2

)3
∫ 1

3
4
F (x, δ) dx

δ2
7

(f2) F (x, t) ≥ 0 for almost every x ∈ [0, 1] and for all t ∈ [0, δ]. 5 6
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The main result

Λδ,γ :=

4π4

(
2

3

)3
δ2∫ 1

3
4
F (x, δ) dx

,
γ2

2F γ



⇓

Theorem 2 (Bonanno,C. , Tersian - Electronic Journal of Qualitative
Theory of Differential Equations - (2015))

for each λ ∈ Λδ,γ and for each g : lR→ lR continuous, there exists
ηλ,g > 0 such that for each µ ∈ ]0, ηλ,g[ the problem (Pλ,µ) admits at
least one non-zero solution uλ such that ‖uλ‖∞, ‖u′λ‖∞ < γ.
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ηλ,g =


γ2−2λFγ

2Gγ if G(δ) ≥ 0

min

{
γ2−2λFγ

2Gγ ,
4π4δ2−λ( 3

2 )
3 ∫ 1

3
4
F (x,δ) dx

( 3
2 )

3
G(δ)

}
if G(δ) < 0,

Remark

We read γ2−2λFγ

2Gγ = +∞ when Gγ = 0

Remark

For each λ ∈ Λδ,γ and g : lR→ lR continuous it results ηλ,g > 0.
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Antonia Chinǹı (University of Messina) Existence of one non-zero solution for a two point boundary value problem involving a fourth-order equationGEDO2018 15/37



GEDO2018 

The problem
Physical meaning

Variational structure of problem (Pλ,µ)
The main tool

The main result
Proof of Theorem 2

Consequences
Bibliography

ηλ,g =


γ2−2λFγ

2Gγ if G(δ) ≥ 0

min

{
γ2−2λFγ

2Gγ ,
4π4δ2−λ( 3

2 )
3 ∫ 1

3
4
F (x,δ) dx

( 3
2 )

3
G(δ)

}
if G(δ) < 0,

Remark

We read γ2−2λFγ

2Gγ = +∞ when Gγ = 0

Remark

For each λ ∈ Λδ,γ and g : lR→ lR continuous it results ηλ,g > 0.
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X := {u ∈ H2([0, 1]) : u(0) = u′(0) = 0}
λ ∈ Λδ,γ , g : lR→ lR continuous, µ ∈]0, ηλ,g[

Iλ,µ(u) :=
1

2
‖u‖2︸ ︷︷ ︸
Φ(u)

−λ(

∫ 1

0

F (x, u(x)) dx+
µ

λ
G(u(1))︸ ︷︷ ︸

Ψλ,µ(u)

)

infx∈X Φ(x) = Φ(0) = Ψλ,µ(0) = 0
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Iλ,µ verifies (a2) of Theorem 1

4

for all r ∈]−∞,+∞[ the function Iλ,µ satisfies the(P.S.)[r]-condition.

⇓

Iλ,µ verifies (a2) of Theorem 1
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v̄

v̄ depends on δ

v̄(x) =


0 x ∈ [0, 3

8 ]

δ cos2( 4πx
3 ) x ∈ [ 3

8 ,
3
4 ]

δ x ∈ [ 3
4 , 1],
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v̄
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v̄

Φ(v̄) = 4π4δ2
(

2
3

)3
v̄(x) ∈ [0, δ] ∀x ∈ [ 3

8 ,
3
4 ] + (f2) 5

⇓

Ψλ,µ(v̄) ≥
∫ 1

3
4

F (x, δ) dx+
µ

λ
G(δ)

⇓

Ψλ,µ(v̄)

Φ(v̄)
≥

∫ 1
3
4
F (x, δ) dx+ µ

λG(δ)

4π4δ2
(

2
3

)3
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r

r depends on γ, r = γ2

2

∀u ∈ X : Φ (u) ≤ r,

⇓

‖u‖∞ ≤ γ

⇓

1

r
sup

u∈Φ−1(]−∞,r])
Ψλ,µ(u) ≤ 2

γ2
F γ +

2

γ2

µ

λ
Gγ
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r and v̄ verify (a1) of Theorem 1

G(δ) ≥ 0, ηλ,g = γ2−2λFγ

2Gγ

µ<ηλ,g︷ ︸︸ ︷
2

γ2
F γ +

2

γ2

µ

λ
Gγ <

1

λ

1

λ
<

∫ 1
3
4
F (x, δ) dx

4π4δ2
(

2
3

)3︸ ︷︷ ︸
λ∈Λδ,γ

≤

∫ 1
3
4
F (x, δ) dx

4π4δ2
(

2
3

)3 +
µ

λ

G(δ)

4π4δ2
(

2
3

)3
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r and v̄ verify (a1) of Theorem 1

G(δ) < 0, ηλ,g = min

{
γ2−2λFγ

2Gγ ,
4π4δ2−λ( 3

2 )
3 ∫ 1

3
4
F (x,δ) dx

( 3
2 )

3
G(δ)

}
µ<ηλ,g︷ ︸︸ ︷

2

γ2
F γ +

2

γ2

µ

λ
Gγ <

1

λ

1

λ
<

∫ 1
3
4
F (x, δ) dx

4π4δ2
(

2
3

)3 +
µ

λ

G(δ)

4π4δ2
(

2
3

)3︸ ︷︷ ︸
µ<ηλ,g
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r and v̄ verify (a1) of Theorem 1

2

γ2
F γ +

2

γ2

µ

λ
Gγ <

1

λ
<

∫ 1
3
4
F (x, δ) dx

4π4δ2
(

2
3

)3 +
µ

λ

G(δ)

4π4δ2
(

2
3

)3
⇓

1

r
sup

u∈Φ−1(]−∞,r])
Ψλ,µ(u) <

1

λ
<

Ψλ,µ(v̄)

Φ(v̄)

⇓

(a1) of Theorem 1 is verified
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λ
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3
4
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3
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2
3
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1

r
sup
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1

λ
<
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Φ(v̄)
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Φ(v̄) < r

δ < γ + (f1) 7 =⇒
√

8π4
(

2
3

)3
δ < γ

⇓

Φ(v̄) = 4π4δ2

(
2

3

)3

<
γ2

2
= r

λ ∈ Λδ,γ ⊆

]
Φ(v̄)

Ψλ,µ(v̄)
,

r

supΦ(u)≤r Ψλ,µ(u)

[
⇓

Theorem 1 guarantees the existence of a non-trivial classical solution of
problem (Pλ,µ), uλ such that ‖uλ‖∞, ‖u′λ‖∞ < γ
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An example of application of Theorem 2

f : lR→ lR

f (u) :=

 0, u < 0,
u− u2, 0 ≤ u ≤ 1,
0 u > 1.

δ = 1
2 , γ = 22

⇓

for each λ ∈]1385.4, 1452[ and each g : lR→ lR continuous there exists
ηλ,g > 0 such that for each µ ∈]0, ηλ,g[ , the problem (Pλ,µ) admits at
least one non-zero solution uλ with ||u||∞, ||u′||∞ < 22.
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A particular case of Theorem 2

(f ′′1 ) f : lR→ [0,+∞[ continuous, lim supt→0+
F (t)
t2 = +∞

⇓

Theorem 3 (Bonanno,C. , Tersian - EJQTDE - (2015))

∀γ > 0, ∀λ ∈]0, γ2

2F (γ) [, ∀g : lR→ [0,+∞[ continuous and

∀µ ∈]0, γ
2−2F (γ)λ

2G(γ) [, the problem u(iv)(x) + λf(u(x)) = 0 in [0, 1]
u(0) = u′(0) = 0
u′′(1) = 0 u′′′(1) = µg(u(1))

(P̃λ,µ)

admits at least one non-zero classical solution u such that
‖u‖∞, ‖u′‖∞ < γ
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variational structure in Theorem 2

Iλ,µ(u) :=
1

2
‖u‖2︸ ︷︷ ︸
Φ(u)

−λ(

∫ 1

0

F (x, u(x)) dx+
µ

λ
G(u(1))︸ ︷︷ ︸

Ψλ,µ(u)

)

Iλ,µ(u) :=
1

2
‖u‖2︸ ︷︷ ︸
Φ(u)

−µ(
λ

µ

∫ 1

0

F (x, u(x)) dx+G(u(1))︸ ︷︷ ︸
Ψ̃λ,µ(u)

)
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variational structure in Theorem 2

Iλ,µ(u) :=
1

2
‖u‖2︸ ︷︷ ︸
Φ(u)

−λ(

∫ 1

0

F (x, u(x)) dx+
µ

λ
G(u(1))︸ ︷︷ ︸

Ψλ,µ(u)

)

Iλ,µ(u) :=
1

2
‖u‖2︸ ︷︷ ︸
Φ(u)

−µ(
λ

µ

∫ 1

0

F (x, u(x)) dx+G(u(1))︸ ︷︷ ︸
Ψ̃λ,µ(u)

)
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(g1) there exist δ, γ ∈ lR with 0 < δ < γ:

Gγ

γ2
<

1

8π4

(
3

2

)3
G(δ)

δ2
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Γδ,γ :=

]
4π4

(
2

3

)3
δ2

G(δ)
,
γ2

2Gγ

[
⇓

Theorem 2’

for each µ ∈ Γδ,γ and for each f : [0, 1]× lR→ lR L1−Carathéodory
function verifying condition (f2) of Theorem 2 6 , there exists

θµ,f :=
γ2 − 2µGγ

2F γ
> 0 such that for each λ ∈]0, θµ,f [ the problem

(Pλ,µ) admits at least one non-zero solution u such that
‖u‖∞, ‖u′‖∞ < γ
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A particular case of Theorem 2’

(g′′1 ) g : lR→ [0,+∞[ continuous, lim supt→0+
g(t)
t = +∞

⇓

Theorem 3’ (Bonanno,C. , Tersian - EJQTDE - (2015))

∀γ > 0, ∀µ ∈]0, γ2

2G(γ) [, ∀f : lR→ [0,+∞[ continuous and

∀λ ∈]0, γ
2−2µG(γ)

2F (γ) [, the problem u(iv)(x) + λf(u(x)) = 0 in [0, 1]
u(0) = u′(0) = 0
u′′(1) = 0 u′′′(1) = µg(u(1))

(P̃λ,µ)

admits at least one non-zero classical solution u such that
‖u‖∞, ‖u′‖∞ < γ
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Corollary of Theorem 3’

f : lR→ [0,+∞[, f continuous,

⇓

Corollary of Theorem 3’

for each λ ∈
]
0, 1

10
∫ 2
0
f(t)dt

[
the problem


u(iv)(x) + λf(u(x)) = 0 in [0, 1]
u(0) = u′(0) = 0

u′′(1) = 0 u′′′(1) =
√
|u(1)|

admits at least one non-zero classical solution
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Antonia Chinǹı (University of Messina) Existence of one non-zero solution for a two point boundary value problem involving a fourth-order equationGEDO2018 35/37



GEDO2018 

The problem
Physical meaning

Variational structure of problem (Pλ,µ)
The main tool

The main result
Proof of Theorem 2

Consequences
Bibliography

(P.S.)[r]

X real Banach space

Φ,Ψ : X → lR, Φ,Ψ ∈ C1(X)

r ∈ lR,

I(·) = Φ(·)−Ψ(·) verifies (P.S.)[r] condition if any sequence {un}n∈IN

in X such that

(α) {I(un)} is bounded;

(β) lim
n→+∞

‖I ′(un)‖X∗ = 0;

(γ) Φ(un) < r for each n ∈ IN;

has a convergent subsequence. 3
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(P.S.)[r]

(Bonanno(2012))

X reflexive
Φ ∈ C1(X) Ψ ∈ C1(X)
Φ s.w.l. semicontinuous Ψ′ compact
Φ coercive
Φ′ admits a continuous inverse

⇓

for all r ∈]−∞,+∞[ the function Φ−Ψ satisfies the (P.S.)[r]-condition.

4
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