A semi-classical K.A.M. theorem

Nicolas Roy^{∗†‡}

8th April 2004

Abstract

We consider a semi-classical completely integrable system defined by a ℏ-pseudodifferential operator Ĥ on the torus T^d. In order to study perturbed operators of the form Ĥ + ℏ^κK̂, where K̂ is an arbitrary pseudodifferential operator and κ > 0, we prove the conjugacy to a suitable normal form. This is then used to construct a large number of quasimodes.

1 Introduction

1.1 Semi-classical perturbations of completely integrable systems

One can probably state that the starting point of the study of completely integrable (CI in short) systems dates back to Marquis de Laplace’s “La mécanique céleste” [21] in which he noticed the important role the first integrals of the motion could play in studying mechanical systems. It was Liouville [22] who then showed that the knowledge of sufficiently many first integrals in involution allows one to integrate completely the system of differential equations of classical mechanics. This result was actually local and one had to wait for the famous “Angle-action coordinates theorem” proved independently by Arnol’d [2] and the French mathematician Henri Mineur [25, 26], to get a more intrinsic and global understanding of Liouville’s result. They proved the existence of a local fibration in invariant lagrangian tori on which the dynamics is linear : periodic or quasi-periodic. On the one hand, these CI systems present many elegant and natural geometrical structures (affine connection on each torus, integer affine structure on the space of tori, several natural bundles,... ) and their dynamics is very

∗Geometric Analysis Group, Institut für Mathematik, Humboldt Universität, Rudower Chaussee 25, Berlin D-12489, Germany. Email: roy@math.hu-berlin.de †The author would like to thank Hermann Schulz-Baldes for his numerous comments about the manuscript.

‡This paper has been partially supported by the European Commission through the Research Training Network HPRN-CT-1999-00118 "Geometric Analyis".

simple. On the other hand, they are not generic, as was already suggested by Poincaré [29] who guessed that generic systems present some chaotic behaviour.

It is thus natural to investigate systems close to the CI ones. This strategy was actually considered by Poincaré [29] as one of the main problems of mechanics. It proved to be fruitful according to the celebrated K.A.M. theorem [20, 1, 27] which insures that a “large part of the completely integrable character” is preserved when a small perturbation εK is added to a completely integrable Hamiltonian H : namely the tori on which the completely integrable dynamics satisfies a certain diophantine relation are simply deformed into invariant lagrangian tori of H + εK without being destroyed by the perturbation. They are called K.A.M. tori.

In a different context, the theory of pseudodifferential operators (PDOs in short) and Fourier integral operators, initially developped by Hörmander [19], Duistermaat [15] and Maslov [24], and especially the semi-classical analysis with small parameter ℏ, developped later by many authors (see e.g. [18, 31, 14]) provide tools with which one can study quantum operators with the help of information coming from their associated classical system. It was in this context that the semi-classical CI systems were studied, first by Colin de Verdière [11] for the homogeneous theory (without parameter ℏ), and then by Charbonnel [9] for the ℏ-theory. These works provide a transposition to the semi-classical context of the momentum map as well as of the Arnold-Mineur-Liouville theorem. There is also a wide literature about semi-classical CI systems with singularities (see e.g. [12, 13, 36, 37]), but this is beyond the scope of the present paper.

In the semi-classical context, perturbations of any CI ℏ-PDO rely on two parameters : a parameter ε which controls the “intensity” of the perturbation and the parameter ℏ. In this paper, we will be interested in the regime ε ∼ ℏ^κ and thus consider perturbed operators of the form Ĥ + ℏ^κK̂, where Ĥ is a CI PDO, κ > 0 and K̂ is an arbitrary PDO.

1.2 PDO on the torus

Thanks to [11, 9], any PDO which admits a semi-classical momentum map can be conjugated to an operator on T^∗T^d = � (x, ξ) | x ∈ T^d, ξ ∈ R^d � with a symbol depending only on ξ, microlocally in a neighbourhood of any connected component of any compact regular fiber of the momentum map. We will thus work directly in the angle-action coordinates and use a pseudodifferential calculus well-adapted to the classical situation. Because of the very particular structure of the torus T^d, one is able to construct a pseudodifferential calculus involving globally defined (total) symbols. These operators are sometimes called “periodic PDOs” in the literature. Such PDOs have been studied by several authors [10, 16, 35] but always without a small parameter. In this paper, we use a ℏ-version of these theories.The basic properties of these operators will be given in Section 2.

We thus start with a completely integrable PDO Ĥ with symbol H (ξ) being a CI Hamiltonian in the classical sense. Its spectrum is known to be � H (ℏk) | k ∈ Z^d � . We then consider a perturbed operator of the form Ĥ + ℏκK̂. It depends on ℏ and we want to investigate the associated family of spectra σ_ℏ depending on ℏ. Actually, the use of the pseudodifferential calculus allows to investigate ℏ^∞-quasimodes rather than genuine eigenvectors. Such a quasimode is a family of functions φ_ℏ ∈ L^2 � T^d � together with a family of numbers E_ℏ depending on ℏ, such that ‖φ_ℏ‖_L2 = 1 and � �Ĥ + ℏ_κK̂ − E_ℏ� φ_ℏ � � L^2

= O (ℏ^∞) .

When the operator under consideration is self-adjoint, then E_ℏ is ℏ^∞-close to the spectrum σ_ℏ^1. The main result of this paper is the construction of a large number of quasi-eigenvalues E_ℏ of Ĥ + ℏ^κK̂.

Theorem 1. Let Ĥ be a CI PDO with symbol H (ξ) and ℏ^κK̂ a perturbation. For all fixed δ ∈ ]0, 1[, there exists a “quasi-resonant” zone Z ⊂ R^d_ξ depending on ℏ and of relative volume vol (Z) ∼ ℏ^{δ−ε},

where ε can be taken arbitrarily small, and such that for all k_ℏ ∈ Z^d with ℏk_ℏ ∈ R^d \ Z, there exists a ℏ^∞-quasimode (φ_ℏ, E_ℏ) of Ĥ + ℏ^κK̂ with • E_ℏ = H (ℏk_ℏ) + ℏ^κ ⟨⟨K⟩⟩ (ℏk_ℏ) + O (ℏ^{κ+α}), where α = min (1 − δ, κ − 3δ) • φ_ℏ (x) = e^{ikℏx} + O � ℏ^{κ−1−δ} � .

The assertion about the “relative volume” means that for each compact set O ⊂ R^d the volume of Z ∩ O is of order vol (Z) ∼ ℏ^{δ−ε}. The function ⟨⟨K⟩⟩ denotes the average over the torus of the function K (x, ξ). It is constant with respect to x and evaluated at the point ξ = ℏk_ℏ. The picture

1Nevertheless, this does not imply that φ_ℏ is close to an eigenvector, as first remarked by Arnol’d in [3]. There could even not be any eigenvalues. Only extra informations on the operator can insure that the spectrum is discrete, and consequently that E_ℏ is ℏ^∞-close to a genuine eigenvalue.

above represents the case d = 2, the quasi-resonant zone Z is in grey and the dots represent the lattice ℏZ^d.

In the semi-classical limit, the non-resonant set R^d \ Z tends to the set of diophantine tori which are preserved by the perturbation, due to K.A.M. theory. This should be compared to the fact that all the eigenvalues H (ℏk_ℏ) of Ĥ with ℏk ∈ R^d \Z are only slightly modified by the perturbation ℏ^κK̂ in the sense that there exists a ℏ^∞-quasi-eigenvalue ℏ^κ-close to H (ℏk_ℏ). The first correction is the average of the symbol of the ℏ^κK̂. This result should be regarded as a semi-classical K.A.M. theorem.

1.3 A result by Feldman-Knörrer-Trubowitz

Before to start to investigate our problem, we should mention the article [17] written in the 90’s by Feldman, Knörrer and Trubowitz (FKT in short). The authors studied the high energy asymptotics for the periodic Schrödinger operator −Δ + V on the torus. Even though this problem is not in the ℏ-pseudodifferential context, one can use the “usual” correspondence Semi-classical limit ↔ High frequency limit in order to compare the results. Starting from the eigenvalue problem −Δφ + V φ = λφ, setting λ =^{Eℏ}_{ℏ2} and multiplying everything by ℏ^2, the problem becomes

−ℏ^2Δφ + ℏ^2V φ = E_ℏφ

and the high energy limit λ → +∞ corresponds to investigating eigenvalues E_ℏ of order 1 in the semi-classical limit ℏ → 0. Under this correspondence, FKT’s result appears as a special case of ours with the symbol of the completely integrable operator −ℏ^2Δ being H (ξ) = ξ^2 and the perturbation being a multiplication operator of order ℏ^2.

We now recall the relevant result of FKT. Let us consider the operator −Δ + V defined on the torus R^d/Γ where Γ is a generic lattice of R^d, V is a periodic potential and d ≤ 3. The corresponding unperturbed operator is simply −Δ and its eigenvectors are e^{ikx} with corresponding eigenvalues k^2, for each k ∈ Γ^∗ and where the dual lattice Γ^∗ is the Fourier lattice.

Theorem 2 ([17]). There exists an “exceptional subset” S ⊂ Γ^∗ of density zero such that for all k ∈ Γ^∗ \ S the following holds : • There are 2 eigenvalues λ_{±k} in the interval � k^2 + ⟨⟨V ⟩⟩ − 1 |k|^{2−ε}

, k^2 + ⟨⟨V ⟩⟩ + 1 |k|^{2−ε} � , where ⟨⟨V ⟩⟩ denotes the average of V over the torus and ε > 0 can be taken arbitrarily small.

• The corresponding eigenvectors Ψ_{±k} verify � �Ψ±k − Π̂Ψ±k � � = O � 1 |k|^{1−ε} � where Π̂ is the projector on the span of e^{±ikx}.

The authors call stable the unperturbed eigenvalues k^2 for k /∈ S since in the large k limit, they are only slightly modified when the perturbation is added. The first correction is of order O (1) and equals to the average of the “perturbation” V , and the next correction is of order O

�_1

|k|^{2−ε} � . Our result (Theorem 1) thus extends this result to general CI PDOs, with general pseudodifferential perturbations of any order ℏ^κ and with no restriction on the dimension d. Moreover, the exceptional subset S arising in FKT’s result is defined in quite a tricky way. But it corresponds in our setting to the intersection of the lattice ℏZ^d with the quasi-resonant zone Z with is quite intuitive and geometric as we will see in the sequel.

1.4 Normal forms and special classes of symbols

The main tool leading to Theorem 1 is a suitable semi-classical normal form for the perturbed operator Ĥ + ℏ^κK̂, i.e. a conjugation of Ĥ + ℏ^κK̂ by an “almost unitary”^2 operator Û : Û � �init � Û ∗ = �NF +O (ℏ∞), where �NF will

have good properties. The construction of this normal form is an iterative process whose first step amounts to look for some self-adjoint PDO P̂ such that the conjugation by Û = e^{iℏκ−1P̂}

e^{iℏκ−1P̂} � Ĥ + ℏ^κK̂ � � e^{iℏκ−1P̂}

�_∗ = Ĥ + ℏ^κÂ + O � ℏ^{1+κ} �

yields a PDO Â an operator having the “simplest” form as possible, as we discuss just below. One can then write down the corresponding equation for the symbols and check that the cancelation of lower order terms is equivalent to solving X_H (P ) = K − A,

where X_H is the Hamiltonian vector field associated with the CI Hamiltonian H (ξ) and is thus tangent to each torus ξ. On each torus, the solutions of this homological equation depend strongly on the dynamics on the torus (periodic or quasiperiodic). For example, when the dynamics is periodic, then one can choose A to be the average of K along the trajectories and solve the equation with a P depending smoothly on x. On the other hand, when dynamics is quasi-periodic and satisfies a diophantine condition, then one can show that it is possible to solve the equation, with A being the average of K over the whole torus, and to get a P depending smoothly on x.

Unfortunately, one cannot solve this equation in that way, torus by torus, since CI Hamiltonians are generically non-degenerate. This property

2“almost unitary” means that it satisfies Û^∗Û = I + O (ℏ^∞) and ÛÛ^∗ = I + O (ℏ^∞).

implies in particular that the vector field X_H “turns” when one moves in the space of tori. Close to each periodic torus lie some quasi-periodic tori, and vice versa. It is thus impossible to solve the homological equation torus by torus since this would provide a function P (x, ξ) not even continuous with respect to ξ and thus of course not acceptable as a symbol.

However, it is possible in some sense to “interpolate” between regions close to periodic motions and regions close to quasi-periodic motions, and more generally between regions close to any kind of resonance (non-resonant, partially resonant, periodic...). This can be achieved by covering the momentum space B = {ξ} with quasi-resonant regions, i.e. neighbourhoods of resonant tori, as people usualy do in Nekhoroshev-like theorems [30, 6]. In order for this construction to be of some interest, the involved neighbourhoods must have a thickness depending on ℏ as ℏ^δ, with a positive δ, but on the other hand this obliges us to consider symbols P (x, ξ) whose dependence on ξ becomes “bad” in the semi-classical limit ℏ → 0. In fact, we will see that it is possible to solve the homological equation in the class Ψ^δ of symbols satisfying � �∂^α_x ∂^β_ξ (Pℏ (x, ξ)) � � ≤ Cα,βℏ^{m−δ|β|}.

These symbols are actually similar to those used by Sjöstrand in his study of the semi-excited states [34], and one can show that they indeed form an acceptable class of symbols provided δ < 1, i.e. one has a composition law (Moyal’s product [28]) and a continuity theorem à la Calderón-Vaillancourt [8].

1.5 Plan of the paper

In the next section, we give without proofs the basic results concerning the pseudodifferential calculus on the torus with symbols whose derivatives with respect to ξ can bring “bad” factors ℏ^{−δ} (i.e. belonging to the class Ψ^δ). Namely, we give the compositon law, the L^2-continuity theorem, the properties of adjoints and the functional calculus for such PDOs, and we refer to [33] for detailed proofs.

The Section 3.1 is devoted to the construction of the announced covering of the momentum space B = {ξ} by quasi-resonant zones with thickness going to 0 with ℏ. This construction is then used in Section 3.2 in order to define the notion of quasi-resonant averaging of functions. Roughly speaking, this permits to interpolate between the regions with different kinds of resonance, and thus provides a function which has a different average property in each of these regions.

Equipped with these tools we are then able to study the perturbed operator Ĥ +ℏ^κK̂ using the semi-classical normal form of Theorem 33, in which the symbol in the normal form is the quasi-resonant average of some symbol related to K. Before, we give Lemma 32 which insures that one can solve the homological equation, arising at each step of the normal form iteration, in the class of symbols Ψ^δ previously defined.

Finally, as an application of this normal form, we show in Section 4 how to build a large number of quasimodes for the perturbed operator, as stated in Theorem 1.

2 Pseudodifferential operators on the affine torus

2.1 Classes of symbols for periodic ℏ-PDOs

We consider the cotangent bundle T^∗T of the d-dimensional affine torus T = (R/2πZ)^d and we will denote by (x, ξ) the canonical variables. In the following, we denote by Λ^∗ = Z^d the lattice of the Fourier variables, which is the 2π-dual lattice of the lattice of horizontal 1-periodic constant vector fields Λ = 2πZ^d, i.e. vector fields of the form X = X^{j ∂}_{∂xj} with X^j ∈ 2πZ for all (x, ξ). We will often denote by k the Fourier variables and by f̃ (k, ξ) the Fourier series with respect to x of a function f (x, ξ).

Definition 3. Let m and δ ≥ 0 be two real constants and S ⊂ T^∗T any subset. The class of symbols Ψ^m_δ (S) is the set of ℏ-families of functions P_ℏ (x, ξ) ∈ C^∞ (T^∗T , C), for ℏ ∈ ]0, 1], such that for all multi-indices α, β ∈ Z^d, there exists a constant C_{α,β} > 0 such that for each point (x, ξ) ∈ S and each ℏ ∈ ]0, 1], we have the following upper bound � �∂_{αx} ∂β_ξ (P_ℏ (x, ξ)) � � ≤ C_{α,β}ℏ_{m−δ|β|}.

When S = T^∗T , we simply denote Ψ^m_δ = Ψ^m_δ (T^∗T ). As well, the class of usual symbols (i.e. for δ = 0) is simply denoted by Ψ^m = Ψ^m_0 (T^∗T ). Moreover, it follows from the definition that Ψ^m_δ = ℏ^mΨ^0_δ . On the other hand, the reader should keep in mind that when δ ≠ 0 those symbols may not have any well-defined principal symbol lim_{ℏ→0} P_ℏ.

Since this is a left quantization, one can recover the symbol of a PDO by acting on the functions e^{ikx}.

Proposition 4. If P̂ ∈ Ψ̂^m_δ is a PDO of symbol P_ℏ (x, ξ). then for all k ∈ Λ^∗ P̂ � e^{ikx} � = P_ℏ (x, ℏk) e^{ikx}.

A PDO P̂ is called a negligible operator if � �P̂ � � L(L^2)

= O (ℏ^∞). We de-

note this byP̂ = O (ℏ^∞) . We say that two operators Â, B̂ ∈ Ψ̂^m_δ are equivalent if they satisfyÂ − B̂ = O (ℏ^∞) and we denote this by Â ∼= B̂.

It is also convenient to have a criterion for a function to be in the class Ψ^m_δ expressed in terms of its Fourier series with respect to the x variable.

Proposition 5. A function P_ℏ (x, ξ) is a symbol in the class Ψ^m_δ if and only if its Fourier series P̃_ℏ (k, ξ) satisfies the following estimate. For each multi-index β ∈ Z^d and each positive integer s, there exists a constant C (s, β) > 0 such that for all k ∈ Λ^∗, all ξ ∈ B and all ℏ ∈ ]0, 1], � �∂^β_ξ P̃ℏ (k, ξ) � � ≤ C (s, β) ℏ^{m−δ|β|} � 1 + |k|^2

� s_2 .

2.2 Composition, L^2 continuity and functional calculus

2.2.1 Asymptotic expansions

First of all, due to the presence of ℏ^{−δ} factors arising in the derivatives of symbols belonging to the class Ψ̂^m_δ , one is forced to consider more general asymptotic expansions than the usual ones (which read ℏ^0P_0 (x, ξ) + ℏ^1P_1 (x, ξ) + ... and which are sometimes called classical symbols). Nevertheless, we will mainly deal with symbols of the following form.

Definition 6. Let 0 ≤ δ < 1. Let P_j ∈ Ψ^{j(1−δ)}_δ be a sequence of symbols for j = N. We say that a symbol P_ℏ ∈ Ψ^0_δ admits the asymptotic expansion

P_ℏ (x, ξ) ∼ ∞� j=0 P_j (x, ξ, ℏ)

if for each integer J, one has

P_ℏ (x, ξ) −

J−1� j=0 P_j (x, ξ, ℏ) ∈ Ψ^{J(1−δ)}_δ .

Such a symbol P_ℏ is called δ-classical.

We point out that in general these asymptotic expansions are not unique since each term P_j necessarily depends on ℏ. On the other hand, one knows also that they are not convergent in general. Nevertheless, one can apply the Borel resummation process for such δ-classical symbols, as stated in the following proposition (see e.g. [14] or [33].)

Proposition 7. Let 0 ≤ δ < 1. If P_j ∈ Ψ^{j(1−δ)}_δ , with j = N, is a sequence of symbols then there exists a symbol P_ℏ ∈ Ψ^0_δ admitting the asymptotic expansion P_ℏ ∼ � P_j .

2.2.2 Composition and commutators

There is a composition law for the previously defined class of symbols Ψ^m_δ provided δ < 1.

Definition 8. Let A_ℏ, B_ℏ ∈ Ψ^0_δ . We define their (left) Moyal product A_ℏ#B_ℏ by A_ℏ#B_ℏ (x, ξ) = 1 (2π)^d � T dy � k∈Λ^∗

e^{ik(x−y)}A_ℏ (x, ξ + ℏk) B_ℏ (y, ξ) .

Lemma 9. Let 0 ≤ δ < 1. Let Â and B̂ be two PDOs in the class Ψ̂^0_δ with symbols A_ℏ and B_ℏ. Then, the product Ĉ = ÂB̂ is a PDO in the same class and its symbol C_ℏ is equal to the Moyal product C_ℏ = A_ℏ#B_ℏ. Moreover, the symbol C_ℏ admits the following δ-classical asymptotic expansion

A_ℏ#B_ℏ ∼ ∞� j=0 C_j (ℏ) ,

where the C_j ∈ Ψ^{j(1−δ)}_δ are given by

C_j (x, ξ, ℏ) = � ℏ i �_j �

|α|=j 1 α! ∂^α_ξ A_ℏ (x, ξ) ∂^α_x B_ℏ (x, ξ) .

From the previous lemma, one can easily get the symbol A_ℏ#B_ℏ − B_ℏ#A_ℏ of the commutator � Â, B̂ � of two PDOs. In case one of the two operators is in the class Ψ^0 (i.e. with δ = 0) and does not depend on x, one has a slightly better expansion that will be useful in the construction of the normal form in the next section.

Proposition 10. Let 0 ≤ δ < 1. Let A_ℏ (ξ) ∈ Ψ^0 be a symbol independant of x and B_ℏ (x, ξ) ∈ Ψ^0_δ some symbol. Then the commutator C_ℏ = A_ℏ#B_ℏ − B_ℏ#A_ℏ is in the class Ψ^1_δ and admits an asymptotic expansion of the following form

C_ℏ (x, ξ) ∼ ℏ i {A, B} + ∞� j=2 C_j (x, ξ, ℏ) ,

where the C_j ∈ Ψ^j_δ are given by

C_j (x, ξ, ℏ) = � ℏ i �_j �

|γ|=j 1 γ! ∂^γ_ξ A_ℏ (ξ) ∂^γ_x B_ℏ (x, ξ)

and where the asymptotic equivalence ∼ means that for each J ∈ N, one has

C_ℏ (x, ξ) −

J−1� j=0 C_j (x, ξ, ℏ) ∈ Ψ^J_δ .

2.2.3 L^2 continuity and adjoints

One can easily check that PDOs in the class Ψ̂^m_δ are continuous from C^∞ (T ) to C^∞ (T ). Moreover, the fact that the symbols together with all its derivatives are uniformly bounded for (x, ξ) ∈ T^∗T implies that Calderón-Vaillancourt’s theorem still holds, even with the special dependance in ξ of these symbols.

Lemma 11. Each PDO P̂ ∈ Ψ̂^0_δ is continuous from L^2 (T ) to L^2 (T ). Moreover, its norm is bounded by � �P̂ � � L(L^2(T ))

≤ C sup

|γ|≤^{d+1}_2

sup_{x,ξ} |∂^γ_x P_ℏ (x, ξ)| .

Let’s turn now to the description of the symbol of an adjoint of a PDO.

Lemma 12. Let 0 ≤ δ < 1. For each P̂ ∈ Ψ̂^0_δ , the adjoint P̂^∗ is a PDO in the same class Ψ̂^0_δ and its symbol, denoted by P^∗_ℏ , is given by

P^∗_ℏ (x, ξ) = � k∈Λ^∗ 1 (2π)^d � T dye^{ik(x−y)}P̄_ℏ (y, ξ + ℏk)

and admits the following δ-classical asymptotic expansion

�_∞ j=0 P^∗_j (x, ξ, ℏ) where the P^∗_j ∈ Ψ^{j(1−δ)}_δ are given by

P^∗_j (x, ξ, ℏ) = � ℏ i �_j �

|γ|=j 1 γ! ∂^γ_x ∂^γ_ξ P̄_ℏ (x, ξ) .

For convenience, we say that P^∗_ℏ is the adjoint of the symbol P_ℏ. Moreover, a straightforward calculation shows that the Fourier series of the adjoint is given by the following expression.

Proposition 13. Let P_ℏ ∈ Ψ^0_δ be a symbol and P^∗_ℏ ∈ Ψ^0_δ its adjoint. Then their Fourier series are related as follows

~P ∗_ℏ (k, ξ) = P̃_ℏ (−k, ξ + ℏk) .

2.2.4 Functional calculus

The basic tool for developping a functional calculus for PDOs in the class Ψ̂m_δ is the resolvent formula f � P̂ � = 1 2πi � C f (z) dz � z − P̂ �,

where C ⊂ C is a cycle surrounding the spectrum of P̂ which is bounded as stated in lemma 11. The problem is to show that f � P̂ � is still in the class

Ψ̂m_δ , what amounts to show that the resolvant � z − P̂

�_{−1} is a PDO in the

class Ψ̂^m_δ . The corresponding question in the framework of standard PDOs on R^d was solved by Beals [5]. Concerning PDOs on the torus, but without small parameter, the problem was also solved in a similar way [16, 10, 35]. But the answer to this question in the periodic ℏ-PDO context is not clear (see [33], p. 118 for a discussion of this issue).

Nevertheless, we will content ourselves with an approximate calculus and use the fact that there exists a PDO Q̂ ∈ Ψ̂^m_δ (T ) such that Q̂ ∼= f � P̂ � , i.e. Q̂ = f � P̂ � + R̂ with R̂ = O (ℏ^∞) a negligible operator. To prove this,

one has to a use parametrix of � z − P̂ � rather than the resolvant itself in

the resolvent formula for f � P̂ � . However, this resolvent formula can be applied only for a bounded operator since it makes use of a cycle C surrounding the spectrum of P̂ . In the pseudodifferential context, the usual assumption is that P̂ should be bounded uniformly with respect to ℏ, i.e. P̂ should be in the class Ψ̂m_δ for m ≥ 0, and one takes in that case a fixed cycle C. Actually, it is possible to use the resolvent formula for m < 0 too, provided the cycle C_ℏ remains at distance ℏ^m from the spectrum. Namely, by definition of Ψ̂^m_δ we have |P_ℏ (x, ξ)| ≤ C_{0,0}ℏ^m and, provided C_ℏ is a cycle of radius 2C_{0,0}ℏ^m, one can build a parametrix of � z − P̂ � in the class Ψ̂^{−m}_δ uniformly with respect to z varying in a compact neighbourhood of C_ℏ. Despite the special feature of the cycle used here, the construction of the parametrix is done in a standard way (see e.g. [23] or [14]). This parametrix together with the resolvent formula allow us to define an approximate exponential.

Proposition 14. Let P̂ ∈ Ψ̂^m_δ be a self-adjoint PDO. There exists a PDO in Ψ̂^0_δ denoted by e^{iP̂} and called the exponential of iP̂ with the following properties : • � e^{iP̂}

�_∗ ∼= e−i^^P • � e^{iP̂}

�_∗ e^{iP̂} ∼= e^{iP̂} � e^{iP̂}

�_∗ ∼= I

•^1_i^d_{dε} e^{iεP̂} ∼= P̂ e^{iεP̂} ∼= e^{iεP̂} P̂

The basic step in the construction of normal forms is the conjugation of a given PDO by a unitary (up to O (h^∞)) PDO.

Proposition 15. Let m > −1 and 0 ≤ δ < min (1, 1 + m). Let Â ∈ Ψ̂^m_δ and B̂ ∈ Ψ̂0_δ be two PDOs and let us consider the conjugation Ĉ = ei^^AB̂ � e^{iÂ}

�_∗ . Then Ĉ admits the following asymptotic expansion Ĉ ∼

�_∞

n=0 Ĉ_n, where the

Ĉ_n ∈ Ψ^{(m+1−δ)n}

δ are given by

Ĉ_n = i^n n! [ Â, ..., � Â � � �_n , B̂ � ...] .

The asymptotic expansion means that, for each integer N ≥ 0, the remainder of the series truncated at order N verifies Ĉ −

�_{N−1}

n=0 C_n ∼= R̂_N where R̂_N ∈ Ψ̂^{(m+1−δ)N} δ . When the operator B̂ is in Ψ̂^0 (i.e. with δ = 0) and its symbol does not depend on the x variable, then one can get a slightly better estimate (the gain is a factor ℏ^δ), that will be usefull subsequently.

Proposition 16. Let m > −1 and δ statisfy 0 ≤ δ < min (1, 1 + m). Let B̂ ∈ Ψ0 be a PDO with symbol B_ℏ (ξ) not depending on x and Â ∈ Ψm_δ any

PDO. Then the conjugation Ĉ = e^{iÂ}B̂ � e^{iÂ}

�_∗

admits the following asymptotic

expansion Ĉ ∼

�_∞ n=0 Ĉ_n, where the Ĉ_n ∈ Ψ^{(m+1−δ)n+δ} δ are given by

Ĉ_n = i^n n! [ Â, ..., � Â � � �_n , B̂ � ...] .

The asymptotic expansion means that for each integer N ≥ 0, the remainder of the series truncated at order N verifies

Ĉ −

N−1� n=0 C_n ∼= R̂_N ,

where R̂_N ∈ Ψ̂^{(m+1−δ)N+δ} δ . 3 Quasi-resonant normal form

3.1 Geometry of resonances

3.1.1 Nondegenerate Hamiltonians and resonances

A classical completely integrable Hamiltonian H (ξ) generates a linear dynamics on each torus T_ξ that can be periodic, ergodic or also partially (in a sub-torus) ergodic. For each ξ, the resonant lattice of dH at the point ξ is defined by R_ξ = {k ∈ Λ^∗; dH_ξ (k) = 0} ,

where Λ^∗ is the Fourier lattice. We thus have the following cases : • dim R_ξ = 0 : We say that ξ (or T_ξ) is non-resonant. The dynamics induced by H is ergodic.

• dim R_ξ > 0 : We say that ξ (or T_ξ) is resonant. In this case, the dynamics is partially ergodic, i.e. ergodic in a sub-torus of dimension d − dim R_ξ. In particular, when dim R_ξ = d − 1, we say that ξ (or T_ξ) is periodic.

From now on, the functions dH_ξ (k) will be used to define the resonances and their neighbourhoods.

Definition 17. For each non-vanishing k ∈ Λ^∗, we define the fonction Ω_k ∈ C^∞ (B) by Ω_k (ξ) = dH_ξ (k) and the associated resonance surface Σ_k ⊂ B by Σ_k = {ξ ∈ B; Ω_k (ξ) = 0} .

The resonant set Σ_k will indeed be a hyper-surface as soon as we will impose H to be non-degenerate. Such a condition is a very common assumption in K.A.M. like or Nekhoroshev like theories which insures that the CI dynamics “varies enough” from one torus to another one. The nondegeneracy condition that we will use can is actually slightly weaker than Kolmogorov’s one [20] or Arnol’d’s one [4] and equivalent to Bryuno’s one [7].

Definition 18. A completely integrable Hamiltonian H (ξ) is said to be non-degenerate if for each non-vanishing k ∈ Λ^∗ and each point ξ ∈ Σ_k, we have d (Ω_k)_ξ ≠ 0.

This implies that the set Σ_k is a codimension 1 submanifold of B and thus deserves its name “resonance surface”. We will now give without proof two consequences of the nondegeneracy hypothesis. These are more or less well-known statements, but we can find a proof e.g. in [33, 32].

Proposition 19. Let H (ξ) be a nondegenerate completely integrable Hamiltonian. If k_1, ..., k_n ∈ Λ^∗ are linearly independent, then in a neighbourhood of the intersection � i Σ_{Xi} the differentials dΩ_{kj} are linearly independent. This implies that the submanifolds Σ_{kj} are transverse.

Proposition 20. Let H (ξ) be a non-degenerate completely integrable Hamiltonian. Then the set of tori on which the dynamics is periodic, is dense in B.

3.1.2 Quasi-resonant blocks

The first step in the construction of the announced quasi-resonant normal form, is to construct a covering of the momentum space B in regions attached to each particular kind of resonance. For each resonant torus T_ξ, we consider a “small” neighbourhood and we remove from it a “sufficiently large” neighbourhood of higher order resonances, as Pöschel did in [30], in order to get the so-called quasi-resonant blocks. One the other hand, in our semi-classical context, one needs to let both notions “small” and “sufficiently large” depend on ℏ. We now elaborate on Pöschel’s construction, yet incorporating ℏ in the right place. For this, we will fix two exponents γ > 0 and δ > 0 which control respectively the “amount” of resonances we consider and the “size” of the quasi-resonant zones.

Definition 21. A n-dimensional sub-lattice R of the Fourier lattice Λ^∗ is called a resonance ℏ^{−γ} -lattice (or simply a ℏ^{−γ} -lattice) if there exists a basis (e_1, ..., e_n) of R such that |e_j| ≤ ℏ^{−γ} for all j = 1..n.

Similarly with Definition 17, we define the resonant manifold attached to each ℏ^{−γ} -lattice R, making use of the function Ω_k previously defined.

Definition 22. For each resonance ℏ^{−γ} -lattice R, the associated resonance manifold Σ_R ⊂ B is defined by

Σ_R = {ξ ∈ B; ∀k ∈ R ⇒ Ω_k (ξ) = 0} .

For consistency of the notations, in the case of the trivial lattice R = 0, we define Σ_0 to be the whole B.

For a given ℏ^{−γ} -lattice R, the resonant manifold Σ_R is thus the set of points ξ at which the resonant lattice of dH is exactely equal to R. Moreover, we obviously haveΣ_R = � k∈R Σ_k and the notation is still consistent when R is 1-dimensional, i.e. of the form R = Z.k_0, if we write Σ_{Z.k0} = Σ_{k0} . Thanks to Proposition 19, the nondegeneracy hypothesis implies that for each ℏ^{−γ} -lattice R of dimension n, the manifold Σ_R is of codimension n in B. Definition 23. For each resonance ℏ^{−γ} -lattice R of dimension n > 0, the associated resonance zone Z_R ⊂ B is defined by

Z_R = � ξ ∈ B; ∀X ∈ R.R ⇒

|Ω_X (ξ)| |X| < 2^nℏ^{δ−γn} vol (R) � . We also define Z_0 = B.

The denominator vol (R) in the previous definition refers to the volume of a fundamental domain of the lattice R.

Definition 24. We denote by Z^∗_n the union of all resonance zones of order n. For 0 ≤ n ≤ d, we have

Z^∗_n = � dim R=n

Z_R.

We call Z^∗_n the zone of n-resonances.

Then we remove, from each resonance zone, a neighbourhood of all next order resonances and obtain the so-called resonance blocks.

Definition 25. For each resonance ℏ^{−γ} -lattice R of dimension n, the associated resonance block B_R ⊂ B is defined by

B_R = Z_R \ Z^∗_{n+1},

where we defined Z^∗_{d+1} = ∅ for consistency of the notations. We also denote

B^∗_n = � dim R=n

B_R

the block of n-resonances and call B^∗_0 = B_0 the non-resonant block.

The picture above represents the situation in dimension d = 2. The black lines are the resonance manifolds for 1-dimensional resonance lattices (i.e. the set of periodic tori). They intersect on resonance manifolds of 2-dimensional resonance lattices. The dark grey regions represent the associated zones of 1-resonances and the light grey regions are the zones of 2-resonances. This picture can also been understood as a 2-dimensional cross section of B in dimension d = 3.

The resonant zones are defined in such a way (with sizes increasing with the order) that all points ξ in a given block B_R are “almost resonant” for all k ∈ R and not “almost resonant” for all k /∈ R. The precise statement of this assertion is given in the following lemma. We refer the reader to Pöschel’s article ([30], p. 201) for the proof.

Lemma 26. For each resonance ℏ^{−γ} -lattice R of dimension 0 ≤ n < d and each ξ ∈ B_R, we have

∀k /∈ R, |k| ≤ ℏ^{−γ} ⇒

|Ω_k (ξ)| |k| ≥ ℏ^δ.

This formula still holds for the non-resonant block B_0.

On the other hand, the resonance blocks form a covering of the space B since they satisfy B = B^∗_0 ∪ B^∗_1... ∪ B^∗_d.

3.2 Quasi-resonant averaging

3.2.1 Resonant averaging

For any n-dimensional resonance lattice R, one can consider the averaging of functions along the dual space of R in the following way.

Definition 27. For any function f ∈ C^∞ (T^∗T , C) and any n-dimensional resonance lattice R, we call the average of f with respect to R, or the Raverage of f, the function R-av (f) ∈ C^∞ (T^∗T , C) defined by

R-av (f) (x, ξ) =

�_1 0 dt_1...

�_1 0 dt_p f (x + t_1X_1 + ... + t_{d−n}X_{d−n}, ξ) ,

where (X_1, ..., X_{d−n}) is any basis of R^∘ ⊂ Λ. In particular, we will note ⟨⟨f⟩⟩ = {0} -av (f) (ξ) the average of f over the whole torus.

One can easily check that this definition doesn’t depend on the choice of the basis (X_1, ..., X_{d−n}). Moreover, it is easily shown that the Fourier series of such an averaged function has the simple form given below.

Proposition 28. Let R be any resonance lattice. Let f ∈ C^∞ (T^∗T , C) be any function and ⟨f⟩ = R-av (f) its R-average. If we denote by ~f the Fourier series of f then ~⟨f⟩, the Fourier series of ⟨f⟩, is given by the following expression.

~⟨f⟩ (k, ξ) = � ~ f (k, ξ) for k ∈ R 0 for k /∈ R.

In particular, the Fourier series of ⟨⟨f⟩⟩ verifies ~⟨⟨f⟩⟩ (0, ξ) = ~f (0, ξ) and vanishes for k ≠ 0.

3.2.2 Quasi-resonant averaging

Let us consider the previously defined covering of B with resonant blocks B_R. For any symbol K_ℏ ∈ Ψ^m_δ , we will construct a symbol in Ψ^m_δ which is an R-averaged function in each blocks B_R and which is moreover exactly the R-average of K_ℏ on Σ_R ∩ B_R. For the construction, we need a trunctature function that will be keeped fixed and that will localize in a neighbourhood of size ℏ^δ of the resonant blocks. Precisely, let us choose a function χ ∈ C^∞_0 (R) with value in [0, 1], symmetric, vanishing for |t| ≥ 1 and such that χ − 1 is flat at t = 0.

Definition 29. For any δ > 0 and any symbol K_ℏ ∈ Ψ^m_δ , we define A_ℏ the ℏ^δ-average of K_ℏ by

Ã_ℏ (k, ξ) = χ � Ω_k (ξ) |k| ℏ^δ � K̃_ℏ (k, ξ)

for all ξ ∈ B and all non-vanishing k ∈ Λ^∗, and Ã_ℏ (0, ξ) = K̃_ℏ (0, ξ) for all ξ ∈ B.

The following lemma tells us that the ℏ^δ-average has the property that for each resonance ℏ^{−γ} -lattice R, on the resonant manifold Σ_R ∩ B_R the ℏ^δ-average of K_ℏ ∈ Ψ^m_δ is equal (up to O (ℏ^∞)) to the R-average of K_ℏ, and in the resonant block B_R it is a R-averaged function.

Lemma 30. The ℏ^δ-average A_ℏ of any symbol K_ℏ ∈ Ψ^m_δ is in the class Ψ^m_δ and has the following properties. For each resonance ℏ^{−γ} -lattice R, we have :

A_ℏ−R-av (K_ℏ) ∈ Ψ^∞_δ (T × (Σ_R ∩ B_R)) and A_ℏ−R-av (A_ℏ) ∈ Ψ^∞_δ (T × B_R) .

Proof. Let us first show that A_ℏ is indeed in the class Ψ^m_δ . First of all, for each multi-index β ∈ N^d, the derivative of the Fourier series of A_ℏ is given by ∂^β_ξ Ã_ℏ (k, ξ) = � β^′ ≤β

C^β_{β′} � ∂^{β−β′}_ξ ~K_ℏ (k, ξ) � ∂^{β′}_ξ � χ � Ω_k (ξ) |k| ℏ^δ �

for non-vanishing k ∈ Λ^∗ and simply ∂^β_ξ Ã_ℏ (0, ξ) = ∂^β_ξ K̃_ℏ (0, ξ) for k = 0. On the other hand, according to Proposition 5, the fact that K_ℏ is in Ψ^m_δ implies for all s the estimates � �∂^{β−β′}_ξ K̃_ℏ (k, ξ) � � ≤ C � s, β − β^′

� ℏ^{m−δ˛β−β′˛} � 1 + |k|^2

� s_2 ,

where C � s, β − β^′ � is a positive constant. However, one gets easily convinced that the derivatives of the function χ are of the form � � �∂^β ′ ξ � χ � Ω_k (ξ) |k| ℏ^δ � � � ≤ ˛ ˛ ˛β^′ ˛ ˛ ˛ � n=1 c (n) ℏ^{−δn}χ^{(n)} � Ω_k (ξ) |k| ℏ^δ � , where the constants c (n) depend only on H and its derivatives. We then

notice that ℏ^{−δn} ≤ ℏ^{−δ} ˛ ˛ ˛β^′ ˛ ˛ ˛ and that all the derivatives χ^{(n)} are bounded (thanks to the fact that χ^{(n)} ∈ C^∞_0 (R)), what implies the estimate � � �∂^β ′ ξ � χ � Ω_k (ξ) |k| ℏ^δ � � � ≤ ℏ^{−δ} ˛ ˛ ˛β^′ ˛ ˛ ˛C � β^′ �

for all k, all ℏ and all ξ. This shows that � � �∂^β_ξ Ãℏ (k, ξ) � � � ≤ C^′ (s, β) ℏ^{m−δ} ˛ ˛ ˛β−β^′ ˛ ˛ ˛ℏ^{−δ} ˛ ˛ ˛β^′ ˛ ˛ ˛ � 1 + |k|^2

� s_2 = C^′ (s, β) ℏ^{m−δ|β|} � 1 + |k|^2

� s_2 ,

where C^′ (s, β) is a positive constant. Using again Proposition 5, we deduce that A_ℏ is a symbol in the class Ψ^m_δ .

Let us now prove that A_ℏ is an R-averaged function, up to O (ℏ^∞), in each resonant block B_R. For this, let’s define the remainder R_ℏ = A_ℏ − R-av (A_ℏ), which is in the class Ψ^m_δ since A_ℏ and R-av (A_ℏ) are. The Fourier series of R_ℏ is thus given by ~R_ℏ (k, ξ) = χ

�_{Ωk(ξ)}

|k|ℏ^δ � K̃_ℏ (k, ξ) for k ∈ R and

~R_ℏ (k, ξ) = 0 for k ∈ R. For each β ∈ Nd we now estimate ∂^β_ξ R̃_ℏ (k, ξ) at each point ξ ∈ B_R. For all k ∈ R with |k| ≤ ℏ^{−γ} , one simply has ∂^β_ξ R̃_ℏ (k, ξ) = 0 everywhere. For all k /∈ R with |k| ≤ ℏ^{−γ} , one has � �^{Ωk(ξ)}_{|k|ℏδ} � � ≥ 1 at each point ξ ∈ B_R thanks to Lemma 26. The truncature function χ (t) vanishing for t ≥ 1, it follows that ∂^β_ξ R̃_ℏ (k, ξ) = 0 for all k /∈ R with |k| ≤ ℏ^{−γ} and all ξ ∈ B_R. Finally, for all k with |k| > ℏ^{−γ} , we simply use the fact that R_ℏ ∈ Ψ^m_δ (T ), what implies (Proposition 5) that � � �∂^β_ξ R̃ℏ (k, ξ) � � � ≤ C (s, β) ℏ^{m−δ|β|} � 1 + |k|^2

� s_2 , (1)

where C (s, β) is a positive constant.

Reconstructing the Fourier series of R_ℏ, one then gets for each α ∈ N^d

∂^α_x ∂^β_ξ R_ℏ (x, ξ) = � |k|>ℏ^{−γ}

e^{ikx}i^{|α|}k^α∂^β_ξ R̃_ℏ (k, ξ) ,

and thus for each ξ ∈ B_R one has � �∂_{αx} ∂β_ξ R_ℏ (x, ξ) � � ≤ C (s, β) ℏ_{m−δ|β|} �

|k|>ℏ^{−γ}

|k|^{|α|} � 1 + |k|^2

� s_2

≤ C (α, β, N) ℏ^{m−δ|β|}ℏ^{γN} ,

where we have defined N by s = |α| + d + N. This estimate holds for each s and thus for each N. This implies that R_ℏ ∈ Ψ^∞_δ (T × B_R).

Let’s now turn to the second property, namely on Σ_R ∩ B_R, A_ℏ is equal up to O (ℏ^∞) to R-av (K_ℏ). To prove this, we define another remainder S_ℏ = A_ℏ − R-av (K_ℏ) whose Fourier series is given by

~S_ℏ (k, ξ) = � � � � χ �_{Ωk(ξ)}

|k|ℏ^δ � − 1 � K̃_ℏ (k, ξ) for k ∈ R χ �_{Ωk(ξ)}

|k|ℏ^δ � K̃_ℏ (k, ξ) for k /∈ R

As before, we will estimate ∂^β_ξ S̃_ℏ (k, ξ) for each β ∈ N^d at each point ξ ∈ B_R. For all k ∈ R with |k| ≤ ℏ^{−γ} , one has Ω_k (ξ) = 0 at each point ξ ∈ Σ_R ∩ B_R by definition of Σ_k. On the other hand, the function χ (t) − 1 is flat at t = 0. Thus, for all k ∈ R one has ∂^β_ξ S̃_ℏ (k, ξ) = 0 at each ξ ∈ Σ_R ∩ B_R. For the cases k /∈ R with |k| ≤ ℏ^{−γ} and k /∈ R with |k| > ℏ^{−γ} , we argue as before and obtain that S_ℏ ∈ Ψ^∞_δ (T × (Σ_R ∩ B_R)).

The ℏ^δ-average A_ℏ of a symbol K_ℏ has nevertheless a drawback : it is not self-adjoint even when K_ℏ is. To solve this, we have to show that the self-adjoint part^1_2 (A_ℏ + A^∗_ℏ) has the same average properties as A_ℏ has.

Lemma 31. Let the parameters γ and δ satisfy γ + δ < 1. Let K_ℏ ∈ Ψ^m_δ be any self-adjoint symbol and A_ℏ ∈ Ψ^m_δ its ℏ^δ-average as in Definition 29. Then the adjoint A^∗_ℏ ∈ Ψ^m_δ has the same properties as A_ℏ (as given in Lemma 30), as well as its self-adjoint part^1_2 (A_ℏ + A^∗_ℏ).

Proof. According to Proposition 13, the Fourier series of A^∗_ℏ is given by

Ã_ℏ (k, ξ) = Ã_ℏ (−k, ξ + ℏk) = χ � Ω_{−k} (ξ + ℏk) |−k| ℏ^δ � K̃_ℏ (−k, ξ + ℏk) ,

for all nonvanishing k and simply Ã^∗_ℏ (0, ξ) = K̃_ℏ (0, ξ). Using then the facts that K_ℏ is self-adjoint, that Ω_{−k} = −Ω_k and that the function χ is real and symetric, we obtain

Ã^∗_ℏ (k, ξ) = χ � Ω_k (ξ + ℏk) |k| ℏ^δ � K̃_ℏ (k, ξ) ,

for all non-vanishing k and Ã^∗_ℏ (0, ξ) = K̃_ℏ (0, ξ). We now prove that A^∗_ℏ − R-av (A^∗_ℏ) ∈ Ψ^∞_δ (T × B_R). We introduce the remainder R_ℏ = A^∗_ℏ−R-av (A^∗_ℏ), which is proved to be in the class Ψ^m_δ in the same way as we proved it for A_ℏ itself. The Fourier series of R_ℏ is given by ~R_ℏ (k, ξ) = χ

�_{Ωk(ξ+ℏk)}

|k|ℏ^δ � K̃_ℏ (k, ξ)

for all k /∈ R and 0 otherwise.

For each β ∈ N^d we have to estimate ∂^β_ξ R̃_ℏ (k, ξ) at each point ξ ∈ B_R. For all k ∈ R with |k| ≤ ℏ^{−γ} , one simply has ∂^β_ξ R̃_ℏ (k, ξ) = 0 everywhere.

For all k /∈ R with |k| ≤ ℏ^{−γ} , one has � � Ω_k(ξ)_{|k|ℏδ} � � ≥ 1 at each point ξ ∈ B_R thanks

to Lemma 26. Nevertheless, we have to evaluate Ω_k at ξ + ℏk and not at ξ. However, the bound |k| ≤ ℏ^{−γ} insures that^{Ωk(ξ+ℏk)}_{|k|ℏδ} =^{Ωk(ξ)}_{|k|ℏδ} + O � ℏ^{1−δ−γ} � . The relation between δ and γ then implies that ℏ^{1−δ−γ} is small when ℏ → 0, and using the fact that the truncature function χ (t) is flat when |t| ≥ 1, we obtain χ

�_{Ωk(ξ+ℏk)}

|k|ℏ^δ � = O � ℏ^{(1−δ−γ)∞} � = O (ℏ^∞). A similar argument for the

derivatives χ^{(n)} yields ∂^β_ξ R̃_ℏ (k, ξ) = O � ℏ^{−|β|δ}ℏ^{(1−δ−γ)∞} � = O (ℏ^∞) for all k /∈ R with |k| ≤ ℏ^{−γ} and all ξ ∈ B_R. Finally, for all k with |k| > ℏ^{−γ} , we use as before the fact that R_ℏ ∈ Ψ^m_δ (T ), what implies (Proposition 5) that � �∂^β_ξ R̃ℏ (k, ξ) � � ≤ C (s, β) ℏ^{m−δ|β|} � 1 + |k|^2

� s_2 ,

where C (s, β) is a positive constant.

Reconstructing the Fourier series of R_ℏ, one gets for each α ∈ N^d

∂^α_x ∂^β_ξ R_ℏ (x, ξ) = � |k|≤ℏ^{−γ}

e^{ikx}i^{|α|}k^α∂^β_ξ R̃_ℏ (k, ξ) + � |k|>ℏ^{−γ}

e^{ikx}i^{|α|}k^α∂^β_ξ R̃_ℏ (k, ξ) ,

and thus for each ξ ∈ B_R one has � �∂_{αx} ∂β_ξ R_ℏ (x, ξ) � � ≤ O (ℏ_∞) �

|k|≥ℏ^{−γ}

|k|^{|α|} + C (s, β) ℏ^{m−δ|β|} � |k|≥ℏ^{−γ}

|k|^{|α|} � 1 + |k|^2

� s_2 .

This holds for all s and thus one has � �∂_{αx} ∂β_ξ R_ℏ (x, ξ) � � = O (ℏ_∞). This proves

that R_ℏ ∈ Ψ^∞_δ (T × B_R).

We now let the reader check that, following the same arguments, one can show that A^∗_ℏ − R-av (K^∗_ℏ ) ∈ Ψ^∞_δ (T × Σ_R). This shows that A^∗_ℏ has the same average properties as A_ℏ, as well as^1_2 (A_ℏ + A^∗_ℏ).

From now on, the function A_ℏ in Definition 29 is called the ℏ^δ-average of K_ℏ and the one in Lemma 31 is called the self-adjoint ℏ^δ-average of K_ℏ.

3.3 Semi-classical normal form

Let’s now turn to the study of the homological equation arising at each step of the construction of the normal form given in Theorem 33.

Lemma 32 (Homological equation). Let H (ξ) ∈ Ψ^0 be a non-degenerate CI Hamiltonian. Let K_ℏ ∈ Ψ^m_δ be any symbol and A_ℏ ∈ Ψ^m_δ its ℏ^δ-average. Then there exists a symbol P_ℏ ∈ Ψ^{m−δ}_δ solution of the equation

{P_ℏ, H} + K_ℏ − A_ℏ = 0.

Proof. We first write the Fourier series of the homological equation, i.e.

iΩ_k (ξ) P̃_ℏ (k, ξ) + K̃_ℏ (k, ξ) − Ã_ℏ (k, ξ) = 0. (2)

For k = 0, the equation is fullfilled since Ω_0 (ξ) = 0 and et Ã_ℏ (0, ξ) = K̃_ℏ (0, ξ). We can choose for example P̃_ℏ (k, ξ) = 0. For all k ≠ 0, the

Fourier series of the ℏ^δ-average is given by Ã_ℏ (k, ξ) = χ

�_{Ωk(ξ)}

|k|ℏ^δ � K̃_ℏ (k, ξ).

We then notice that the function ϕ (t) =^{1−χ(t)}_t is smooth. This implies that the function P_ℏ (x, ξ) defined by

P̃_ℏ (k, ξ) = i

K̃_ℏ (k, ξ) |k| ℏ^δ ϕ � Ω_k (ξ) |k| ℏ^δ �

is well-defined and satisfies Equation 2. Moreover, proceeding as in Proposition 30 for proving that the ℏ^δ-average is a symbol in the class Ψ^m_δ , and using the smoothness of ϕ, one shows that for all α, β ∈ N^d,

� �∂_{αx} ∂β_ξ P_ℏ (x, ξ) � � ≤ C (α, β) ℏ_{m−δ−δ|β|}.

This proves that P_ℏ ∈ Ψ^{m−δ}_δ .

Theorem 33 (Semi-classical normal form). Let us consider a PDO Ĥ ∈ Ψ̂^0 with non-degenerate CI symbol H (ξ) ∈ Ψ^0 and any self-adjoint perturbation ℏ^κK̂_0 ∈ Ψ̂^κ_δ , with κ > 0. Let us choose small parameters γ ≥ 0 and δ ≥ 0 such that δ < 1 − γ and δ <^κ_3 , and let us consider the covering of B with resonance blocks as described in Section 3.1.2. Then there exist • a PDO Û ∈ Ψ̂^0_δ satisfying Û = I + O � ℏ^{κ−1−δ} � , Û^∗Û = I + O (ℏ^∞) and ÛÛ ∗ = I + O (ℏ∞) • and a self-adjoint PDO K̂ ∈ Ψ̂^0_δ satisfying K̂ = K̂_0 + O (ℏ^α), whith α = min (1 − δ, κ − 3δ), such that Û � Ĥ + ℏ^κK̂_0 � Û^∗ = Ĥ + ℏ^κÂ + O (ℏ^∞) , (3)

where the symbol of Â ∈ Ψ̂^0_δ is the self-adjoint ℏ^δ-average of the symbol K_ℏ.

Proof. Let us define α = min (1 − δ, κ − 3δ) which is the relevant exponent that will appear in the expansions we will deal with. It is positive because of the restrictions on δ and κ. We first prove that there exist self-adjoint PDOs P̂_0 ∈ Ψ̂^{−δ}_δ (T ) and K̂_1 ∈ Ψ̂^α_δ (T ) such that

e^{iℏκ−1P̂0} � Ĥ + ℏ^κK̂_0 � � e^{iℏκ−1P̂0}

�_∗ = Ĥ + ℏ^κÂ_0 + ℏ^κK̂_1, (4)

where A_0 (ℏ) ∈ Ψ^0_δ is the self-adjoint ℏ^δ-average of K_0 (ℏ). • Indeed, Proposition 16 tells us that

e^{iℏκ−1P̂0}Ĥ � e^{iℏκ−1P̂0}

�_∗

= Ĥ + iℏ^{κ−1} � P̂_0, Ĥ � + O � ℏ^{2(κ−1−δ+1−δ)+δ} � , = Ĥ + iℏ^{κ−1} � P̂_0, Ĥ � + O � ℏ^{2κ−3δ} � . On the other hand, one can apply Proposition 10 which insures that the

symbol of � P̂_0, Ĥ � is equal to^ℏ_i {P_0, H} + O � ℏ^{2−δ} � . This yields

e^{iℏκ−1P̂0}Ĥ � e^{iℏκ−1P̂0}

�_∗

= Ĥ + iℏ^{κ−1} � ℏ i ^ {P_0, H} � + O � ℏ^{1+κ−δ} � + O � ℏ^{2κ−3δ} �

= Ĥ + ℏ^κ ^

{P_0, H} + O � ℏ^{κ+α} � , where we have used the previously defined parameter α. • Similarly, Proposition 15 tells us that

e^{iℏκ−1P̂0} ℏ^κK̂_0 � e^{iℏκ−1P̂0}

�_∗ = ℏ^κK̂_0 + O � ℏ^κℏ^{κ−1−δ+1−δ} � . = ℏ^κK̂_0 + O � ℏ^{κ+α} � , where we have used that κ − 2δ > κ − 3δ ≥ α and thus ℏ^{κ−2δ} ≪ ℏ^α.

We then write the symbol of Equation (4) and, dividing by ℏ^κ, one sees that we have to solve

{P_0, H} + K_0 − A_0 = O (ℏ^α) . (5)

Actually, Lemma 32 insures that we can find a symbol P^′_0 ∈ Ψ^{−δ}_δ such that

we have exactely � P^′_0, H � + K_0 − A^′_0 = 0, with A^′_0 (ℏ) ∈ Ψ^0_δ the ℏ^δ-average

of K_0 (ℏ). Nevertheless, neither A^′_0 nor P^′_0 are self-adjoint. The adjoint

of this equation is � P^′_0, H

�_∗

+ K_0 − � A^′_0

�_∗

= 0 since K_0 is self-adjoint.

Moreover, using Lemma 9 and Proposition 10, one sees that � P^′_0, H

�_∗ = � P^′_0

�_∗ , H � + O � ℏ^{1−δ} � . This implies that P_0 =^1_2 � P^′_0 + � P^′_0

�_∗�

satisfies

Equation (5) with A_0 =^1_2 � A^′_0 + � A^′_0

�_∗� being the self-adjoint ℏ^δ-average

of K_0 (ℏ), thanks to Lemma 31 and to the fact that ℏ^{1−δ} ≤ ℏ^α. The quantized of P_0 thus satisfies Equation (4) with a self-adjoint K̂_1 ∈ Ψ̂^α_δ . If we define Û_0 = eiℏ^{κ−1^}P0 ∈ Ψ̂0_δ , we have Û ∗_0 Û_0 = I + O (ℏ∞), Û_0Û ∗_0 = I + O (ℏ∞) and

Û_0 � Ĥ + ℏ^κK̂_0 � Û^∗_0 = Ĥ + ℏ^κÂ_0 + ℏ^κK̂_1. (6)

This equation is the initial step of the following induction process. Let us suppose that at the step n ≥ 0, we have found self-adjoint PDOs K̂_1, ..., K̂_{n+1}, with K̂_j ∈ Ψ̂^{jα}_δ and PDOs Û_0, ..., Û_n ∈ Ψ̂^0_δ satisfying Û^∗_j Û_j = I + O (ℏ^∞) and Û_jÛ ∗_j = I + O (ℏ∞), such that

Û_n...Û_0 � Ĥ + ℏ^1K̂ � Û^∗_0 ...Û^∗_n = Ĥ + ℏ^1 n� j=0 Â_j + ℏ^1K̂_{n+1}, (7)

where A_j (ℏ) ∈ Ψ^{jα}_δ is the ℏ^δ-average of K_j (ℏ). Then we look for PDOs K̂_{n+2} ∈ Ψ̂^{(n+2)α}_δ and Û_{n+1} ∈ Ψ̂0_δ with the same properties and satisfying

Û_{n+1}Û_n...Û_0 � Ĥ + ℏ^κK̂ � Û^∗_0 ...Û^∗_nÛ^∗_{n+1} = Ĥ + ℏ^κ n+1� j=0 Â_j + ℏ^κK̂_{n+2}, (8)

where A_{n+1} (ℏ) ∈ Ψ^{(n+1)α}_δ is the ℏ^δ-average of K_{n+1} (ℏ). Looking for Û_{n+1} of the form Û_{n+1} = e^{iℏκ−1P̂n+1} , with P̂_{n+1} ∈ Ψ̂^{−δ+(n+1)α}_δ a self-adjoint PDO, and inserting Equation (7) into Equation (8), we get

e^{iℏκ−1P̂n+1} � �Ĥ + ℏ^κ n� j=0 Â_j + ℏ^κK̂_{n+1} � � � e^{iℏκ−1P̂n+1}

�_∗ = Ĥ+ℏ^κ n+1� j=0 Â_j+ℏ^κK̂_{n+2}. (9)

We now apply Propositions 15 and 16 for each term inside the bracket [ ]. • First, Proposition 16 tells us that

Û_{n+1} � Ĥ � Û^∗_{n+1} = Ĥ + iℏ^{κ−1} � P̂_{n+1}, Ĥ � + O � ℏ^{2(κ−1−δ+(n+1)α+1−δ)+δ} �

= Ĥ + iℏ^{κ−1} � P̂_{n+1}, Ĥ � + O � ℏ^{κ+(n+2)α} � , were we have used ℏ^{κ−3δ} ≤ ℏ^α and ℏ^{(2n+3)α} ≪ ℏ^{(n+2)α} provided n ≥ 0. • On the other hand, one can apply Proposition 10 which insures that the

symbol of � P̂_{n+1}, Ĥ � equals to^ℏ_i {P_{n+1}, H} + O � ℏ^{2−δ+(n+1)α} � , i.e. ℏ i {P_{n+1}, H} + O � ℏ^{1+(n+2)α} � , where we have used ℏ^{1−δ} ≤ ℏ^α. This implies that the symbol of Û_{n+1} � Ĥ � Û ∗_{n+1} is H + ℏ^κ {P_{n+1}, H} + O � ℏ^{κ+(n+2)α} � . • Then, Proposition 15 provides, for all j = 0..n,

Û_{n+1} � ℏ^κÂ_j � Û^∗_{n+1} = ℏ^κÂ_j + O � ℏ^κℏ^{jα}ℏ^{κ−1−δ+(n+1)α+1−δ} �

= ℏ^κÂ_j + O � ℏ^{κ+(n+2)α} � . where we have used ℏ^{κ−2δ} ≪ ℏ^{κ−3δ} ≤ ℏ^α and ℏ^{jα} ≤ 1. • Finally, Proposition 15 yields

Û_{n+1} � ℏ^κK̂_{n+1} � Û^∗_{n+1} = ℏ^κK̂_{n+1} + O � ℏ^κℏ^{(n+1)α}ℏ^{κ−1−δ+(n+1)α+1−δ} �

= ℏ^κK̂_{n+1} + O � ℏ^{κ+(2n+3)α} �

= ℏ^κK̂_{n+1} + O � ℏ^{κ+(n+2)α} � , where we have used ℏ^{κ−2δ} ≪ ℏ^α and ℏ^{(2n+3)α} ≪ ℏ^{(n+2)α} provided n ≥ 0.

If we consider these different estimates, if we take the symbol of Equation (9) and if we divide by ℏ^κ, we see that we have to solve

{P_{n+1}, H} + K_{n+1} − A_{n+1} = O � ℏ^{(n+2)α} � , (10)

where A_{n+1} (ℏ) is the ℏ^δ-average of K_{n+1} (ℏ). Then we use Lemma 32 which insures that we can find a symbol P^′_{n+1} ∈ Ψ^{−δ+(n+1)α}_δ , such that

we have exactely � P^′_{n+1}, H � + K_{n+1} − A^′_{n+1} = 0, where A^′_{n+1} (ℏ) is the ℏ^δaverage of K_{n+1} (ℏ). Using the same technique as for the initial step n = 0,

we show that P_{n+1} =^1_2 � P^′_{n+1} + � P^′_{n+1}

�_∗�

satisfies Equation (10) with

A_{n+1} =^1_2 � A^′_{n+1} + � A^′_{n+1}

�_∗� being the self-adjoint ℏ^δ-average of K_{n+1} (ℏ).

The quantized of P_{n+1} thus satisfies Equation (9) with a self-adjoint K̂_{n+2} ∈ Ψ̂^{(n+2)α} δ . This concludes the iterative process.

Then, if we define the sequence V̂_n by V̂_0 = Û_0 and V̂_n = Û_n...Û_0 − Û_{n−1}...Û_0, one can see that V̂_0 ∈ Ψ̂0_δ , V̂_n ∈ Ψ̂^{κ−1−δ+nα}_δ and Û_n...Û_0 = V̂_0 +...+ V̂_n. Using Borel’s construction (Proposition 7), we can construct a PDO Û ∈ Ψ̂0_δ which admits the asymptotic expansion Û ∼ �_n V̂_n. By construction, it verifies Û^∗Û = I + O (ℏ^∞) and ÛÛ^∗ = I + O (ℏ^∞). As well, there exists a self-adjoint PDO K̂ in the class Ψ̂^0_δ verifying K̂ ∼ � n K̂_n. Moreover, if we define A_ℏ as the ℏ^δ-average of the symbol K_ℏ, we can see that M̂ ∼ � n M̂_n.

All that implies that Equation (3) is satisfied.

4 Application : quasimodes

As an example of application of the normal form given in Theorem 33, we can easily construct quasimodes associated with the block B_0. Theorem 34 (Non-resonant quasimodes). Let Ĥ ∈ Ψ̂^0 be a PDO with nondegenerate CI symbol H (ξ) ∈ Ψ^0 and ℏ^κK̂_0 ∈ Ψ̂^κ_δ any self-adjoint perturbation with κ > 0. Let us fix small parameters γ ≥ 0 and δ ≥ 0 such that δ < 1 − γ and δ <^κ_3 , and let us consider the covering of B with resonance blocks.

Then for each familly k_ℏ ∈ Λ^∗ such that ℏk_ℏ remains in the non-resonant block B_0, there is a ℏ^∞-quasimode φ_ℏ of the perturbed operator � � � Ĥ + ℏ^κK̂_0 − E_ℏ � φ_ℏ � � = O (ℏ^∞)

with the property φ_ℏ = e^{ikℏx} + O � ℏ^{κ−1−δ} � and with quasi-eigenvalue

E_ℏ = H (ℏk_ℏ) + ℏ^κF_ℏ (ℏk_ℏ) ,

where the x-independant symbol F_ℏ ∈ Ψ^0_δ is given by

F_ℏ (ℏk_ℏ) = ⟨⟨K_0⟩⟩ (ℏk_ℏ) + O (ℏ^α) ,

with ⟨⟨K_0⟩⟩ (ξ) being the average of K_0 over the torus and α being defined by α = min (1 − δ, κ − 3δ).

The picture above illustrates the case d = 2. The grey region is the zone Z^∗_1 of 1-resonances and the dots stand for the lattice ℏZ^d.

Proof. Indeed, according to Theorem 33, the perturbed operator is conjugate to its normal form �NF = Ĥ+ℏ^κÂ+O (ℏ^∞), where A_ℏ is the self-adjoint ℏ^δ-average of K_ℏ, which is a symbol satisfying K̂ = K̂_0 +O (ℏ^α). Moreover, in the block B_0, Lemma 31 tells us that A_ℏ is simply A_ℏ = ⟨⟨K_ℏ⟩⟩ + O (ℏ^∞). On the other hand, as the averaged symbol ⟨⟨K_ℏ⟩⟩ is independent on x, the eigenvalues of Ĥ + ℏ^κ ^⟨⟨K_ℏ⟩⟩ are given by E_k (ℏ) = H (ℏk) + ℏ^κ ⟨⟨K_ℏ⟩⟩ (ℏk), for each k ∈ Λ^∗, and the associated eigenvectors are simply the exponential functions e^{ikx}. These functions are thus also ℏ^∞-quasimodes of the �NF for each familly k_ℏ such that ℏk_ℏ ∈ B_0 for all ℏ, and the quasieigenvalues are E_{kℏ} (ℏ). Then, applying the operators Û which conjugate the perturbed operator to �NF , we get ℏ^∞-quasimodes φ_ℏ = Û^∗ � e^{ikℏx} � of the perturbed operator, with the same quasi-eigenvalues. Finally, we notice that according to the properties of Û, the quasimodes have the form φ_ℏ = e^{ikℏx} + O � ℏ^{κ−1−δ} � . Moreover, according to the expression of K_ℏ, the eigenvalues have the expression

E_{kℏ} (ℏ) = H (ℏk_ℏ) + ℏ^κ ⟨⟨K_0⟩⟩ (ℏk_ℏ) + O � ℏ^{κ+α} � .

These quasi-eigenvalues are very easily constructed but the number we can construct depends on the size of the block B_0 as ℏ goes to zero. This size depends on the parameters γ and δ, which control respectively the amount of resonance zones we consider and their width (see below).

”small” δ and γ ”big” δ and γ

With an appropriate choice of γ and δ, one can insure that the relative volume of B_0 tends to 1 as ℏ goes to zero.

Proposition 35. Let γ > 0 and δ > 0 such that δ > 2dγ. For each compact set O ⊂ B and each n = 1..d, the volume of the block of n-resonances B^∗_n is of order

vol (B^∗_n ∩ O) = � ℏ^{n(δ−2dγ)} � . Proof. Indeed, the non-degeneracy condition for H implies that there exist two constants T and C such that for all k ≠ 0 and all ξ satisfying^{Ωk (ξ)}_{|k|} ≤ T ,

one has � �d^{Ωk(ξ)}_{|k|} � � ≥ C. For ℏ small enough (ℏ^{δ−γn} ≤ T ) and for each k ≠ 0,

the points ξ in the resonant zone Z_k ∩ O satisfy � �d^{Ωk (ξ)}_{|k|} � � ≥ C. The function

Ω_k(ξ)

|k| is thus suitable to measure lengths and this implies that the volume of the resonant zone Z_R ∩ O, for any n-dimensional lattice R, is bounded by vol (Z_R ∩ O) = O � ℏ^{δ−γn}

�_n� uniformly with respect to R. On the other hand, the volume of B_k ∩ O is bounded in the same way since B_k ⊂ Z_k.

The bloc B^∗_1 ∩ O of 1-resonances is the union of the B_k ∩ O for all nonvanishing k with |k| ≤ ℏ^{−γ} . If we bound the sum over all primitive k with |k| ≤ ℏ^{−γ} by the sum over all k with |k| ≤ ℏ^{−γ} , we get the following estimate vol (B^∗_1 ∩ O) ≤ Cℏ^{δ−γ} � |k|≤ℏ^{−γ} = O � ℏ^{δ−γ−dγ} � . Similarly, for n = 2..d, the block B^∗_n ∩ O of n-resonances is the union of the blocks B_R ∩ O for all the resonance ℏ^{−γ} -lattices R, i.e. the sub-lattices which admit a basis (e_1, ..., e_n) composed of vector with norm |e_j | ≤ ℏ^{−γ} . The volume of B^∗_n ∩ O is then roughly bounded by

vol (B^∗_n ∩ O) ≤ C^′ ℏ^{n(δ−nγ)} � |e_1|≤ℏ^{−γ} . . |e_n|≤ℏ^{−γ}

= O � ℏ^{n(δ−nγ)−γdn} � .

This estimate is really too rough when n ≥^d_2 since, for example, the number of lattices of d-resonances is equal to 1 rather than to ℏ^{−γd2} ! For n ≥^d_2 , we will rather count the orthogonal lattices, what gives a number of lattices of order ℏ^{−γd(d−n)} and thus a volume of order vol (B^∗_n ∩ O) = O � ℏ^{n(δ−nγ)−γd(d−n)} � for n ≥^d_2 . On the other hand, the inequality involving γ and δ implies the following :

• When 0 < n <^d_2 , we have

n (δ − nγ) − γdn > n � δ − d 2 γ − γd � > n (δ − 2γd) .

• When^d_2 ≤ n ≤ d, we have n (δ − nγ)−γd (d − n) = n � δ − nγ + dγ − γ^{d2}_n � and the bracket is estimated by

δ − nγ + dγ − γ d^2 n ≥ δ − dγ + dγ − γ

2d^2 d = δ − 2γd.

This thus shows that the volume vol (B^∗_n ∩ O) is of order O � ℏ^{n(δ−2γd)} � ≪ 1 for all n = 1..d.

References

[1] V.I. Arnol’d, Proof of a theorem of A.N. Kolmogorov on the invariance of quasi-periodic motions under small perturbations of the hamiltonian, Russian Math. Surveys 18 (1963), no. 5, 9–36.

[2] , A theorem of Liouville concerning integrable dynamics, Siberian Math. J. 4 (1963), 471–474.

[3] , Modes and quasimodes, Funkcional. Anal. i Priložen. 6 (1972), no. 2, 12–20.

[4] , Les méthodes mathématiques de la mécaniques classiques, mir ed., 1976.

[5] R. Beals, Characterization of pseudodifferential operators and applications, Duke Math. J. 44 (1977), no. 1, 45–57.

[6] G. Benettin, L. Galgani, and A. Giorgilli, A proof of Nekhoroshev’s theorem for the stability times in nearly integrable Hamiltonian systems, Celestial Mech. 37 (1985), no. 1, 1–25.

[7] A. D. Brjuno, Local methods in nonlinear differential equations, Springer- Verlag, 1989.

[8] A.P. Calderón and R. Vaillancourt, On the boundedness of pseudodifferential operators, J. Math. Soc. Japan 23 (1971), 374–378.

[9] A.M. Charbonnel, Comportement semi-classique du spectre conjoint d’opérateurs pseudodifférentiels qui commutent, Asymptotic Anal. 1 (1988), no. 3, 227–261.

[10] R. R. Coifman and Y. Meyer, Au delà des opérateurs pseudo-différentiels, Astérisque, vol. 57, Société Mathématique de France, Paris, 1978, With an English summary.

[11] Y. Colin de Verdière, Spectre conjoint d’opérateurs pseudo-différentiels qui commutent. II. Le cas intégrable, Math. Z. 171 (1980), no. 1, 51–73.

[12] Y. Colin de Verdière and B. Parisse, Singular Bohr-Sommerfeld rules, Comm. Math. Phys. 205 (1999), no. 2, 459–500.

[13] Y. Colin de Verdière and S. Vũ Ngo. c, Singular Bohr-Sommerfeld rules for 2D integrable systems, Ann. Sci. École Norm. Sup. (4) 36 (2003), no. 1, 1–55.

[14] M. Dimassi and J. Sjöstrand, Spectral asymptotics in the semi-classical limit, Cambridge university press, 1999.

[15] J. J. Duistermaat and L. Hörmander, Fourier integral operators, II, Acta Math. 128 (1972), no. 3-4, 183–269.

[16] J. Dunau, Fonctions d’un opérateur elliptique sur une variété compacte, J.

Math. Pures Appl. (9) 56 (1977), no. 4, 367–391.

[17] J. Feldman, H. Knörrer, and E. Trubowitz, The perturbatively stable spectrum of a periodic Schrödinger operator, Inventiones mathematicae 100 (1990), 647–676.

[18] B. Helffer and D. Robert, Propriétés asymptotiques du spectre d’opérateurs pseudodifférentiels sur R^n, Comm. Partial Differential Equations 7 (1982), no. 7, 795–882.

[19] L. Hörmander, The analysis of linear partial differential operators. I-IV, Springer-Verlag, Berlin, 1983-85.

[20] A.N. Kolmogorov, On conservation of conditionally periodic motions for a small change in Hamilton’s function, Dokl. Akad. Nauk. SSSR 98 (1954), no. 4, 527–530.

[21] P.-S. Laplace, Celestial mechanics. Vols. I–IV, Chelsea Publishing Co., 1966.

[22] J. Liouville, Note sur l’intégration des équations différentielles de la dynamique, J. Math. Pure Appl. 20 (1855), 137–138.

[23] A. Martinez, An introduction to semiclassical and microlocal analysis, Springer-Verlag, New York, 2002.

[24] V. P. Maslov, Théorie des perturbations et méthodes asymptotiques, dunod, 1972.

[25] H. Mineur, Réduction des systèmes mécaniques à n degrès de liberté admettant n intégrales premières uniformes en involution aux systèmes à variables séparées, J. Math. Pure Appl. 15 (1936), 221–267.

[26] , Sur les systèmes mécaniques dans lesquels figurent des paramètres fonctions du temps. Etudes des systèmes admettant n intégrales premières uniformes en involutions. Extention à ces système des conditions des quantification de Bohr-Sommerfeld, J. Ecole Polytechn. III (1937), 173– 191,237–270.

[27] J. Moser, On invariant curves of area preserving mappings of an annulus, Nachr. Acad. Wiss. Göttingen Math. Phys K1 11a (1962), no. 1, 1–20.

[28] J. E. Moyal, Quantum mechanics as a statistical theory, Proc. Cambridge Philos. Soc. 45 (1949), 99–124.

[29] H. Poincaré, Les méthodes nouvelles de la mécanique céleste. Tome I-III, Librairie Scientifique et Technique Albert Blanchard, Paris, 1987, Reprint of the original.

[30] J. Pöschel, Nekhoroshev estimates for quasi-convex Hamiltonian systems, Math. Z. 213 (1993), no. 2, 187–216.

[31] D. Robert, Semi-classical approximation in quantum mechanics. A survey of old and recent mathematical results, Helv. Phys. Acta 71 (1998), no. 1, 44–116, Mathematical results in quantum mechanics (Ascona, 1996).

[32] N. Roy, Déformations complètement intégrables de systèmes complètement intégrables, Prépublications de l’Institut Fourier, n^∘ 592, 2003.

[33] , Sur les déformations de systèmes complètement intégrables classiques et semi-classiques, Ph.D. thesis, Institut Fourier, Grenoble, 2003.

[34] J. Sjöstrand, Semi-excited states in nondegenerate potential wells, Asymptotic Anal. 6 (1992), no. 1, 29–43.

[35] V. Turunen and G. Vainikko, On symbol analysis of periodic pseudodifferential operators, Z. Anal. Anwendungen 17 (1998), no. 1, 9–22.

[36] S. Vũ Ngo. c, Sur le spectre des systèmes complètement intégrables semiclassique avec singularités, Ph.D. thesis, Intitut Fourier, Grenoble, 1998.

[37] , Formes normales semi-classiques des systèmes complètement intégrables au voisinage d’un point critique de l’application moment, Asymptot. Anal. 24 (2000), 319–342.