SINGULARITIES AND NONCOMMUTATIVE GEOMETRY

JEAN-PAUL BRASSELET

ABSTRACT. The general aim of this paper is to present and to give a contribution to the programme: prove an index theorem for singular varieties. Connes shown that cyclic homology is the good receptacle for the Chern character, one of the main ingredients in the definition of the topological index. On the other hand, for a compact manifold M, Connes expressed (periodic) cyclic cohomology of the algebra of smooth functions on M in terms of the classical de Rham cohomology of M. The precise aim of this paper is to prove an equivalent of the Connes result in the case of a singular variety defining and using a suitable cyclic homology and a suitable substitute to de Rham cohomology.

This is realized in the framework of intersection homology. The shadow forms give an explicit and geometric point of view for a de Rham theorem for stratified singular spaces. Moreover, they provide the good intuition for the construction of an algebra of ‘controlled functions’ and cyclic homology for singular varities.

INTRODUCTION

During the last decades, two important discoveries have provided fundamental progress in the areas of geometry and topology: Noncommutative Geometry and Intersection Homology Theory.

The purpose of noncommutative geometry, following Connes, is to extend the correspondence between geometric spaces and commutative algebras to the noncommutative case, in the framework of real analysis. Noncommutative geometry has been developed in particular for spaces such as the space of leaves of a foliation, which corresponds to a noncommutative algebra. Also, the theory provides new points of view for classical spaces. The example of the Gauss-Bonnet formula (see [14, Introduction]) is very instructive. Differential calculus and topology extend through new algebraic tools such as cyclic homology. While having its origins in physics, the theory has many applications in geometry and topology: the Atiyah-Singer index theorem, Atiyah-Hirzebruch topological K-theory, signature of manifolds, the Novikov conjecture, etc...

The Atiyah-Singer index theorem asserts an equality between the analytic index and the topological index of an elliptic differential operator on a smooth compact manifold. The general aim of this paper is to present and to give a contribution to the programme: prove an index theorem for singular varieties. To fulfil such a programme, it is necessary to define and to give sense to the different ingredients which appear in the formulæ of analytic and topological indices, in the singular case. Many authors already proposed generalizations of some of the ingredients and, for the moment, they appear as pieces of a puzzle to be fitted together in order to prove the result. It is impossible to give an exhaustive list: many authors introduced classes of (pseudo)differential operators on manifolds with edges, corners or manifolds with conical singularities, in particular: Brüning-Seeley [7], [8], [9], Lesch [21], [22], Melrose [25], Monthubert [26], Schrohe [27], Schülze, [28], [29], [30]. On another hand, the extension of the Chern character to singular varieties has been studied by Baum-Fulton-MacPherson [1], Schwartz [31], Kwieciński [20] and Yokura [33].

The Chern character is in fact one of the crucial ingredients in the definition of the topological index. As indicated by Connes, cyclic homology appears to be the good receptacle for the Chern character (in K-homology). For a compact manifold M, Connes expressed (periodic) cyclic cohomology of the

1991 Mathematics Subject Classification. 32S60, 58A35, 58J42, 14F40, 81R60, 16E40.

Key words and phrases. Noncommutative Geometry, Cyclic homology, Intersection homology, Singular varieties, de Rham complexes. 1

algebra of smooth functions on M in terms of the classical de Rham cohomology of M. The precise aim of this paper is to prove an equivalent of Connes’ result in the case of a singular variety defining and using a suitable cyclic homology and a suitable substitute for de Rham cohomology.

This is realized in the framework of intersection homology. Intersection homology defined by Goresky and MacPherson, allows one to recover, for singular varieties, many of the properties which are no longer true using ordinary homology: Poincaré duality, the de Rham theorem, Hodge theory, Morse theory etc... In particular, Cheeger [10], [11] and Cheeger-Goresky-MacPherson [12], then many authors proved in particular cases an isomorphism between L^2-cohomology of differential forms on the regular part of the variety and intersection homology. The shadow forms give an explicit and geometric point of view for such a ‘singular’ de Rham theorem. Moreover, they provide good intuition for the construction of an algebra of ‘controlled functions’ and cyclic homology for singular varieties, i.e. considering smooth functions defined on the regular part which have suitable behaviour in the neighbourhood of the singular strata.

In the first section of these notes, we recall briefly the ingredients used in the definition of analytic and topological indices. Section 2 is devoted to the definition of intersection homology, due to Mark Goresky and Robert MacPherson, then we introduce the shadow forms, common work with these two authors [2]. Controlled functions and controlled differential forms on a singular variety are defined using the idea of shadow forms. Restricting ourselves to the case of a cone on a manifold, we obtain a ‘mixed complex’ whose cyclic homology is related to intersection homology. This part comes from work with André Legrand ([3],[4],[5]). The author thanks IMPA, Rio de Janeiro for hospitality during the preparation of the manuscript.

1. THE INDEX THEOREM.

In this section, we recall the definitions of analytic and topological indices in the case of a smooth manifold, in particular the different ingredients used in their definitions. General references for this section are Hirzebruch [18] and Teleman [32].

Let M be a (compact) differentiable n-dimensional manifold with a Riemannian metric and let E and F be differentiable complex vector bundles over M. We denote by Γ(E) and Γ(F) the vector spaces of global differentiable sections. A differential operator D of order m is a linear operator D : Γ(E) → Γ(F) such that in local coordinates (frames) ε_i and η_j in E and F respectively, one has

D( f ε_i) = ∑ j D^j_i ( f )η_j with D^j_i ( f )(x) = ∑ |α|≤m A^j_{iα} ∂^{|α|} f ∂x^α (x) for f ∈ C^∞(M) and α = (α_1,... ,α_r) a multi-index of length |α| = α_1 + ··· + α_r.

The completion Γ_k(E) of Γ(E) with metric

‖λ‖^2_k = ∑ |α|≤k ‖ ‖ ‖ ‖ ∂^{|α|} f ∂x^α (x) ‖ ‖ ‖ ‖ 2

is a Hilbert space (the Sobolev space of order k of sections of the bundle E) and the differential operator D of order m induces a bounded operator

Γ_k(E) → Γ_{k−m}(F)

Recall that a (bounded) operator between Hilbert spaces is called Fredholm if dim_C KerD < ∞, the image of D ImD is closed in Γ(F) and dim_C CokerD < ∞.

Definition 1.1. The analytic index of a Fredholm operator D is defined as i_a(D) = dim_C KerD − dim_C CokerD Example 1.2. Consider the classical operators ∗ (Hodge), d and δ = − ∗ d∗, then for D = d + δ, we have i_a(D) = 0.

The symbol of the operator D corresponds to the highest order terms of the operator. More precisely, denote by T^∗M the cotangent bundle of M and by π the projection π : T^∗M → M. Then the symbol of D, denoted by σ_D : π^∗E → π^∗F, is the morphism of vector bundles defined by σ_D(x,ξ) : [π^∗E]_{(x,ξ)} → [π^∗F]_{(x,ξ)} σ_D(x,ξ)(ω) = D( f^mω̃)(x) where x ∈ M, ξ ∈ T^∗_x (M), ω ∈ E_x, f is a C^∞ function on M such that f (x) = 0 and (d f )_x = ξ and ω̃ is a section of E such that ω̃(x) = ω.

Remark 1. σ_D is a morphism of vector bundles satisfying σ_D(x,tξ) = t^mσ_D(x,ξ)

Example 1.3. σ_d(x,ξ)(ω) = ξ ∧ ω, σ_δ(x,ξ)(ω) = −i_ξ(ω) and for the Laplace operator Δ = dδ + δd, σ_Δ(x,ξ)(ω) = −‖ξ‖^2(ω). Definition 1.4. The differential operator D is said to be elliptic if σ_D(x,ξ) is an isomorphism for any ξ ≠ 0.

Denote by (T^∗M)_0 the complement of the zero section. The first ingredient for the topological index is given by the following proposition. Proposition 1.5. If D is elliptic; it defines a class [σ_D] ∈ K^0(T^∗M,(T^∗M)_0) = K^0_c (T^∗M) (K_c denotes K-theory with compact supports).

The two other ingredients are the Chern character and the Todd class, which are defined by means of a formal factorisation of the Chern class (see [18], §10). Let E be a complex vector bundle on a manifold X, with Chern class ∑^q_{j=0} c_j(E). In terms of the formal factorisation ∑^q_{j=0} c_j(E)t^j = ∏^q_{i=1}(1 + γ_it), the Chern character is defined by ch(E) = ∑^q_{i=1} e^{γi} and the Todd class by τ(E) = ∏^q_{i=1}^{γi}_{1−e−γi} .

On one hand, the Chern character defines a map ch : K(T^∗M)⊗Q → H^∗(T^∗M;Q). On the other hand, denoting by T^∗_C M the complexified bundle of the cotangent bundle, the Todd class of M is defined by τ(M) = τ(π^∗T^∗_C M).

Definition 1.6. Denote by [T^∗M] ∈ H_{2n}(T^∗M) the fundamental class of the 2n-dimensional manifold T^∗M. The topological index of an elliptic operator D is defined as the evaluation i_t (D) = (−1)^n (ch[σ_D] ∪ τ(M))[T^∗M].

Theorem 1.7. (Index theorem) Let D be an elliptic differential operator. Then the analytic and topological indices coincide : i_a(D) = i_t (D).

To prove an index theorem in the singular case, it is necessary to define in that context the different ingredients which appear in the formulae of analytic and topological indices. As mentioned in introduction, some of these ingredients have been defined by various authors in particular cases of singular varieties. The aim of the present paper is to provide a suitable general setup in which the formula can be established. This is made in the context of Hochschild homology, following Connes’ ideas and using intersection homology.

2. INTERSECTION HOMOLOGY.

We consider a singular variety X which is a pseudovariety. In particular, the singular part has codimension at least 2, and we suppose that X is endowed with a Thom-Mather C^∞ stratification, i.e. a filtration of X by closed subsets

X = X_n ⊃ X_{n−1} ⊃ X_{n−2} ⊃ ··· ⊃ X_1 ⊃ X_0 ⊃ X_{−1} = /0

such that the connected components of X_k − X_{k−1} are k-dimensional C^∞-manifolds, denoted by S^k_i and called the strata. For each of them, there exist: an open neighbourhood T_i of S^k_i in X, a continuous retraction π_i of T_i on S^k_i , and a continuous function ρ_i : T_i → [0,1[, such that S^k_i = {x ∈ T_i|ρ_i(x) = 0} and the (T_i,π_i,ρ_i) satisfy Mather’s axioms (see [24]).

According to Thom’s first isotopy lemma, these data imply the following local triviality condition: every point x in S^k_i admits an open neighbourhood U_x ⊂ X such that there is a homeomorphism

ψ_x : U_x → B^k × c(L_x)

where B^k is the standard k-dimensional open ball and c(L_x) is the (open) cone over the link L_x. (By definition c(/0) = {point}). The link is assumed to be stratified and independent of the point x ∈ S^k_i . We stratify the cone c(L_x) with the vertex as the 0-dimensional stratum V_0 and the (open) generators through a stratum of L_x forming a stratum of c(L_x). There is a filtration

L_x = L_{n−k−1} ⊃ L_{n−k−2} ⊃ ··· ⊃ L_0 ⊃ L_{−1} = /0,

and ψ_x carries the stratification of U_x induced by that of X to the product stratification of B^k × c(L_x).

The parameter of the cone corresponds to the Mather distance function ρ_i. For a complete definition see for instance [16].

We now recall the definition of intersection homology due to M. Goresky and R. MacPherson [15]. Given a stratified singular variety, the idea of intersection homology is to consider only chains and cycles whose intersections with the strata are ‘not too big’. The allowed chains and cycles meet the strata with a controlled and defect of transversality. This defect is given by a sequence of integers p̄ = (p_0, p_1,... , p_α,... , p_n), called the perversity, which satisfies:

p_0 = p_1 = p_2 = 0 and p_α ≤ p_{α+1} ≤ p_α + 1 for α ≥ 2.

Let C_i(X) be any ‘classical’ chain complex on X with integer coefficients, and define the complex of p̄-allowable chains:

IC^{p̄}_i (X) = {ξ ∈ C_i(X) : dim(|ξ| ∩ X_{n−α}) ≤ i − α + p_α and dim(|∂ξ| ∩ X_{n−α}) ≤ i − 1 − α + p_α}.

The intersection homology groups (with Z coefficients) IH^{p̄}_i (X) are the homology groups of this complex.

Note that if ξ and X_{n−α} are transverse, then their intersection dimension is precisely i − α, so the perversity corresponds to an allowed defect of transversality.

Intersection homology does not satisfy all properties of classical homology. For instance, intersection homology is not a homotopy invariant. The main property satisfied by intersection homology is Poincaré duality. If p̄, q̄ and r̄ are perversities such that p̄ + q̄ ≤ r̄, there is an unique pairing

IH^{p̄}_i (X) × IH^{q̄}_j (X) → IH^{r̄}_{i+ j−n}(X)

realized by intersection of cycles.

Theorem 2.1. (Poincaré duality [15]) Let X be a compact stratified pseudovariety, let p̄ and q̄ be complementary perversities (i.e. p_α + q_α = t_α = α − 2 for α ≥ 2), then the augmented pairing

IH^{p̄}_i (X;Q) × IH^{q̄}_{n−i} (X;Q) → IH^{t̄}_0(X;Q)^ε→ Q is nondegenerate.

Intersection homology satisfies the relative exact sequence and the Mayer-Vietoris exact sequence but the Künneth formula does not hold in general. It holds, for example, if one of the varieties involved in the product is smooth (Goresky).

In section 4, we will define complexes of sheaves on the pseudovariety X and will prove that their hypercohomology is equal to the intersection homology of X. This is a consequence of the Theorem 2.2: if a complex of sheaves on X satisfies the so-called perverse sheaves axioms (see [16]), then the hypercohomology of (X with value in) this perverse sheaf is the intersection homology of X. In fact, the main axioms of perverse sheaves originate from the following local property: Let x be a point in an α-codimensional stratum, and U_x ∼= B^{n−α} × c(L_x) a distinguished neighbourhood of x. Let p̄ be any perversity, then:

IH^{p̄}_i (U_x) ∼= { IH^{p̄}_i (L_x) i < α − p_α − 1 0 i ≥ α − p_α − 1.

Let us give a sketch of the easy and very instructive proof of this local computation: The Künneth formula (true in this case) implies

IH^{p̄}_i (U_x) ∼= IH^{p̄}_i (B^{n−α} × c(L_x)) ∼= IH^{p̄}_i (c(L_x)) where c(L_x) is an α-dimensional pseudovariety V , with the stratification induced from that of L_x.

(i) If i < α − p_α − 1 and ξ is an allowed i-cycle in c(L_x), then dim(|ξ| ∩V_0) ≤ i − α + p_α < −1 so ξ does not contain the vertex of the cone. We can deform ξ along the generatrices of the cone to an allowed i-cycle of the base L_x. We obtain in this way a cycle in IC^{p̄}_i (L_x) homologous to ξ by an allowed homology.

(ii) If i ≥ α − p_α − 1 and ξ is an allowed i-cycle in c(L_x), then the cone on ξ with vertex {x}, denoted by c(ξ), is an allowed i + 1-chain. We have, in particular 0 = dim(|c(ξ)| ∩V_0) ≤ (i + 1) − α + p_α.

The chain ξ = ∂(c(ξ)) is an allowed boundary in IC^{p̄}_i (c(L_x)) and is homologous to 0. □

Let us now denote, in general U_j = X − X_{n− j} (2 ≤ j ≤ n + 1) and by i_j the natural inclusion i_j : U_j → U_{j+1}. For every closed subset F of X, let i be the inclusion i : X − F → X. If F^• is a complex of sheaves on X, the composition : F^• −→ i_∗i^∗F^{• μ}−→ Ri_∗i^∗F^• is called the attaching map. It is a quasi-isomorphism at all x ∈ X − F. If F^• is a complex of soft sheaves, μ is a quasi-isomorphism for all x ∈ X.

Theorem 2.2. [16] Let F^• be a complex of fine (or soft) sheaves on X satisfying the following axioms:

1. F^• is a bounded complex, F^k = 0 for k < 0, and F^•_{U2} = C , 2. for all x ∈ X_{n− j} − X_{n− j−1}, H^k(F^•_x ) = 0, for k > q_j, ( j = 2,... ,n), 3. the attaching map F^k|_{U j+1} → Ri_{j∗}F^k|_{U j} is a quasi-isomorphism for k ≤ q_j, then the hypercohomology groups (with compact support) IH^k_c (X;F^• ) are isomorphic to Hom(IH^{p̄}_k (X);R), where p̄ is the complementary perversity.

3. THE DE RHAM THEOREM.

The Whitney forms, defined by Whitney in the smooth case in order to prove the de Rham theorem, are the main tool used in the definition of shadow forms, providing a de Rham theorem in the singular case.

3.1. The smooth case: Whitney forms. In the case of a compact manifold M, the integration map:

Ω^r(M) → C^r(M) ω → ( c → ∫ c ω )

from differential forms to singular cochains (with respect to smooth chains c in C_r(M)) gives rise to the de Rham isomorphism in cohomology. The proof given by Whitney [34] uses the following Whitney map, providing a homotopy inverse to the integration map.

Let K be a triangulation of M and σ an r-simplex of K, with vertices v^i, 1 ≤ i ≤ r + 1. Then barycentric coordinates on σ are functions x_i such that for every point x in σ, x = ∑^{r+1}_{i=1} x_iv^i with ∑^{r+1}_{i=1} x_i = 1 and 0 ≤ x_i ≤ 1.

In terms of such coordinates, the Whitney form associated to σ is defined by

W (σ) = r! r+1 ∑_{j=1}^{(−1) j+1x} j^{dx}1^{∧ ··· ∧ ^dx} j^{∧ ··· ∧ dx}r+1^.

In fact, the Whitney construction uses smoothing of the barycentric coordinate functions as these are piecewise linear. The Whitney map associates to the elementary r-cochain whose value is 1 on the r-simplex σ and 0 on other simplices, the Whitney form W (σ).

Composed with Poincaré duality, the de Rham isomorphism gives isomorphisms

H^{n−k}_{dR} (M) ∼= H^{n−k}(M) ∼= H_k(M) (we put r = n − k).

3.2. The singular case: shadow forms. In the remainder of this section, X will be a n-pseudomanifold triangulated by a simplicial complex K linearly embedded in a euclidean space.

The idea of shadow forms is to extend the Whitney map to the singular case, providing an isomorphism between the (de Rham) cohomology of a suitable complex of differential forms defined on the regular part of X and the intersection homology of X (there is no longer a Poincaré isomorphism as X is singular).

Denote by Σ the singular part of X. The construction of shadow forms associates explicitly a differential (n − k)-form ω(ξ) on X − Σ to any k-simplex ξ of the barycentric subdivision K^′ of K, transverse to the (n − 1)-skeleton of K. There is a natural stratification of X corresponding to the filtration of K by skeleta of successive dimensions. The shadow forms satisfy:

i) if ξ is transverse to a stratum of K, then ω(ξ) is defined and regular on this stratum, ii) if ξ meets an α-codimensional stratum S with a failure of transversality p_α, then the shadow form ω(ξ) has a pole of maximum order p_α on the stratum S.

We will recall briefly the construction of [2] on the standard n-simplex and we will make precise the behaviour of shadow forms in the neighbourhood of singular strata.

Let Δ = Δ^n be the standard n-simplex. The shadow forms are defined for k-simplices ξ of the barycentric subdivision Δ^′ which do not lie in the boundary of Δ. Such a barycentric subdivision can be realized for each point p in the interior of Δ, requiring that p is the barycenter of Δ and that for each pair F^′ < F of faces of Δ, the barycenters of F, F^′ and of the face opposite to F^′ in F are collinear. The corresponding barycentric subdivision of Δ will be denoted by Δ^′(p). Every k-simplex ξ of the (abstract) barycentric subdivision Δ^′ admits a geometrical realisation ξ(p) in Δ^′(p). For c a singular (n−k)-chain with support in the interior of Δ, the shadow S_ξ(c) cast by c with respect to ξ is the set of all points p such that ξ(p) intersects c.

Theorem 3.1. [2] The current defined by c → volume S_ξ(c) is realizable by a differential form ω(ξ) (the shadow form), i.e. ω(ξ) satisfies ∫ c ω(ξ) = volume S_ξ(c).

We give an explicit formula for ω(ξ), allowing one to determine explicitly the order of its poles. The Whitney form associated to a face of Δ with vertices v^{i1} ,... ,v^{ir+1} is the differential form defined on Δ by W_Δ(x_{i1} ,... ,x_{ir+1} ) = r! r+1 ∑_{j=1}^{(−1) j+1x}i j^{dx}i1^{∧ ··· ∧ ^dx}i j^{∧ ··· ∧ dx}ir+1^.

We will denote it also by W_Δ(J), J being the set of indices {i_1,... ,i_{r+1}}.

For example, in Δ of any dimension, W_Δ(x_1,x_2) = x_1dx_2 − x_2dx_1.

Let ξ be a k-simplex of Δ^′, not lying in the boundary of Δ, the vertices of ξ are barycenters of incident faces of Δ:

F_1 < F_2 < ··· < F_{k+1} = Δ.

We denote the sets of indices of vertices as follows. J_1 is the set of indices of vertices in F_1 and, in general, J_ℓ is the set of indices of vertices in F_ℓ, which are not in F_{ℓ−1}. The set of indices J_1,... ,J_{k+1} defines a partition of {1,... ,n + 1}. We write ξ as ξ = ({x_i}_{i∈J1} )({x_i}_{i∈J2} )···({x_i}_{i∈Jk+1} )

(3.1) and we denote s_j = card(J_j) and λ_j = ∑_{i∈J j} x_i. Also, we define the (k + 1)-tuples s = (s_1,... ,s_{k+1}) and λ = (λ_1,... ,λ_{k+1}).

Define the function ϕ_s(u_1,... ,u_k) by ϕ_s(u_1,... ,u_k) = (u_1)^{s1−1} ···(u_k)^{sk−1}(1 − u_1 − ··· − u_k)^{sk+1−1} and the domains

R = {(u_1,... ,u_k) ∈ R^k : u_1 ≥ 0,... ,u_k ≥ 0, k ∑_{i=1}^ui^{≤ 1},}

R(λ) = {(u_1,... ,u_k) ∈ R : 0 ≤ u_1 λ_1 ≤ ··· u_k λ_k ≤ 1 − u_1 − ··· − u_{k−1} 1 − λ_1 − ··· − λ_{k−1} . The following function is defined in terms of Dirichlet type integrals (in fact a function of the λ_j’s):

Ψ(x_1,... ,x_{n+1}) = ∫ R(λ) ϕs(u1,... ,uk)duk ···du1 ∫ R ϕ_s(u_1,... ,u_k)du_k ···du_1 . We can now give the explicit expression of the shadow forms:

Theorem 3.2. [2] The shadow form ω(ξ) associated to the k-simplex (3.1) is given by

ω(ξ) = ε(s)

W_Δ(J_1) (λ_1)^{s1} ∧ ··· ∧ W_Δ(J_{k+1}) (λ_{k+1})^{sk+1}

Ψ(x_1,... ,x_{n+1})

where ε(s) = (−1)^{s2+2s3+···ksk+1} .

For example, in Δ^2:

ξ_1 = (x_1,x_2)(x_3) ω(ξ_1) = −W_Δ(x_1,x_2),

ξ_2 = (x_1)(x_2,x_3) ω(ξ_2) = W_Δ(x_2,x_3) x_1(2 − x_1) (1 − x_1)^2 , ξ_3 = (x_1)(x_2)(x_3) ω(ξ_3) = x_1x_2 1 − x_1 . Remark that the simplices ξ_1 and ξ_3 are transverse to all faces of Δ, and the shadow forms ω(ξ_1) and ω(ξ_3) are smooth. The simplex ξ_2 is not transverse to the vertex {v^1} and the shadow from ω(ξ_2) has a pole of order 1 in this point.

The explicit formula for a shadow form provides its behaviour in the neighbourhood of the singular strata, with respect to the position of ξ relative to these strata. The position of ξ relative to the faces of Δ is given by its profile. The profile p_ξ is a function graph defined as follows:

1) We mark successive points (•) on the real axis, 0, then s_{k+1}, s_{k+1} + s_k, ···, s_{k+1} + s_k + ··· + s_2, 2) The starting point of the graph is the origin of the real axis, 3) Each time we reach a marked point (•) of the real axis, the graph goes on the right for one unit, then grows along a parallel to the first diagonal until reaching the next marked point (•).

The profile gives the bound of the intersection dimension of the k-simplex ξ and faces of Δ. For a face F with codimension α, we have:

dim(ξ ∩ F) ≤ (k − α + p_ξ(α)).

(3.2)

We remark that, if ξ and F are transverse and intersect, the dimension of ξ ∩ F is k − α and there are faces which realize the equality.

As ξ is transverse to the (n − 1)-skeleton of Δ, the profile satisfies all conditions to be a perversity. In fact, the profile is the smallest perversity for which ξ is an allowable chain. On a face F of codimension α such that (3.2) is an equality, the shadow form ω(ξ) admits a pole of order p_ξ(α) and that is the maximum order possible for poles of ω(ξ).

Theorem 3.3. ([2] Corollary 9.3) Let X be a triangulated pseudovariety, let 1 ≤ q ≤ ∞ and write p̄_q for the largest perversity such that p̄(α) < α/q for all α. The shadow forms corresponding to simplices ξ such that p_ξ ≤ p̄_q generate a complex whose cohomology is the intersection homology IH^{p̄q}_∗ (X) .

Thus shadow forms provide a good intuition for what can substitute for the de Rham complex in regard to Hochschild homology.

4. CONTROLLED DIFFERENTIAL FORMS

We return to the situation of a singular pseudovariety endowed with a Thom-Mather stratification. Intersection differential forms will be ‘controlled’ differential forms with poles of maximum fixed order along every stratum of the singular part (the order depends only on the stratum). The complex generated by these forms is an intersection complex whose perversity is related to the order of poles. The construction (Brasselet-Legrand [4] [5]) is mainly inspired by the properties of shadow forms.

4.1. The case of the cone. Remarking that the cone c(∗) over a point is [0,1[, we define the algebra

A = {a ∈ C^∞(]0,1[) : ∀ k sup_{r∈]0,1[} |(r∂_r)^ka(r)| < +∞} and, for β ∈ R, the module of differential forms

B^∗_β = r^{−β} ( A ⊕ A dr r ) ⊂ Ω^∗(]0,1[).

Here, we have to be cautious: in order to show that controlled geometry is naturally associated to an algebra of differential functions, we need topological versions of the standard algebraic constructions of homological algebra. In particular, for the natural Fréchet topology, the set of C^∞ functions with compact support in ]0,1[ is not dense in A. This is true for the locally convex topology and that is the reason why we use locally convex spaces, injective and projective tensor products (see [17]). This is carefully done in [4] where the reader will find suitable justifications.

For each graded A-module D^∗ of locally convex spaces we define the complex ( B^∗_β ^⊗_A D^∗

)_k = r^{−β} ( D^k ⊕ dr r ∧ D^{k−1} )

with the adapted locally convex topology and injective tensor product.

Let L be a smooth (n − 1)-dimensional compact Riemannian manifold. We can now define an intersection complex of differential forms on the cone c(L) = L × [0,1]/L × {0} on L.

Definition 4.1. [5] The algebra of intersection functions on the cone cL on a smooth manifold L is the ‘algebraic cone’ of C^∞L: IC^∞(cL) = rA ^⊗C^∞L + A.

In the de Rham subalgebra of Ω^∗(]0,1[×L) generated by elements f ∈ IC^∞(cL) and dg where g ∈ IC^∞(cL), we consider the subalgebra ~Ω^∗(cL) of differential forms which do not contain terms with element dr. The associated de Rham complex of forms with poles of order β is defined by

IΩ^∗_β(cL) = B^∗_β ^⊗_A ~Ω^∗(cL).

Proposition 4.2. [5] (Poincaré lemma for IΩ^∗_β(cL)). Let β > 0, β /∈ N, then

H^k(IΩ^∗_β(cL)) = { H^k(Ω^∗L) if k ≤ [β] − 1 0 if k > [β] − 1.

There are (at least) two ways to prove such a result, the first one geometric, inspired by classical proofs of the Poincaré lemma (see [10]); the second algebraic, using spectral sequences (cf [5]). We give a sketch of the first. Decompose ω as ω = η + dr ∧ ϕ, and define, for r_0 > 0, a homotopy operator

K_{r0} (ω) = ∫ r r_0 ϕdr. It is easy to see that (K_{r0} d + dK_{r0} )(ω) = ω − ω(r_0)

If k ≤ β − 1, then K_{r0} (ω) ∈ IΩ^{k−1}_β (cL) and dK_{r0} (ω) ∈ IΩ^k_β(cL).

If k > β − 1, then, for r_0 going to 0, the integral K_0(ω) converges and K_{r0} d(ω) converges to K_0d(ω) in IΩ^∗_β(cL). As ω(r_0) converges to 0 (the coefficients are bounded by Cr^{k−β}_0 ), we obtain (K_0d + dK_0)(ω) = ω and the Proposition.

4.2. A model of stratified space. The elementary example of stratified variety satisfying the Thom- Mather conditions which is our model for the atlas charts of singular varieties is the ℓ-th iterated cone V = M_0 × c(M_1 × c(M_2 × ··· × c(M_ℓ)···)) on a family of smooth manifolds (M_i)_{0≤i≤ℓ}.

The regular stratum is V_{reg} = M_0×]0,1[×M_1×]0,1[×M_2 × ···×]0,1[×M_ℓ.

The singular strata are S^{ki} = M_0×]0,1[×M_1×]0,1[×M_2 × ···×]0,1[×M_i where 0 ≤ i < ℓ and the corresponding link is the iterated cone N_i = M_{i+1} × c(M_{i+2} × ··· × c(M_ℓ)···) = M_{i+1} × c(N_{i+1}) for 0 ≤ i < ℓ − 1 and N_{ℓ−1} = M_ℓ.

We now extend the definition of the algebra IC^∞(cL) of intersection functions on a cone cL (Definition 4.1) to an iterated cone V = M_0 × c(M_1) × ... × c(M_ℓ)....

Definition 4.3. [5] The intersection function algebra on the iterated cone V , denoted by IC^∞(V ), is the locally convex algebra of differentiable functions defined iteratively by IC^∞(N_{ℓ−1}) = C^∞(M_ℓ), and

IC^∞(N_{i−1}) = C^∞(M_i) ^⊗ c(IC^∞(N_i)).

To define the de Rham complex of differential forms with polar coefficients, we use the following definition of the cone over a positively graded A-module of locally convex spaces C^∗:

(cC)^k = r^{k+1}A ^⊗C^k + r^kA ^⊗dC^{k−1}.

Definition 4.4. [5] For any sequence γ̄ = (γ_1,γ_2,... ,γ_ℓ) of real numbers, the intersection de Rham differential module IΩ^∗_{γ̄} (V ) of forms on IC^∞(V ), with poles of order less than γ̄, is defined iteratively by: Ω^∗_{/0}(N_{ℓ−1}) = Ω^∗(M_ℓ) and

IΩ^∗_{(γi+1,...,γℓ)}(N_{i−1}) = Ω^∗(M_i) ^⊗ ( B^∗_{γi+1} ^⊗_{Ai+1} c[IΩ^∗_{(γi+2,...,γℓ)}(N_i)] ) . 4.3. The case of stratified spaces. In order to generalize the previous constructions to stratified varieties, we will use atlases whose charts are iterated cones. Let x be in a stratum S_{n−α1} of the stratified space X and ψ_x : U_x^{∼=}→ B^{n−α1} × cL_x a distinguished open neighbourhood of x. The link L_x is itself a singular variety covered by distinguished open sets of the same type. By iteration, we obtain a system of iterated cone charts of the type:

W_ᾱ = B^{n−α1} × c ( B^{α1−1−α2} × c ( B^{α2−1−α3} × ··· × c(L^{αℓ−1})··· )) where ᾱ = {n + 1 = α_0 > α_1 > α_2 > ··· > α_ℓ > α_{ℓ+1} = 0} denotes a decreasing sequence of integers, B^{αt −1−αt+1} is an open ball in R^{αt −1−αt+1} (possibly a point) and L^{αℓ−1} is a finite disjoint union of (α_ℓ − 1)-dimensional balls. Via the homeomorphism ψ_x, this chart corresponds to the following chain of elements of the filtration of X:

/0 = X_{n−α0} ⊂ X_{n−α1} ⊂ X_{n−α2} ⊂ ··· ⊂ X_{n−αℓ} ⊂ X = X_n = X_{n−αℓ+1} .

We will denote in the same way the iterated cone and its image in X. We obtain in this way a covering of U_x by charts which are iterated cones and correspond to different sequences ᾱ. Each chart W_ᾱ is identified with a model iterated cone V = M_0 × c(M_1 × ··· × c(M_ℓ)···).

Let us fix a sequence of real numbers β̄ = (β_2,β_3,... ,β_n), each β_α being associated with the stratum S_{n−α}. Given an iterated cone chart W_ᾱ, hence a sequence ᾱ as above, we associate the sequence β̄_ᾱ = (β_{α1} ,β_{α2} ,... ,β_{αℓ} ), i.e. such that (β̄_ᾱ)_i = β_{αi} .

Definition 4.5. Let X be a stratified singular variety endowed with an atlas (W_ᾱ) of iterated cones. We denote by I Ω^k_{β̄} the sheaf on X whose sections over every open set U of X are C^∞-differential forms ω on U ∩ X_{reg} such that, for each iterated cone W_ᾱ, ω ∈ IΩ^∗_{β̄ᾱ}(W_ᾱ ∩U).

The sheaf I Ω^k_{β̄} satisfies the following Poincaré lemma [4].

Proposition 4.6. Let cX be the cone on a stratified (n − 1)-variety X. Let β̄ be a sequence of positive numbers as previously defined. Assume that no β_α is an integer. Then, there is an isomorphism

H^k(I Ω^∗_{β̄ᾱ}(cX) = { H^k(I Ω^∗_{β̄ᾱ} (X) if k ≤ [β_n] − 1 0 if k > [β_n] − 1.

As a consequence, we obtain the following de Rham theorem (see [3] and [5]): Theorem 4.7. Let X be a stratified singular variety, endowed with an atlas of iterated cones. Let β̄ be a sequence of positive real numbers, satisfying the perversity condition: [β_α] ≤ [β_{α+1}] ≤ [β_α] + 1 , for all 2 ≤ α ≤ n and such that no β_α is an integer. Then,

1. I Ω^∗_{β̄} is a perverse sheaf for the perversity q̄ defined by q_α = [β_α] − 1, 2. there is an isomorphism H^k(I Ω^∗_{β̄}(X)) ∼= Hom(IH^{p̄}_k (X,R);R), where p̄ is the complementary perversity of q̄. 5. HOCHSCHILD AND CYCLIC HOMOLOGY.

In this section, we recall the definitions of Hochschild and cyclic homology: the basic references are [14] and [23]. Let Λ be a ring and A be an Λ-algebra with unit, so Λ ⊂ A. For any A-bimodule N, the Hochschild complex (C_∗(A,N),b) with coefficients in N is defined by C_k(A,N) = N ⊗_Λ A^{(⊗k}Λ^), with boundary map (5.3) b(n ⊗ a_1 ⊗ · · ⊗a_k) = na_1 ⊗ a_2 ⊗ · · ⊗a_k + k−1 ∑_{j=1}^{(−1) jn ⊗ a}1^{⊗ · · ⊗a} j^a j+1^{⊗ · · ⊗a}k

+ (−1)^ka_kn ⊗ a_1 ⊗ · · ⊗a_{k−1}.

Its homology, called Hochschild homology, is denoted by HH_∗(A,N).

When N = A, the Hochschild complex is denoted by C_∗(A) and Hochschild homology by HH_∗(A). In that case, C_∗(A) is a cyclic module, i.e. it admits a cyclic action τ(a_0 ⊗ ··· ⊗ a_k) = (−1)^ka_k ⊗ a_0 ⊗ a_1 ⊗ ··· ⊗ a_{k−1} .

We have τ^{k+1} = id, so, for each k, τ defines an action of Z/(k + 1)Z on C_k(A).

If Λ is a field of characteristic 0, the Connes cyclic homology of A, denoted by HC_∗(A), is the homology of the complex (C_∗(A)/(1 − τ),b) where b is induced by the Hochschild boundary. The relation between Hochschild and cyclic homology is given by the Connes exact sequence ··· → HH_k(A)^I→ HC_k(A)^S→ HC_{k−2}(A)^B→ HH_{k−1}(A) → ···

Using the so called periodicity operator S, we define the periodic cyclic homology (odd or even)

PHC_{o/e}(A) = lim_k [ HC_k(A)^S→ HC_{k−2}(A) ] . The importance of the above definitions is shown by the following result. Let M be a compact C^∞ manifold, A = C^∞(M) the Fréchet algebra of differentiable functions on M, and Ω^∗(M) the associated de Rham algebra. Replace everywhere ⊗ by the projective tensor product ^⊗ (Grothendieck [17]). Then the map π : C_k(C^∞(M)) → Ω^k(M) defined by π( f_0 ⊗ ··· ⊗ f_k) = f_0d f_1 ∧ ···∧ d f_k induces the following isomorphisms [13]:

HH_∗(C^∞(M)) ∼= Ω^∗(M); PHC_{o/e}(C^∞(M)) ∼= ⊕_{o/e}H^∗_{dR}(M).

(5.4)

From this result, Connes recovers the de Rham complex of the manifold X without using the commutativity of the algebra A, which is needed in the construction of the exterior algebra.

If Λ is a ring, as it will be the case in the singular framework, the definition of cyclic homology needs a more general setting, the notion of mixed complex that we briefly describe now (see [19]).

A mixed complex is a triple (E_∗,b,B), where E_∗ is a graded module and b, resp. B, is a differential on E_∗ of degree −1, resp. +1, such that bB + Bb = 0. It defines a bicomplex E_∗[u] with differentials b(xu^k) = (bx)u^k, B(xu^k) = (Bx)u^{k−1} where degree(u) = 2. We define the Hochschild homology of (E_∗,b,B) as HH_∗(E_∗) = H_∗(E_∗,b) and the cyclic homology as HC_∗(E_∗) = H_∗(E_∗[u],b + B). There is again a Connes exact sequence and we can define the periodic cyclic homology PHC(E_∗).

The Hochschild complex C_∗(A) admits a mixed complex structure where b is the Hochschild boundary and B is the operator defined by

(5.5) B(a_0 ⊗ ··· ⊗ a_k) = k−1 ∑_{j=0}^{(−1)k j1 ⊗ a} j^{⊗ ··· ⊗ a}k^{⊗ a}0^{⊗ ··· ⊗ a} j−1

− (−1)^{k( j−1)}a_{j−1} ⊗ 1 ⊗ a_j ⊗ ··· ⊗ a_k ⊗ a_0 ⊗ ··· ⊗ a_{j−2}.

Let us remark that, when Λ is a field of characteristic 0, we recover the previous definition of cyclic homology of A in the following way. Replacing the quotient C_k(A)/(1 − τ) by a (Z/(k + 1)Z)-free resolution of C_k(A), we obtain a bicomplex which is quasi-isomorphic to the bicomplex associated to the mixed complex structure of C_∗(A). Then the two definitions of cyclic homology agree.

6. THE SINGULAR CASE.

The aim of this section is to prove a version of Connes’ result (5.4). This is performed in the case of a cone on a smooth manifold. The general result requires more sophisticated techniques (see [5]).

In the case of the cone, we use a slight generalization of the previous definition, taking Λ = A, A = IC^∞(cL) and we define a mixed complex structure on the Hochschild complex C^A_∗ (IC^∞(cL),B^∗_β) of IC^∞(cL) with coefficients in the differential module B^∗_β (see [4]).

More precisely, consider the A-Hochschild complex of the Fréchet algebra IC^∞(cL),

C^A_k (IC^∞(cL)) = IC^∞(cL)^⊗_A ··· ^⊗_AIC^∞(cL) (k + 1)-terms

and denote by b_A its differential. We define the Hochschild intersection complex by

IC^β_k (cL) = C^A_k (IC^∞(cL),B^∗_β) = B^∗_β ^⊗_AC^A_{k−∗}(IC^∞(cL)).

The elements of degree k are sums of terms

r^{−β} f_0 ⊗ f_1 ⊗ ··· ⊗ f_k + r^{−β} dr r g_0 ⊗ g_1 ⊗ ··· ⊗ g_{k−1} such that f_i,g_j ∈ IC^∞(cL). The differential b is given by IC^β_k (cL) = r^{−β} C^A_k (IC^∞(cL)) ⊕ r^{−β}A dr r ^⊗_A C^A_{k−1}(IC^∞(cL)) ↑ b b^{k+1}_A ↑↓ B^k_A ↘ d_r b^k_A ↑↓ B^{k−1}_A IC^β_{k+1}(cL) = r^{−β} C^A_{k+1}(IC^∞(cL)) ⊕ r^{−β}A dr r ^⊗_A C^A_k (IC^∞(cL)) where the operators b_A and B_A are defined in (5.3) and (5.5), with cyclic action defined by τ(r^{−β}g_0 ⊗ ··· ⊗ g_k) = (−1)^kr^{−β}g_k ⊗ g_0 ⊗ ··· ⊗ g_{k−1} and d_r is the following derivation

d_r(r^{−β} f_0 ⊗ f_1 ⊗ ··· ⊗ f_k) =

(−1)^kr^{−β} dr r ∧ [ (−β) f_0 ⊗ ··· ⊗ f_k + k ∑_{i=0}^f0^{⊗ ··· ⊗ ∂}r^fi^{⊗ ··· ⊗ f}k ] .

So (b^∗_A ⊕ b^{∗−1}_A ) has degree −1 and (B^∗_A ⊕ B^{∗−1}_A + d_r) has degree +1. Lemma 6.1. The following triple is a mixed complex: (IC^β_∗ (cL), b = b^∗_A ⊕ b^{∗−1}_A , B = B^∗_A ⊕ B^{∗−1}_A + d_r) Denote by π : IC^β_∗ (cL) → IΩ^∗_β(cL) the morphism defined by

π(r^{−β} f_0 ⊗ f_1 ⊗ ··· ⊗ f_k + r^{−β} dr r g_0 ⊗ g_1 ⊗ ··· ⊗ g_{k−1})

= r^{−β} f_0d_L f_1 ∧ ··· ∧ d_L f_k + r^{−β} dr r ∧ g_0d_Lg_1 ∧ ··· ∧ d_Lg_{k−1} and consider the kernel (K_∗,b,B) of π equipped with the induced mixed complex structure.

Denote by C_∗ the Hochschild complex of C^∞(L) and by s : C_{k−1} → C_k the homotopy operator s( f_1,... , f_k) = (1, f_1,... , f_k).

Lemma 6.2. [4] The Hochschild homology of K_∗ satisfies the following exact sequence 0 → r^{k+1}A ^⊗ bC_{k+1}/bsC_k r^{k+2}A ^⊗ bC_{k+1}/bsC_k

→ HH_k(K_∗) → r^kA ^⊗ bC_{k+1} ∩ sC_{k−1} r^{k+1}A ^⊗ bC_{k+1} ∩ sC_{k−1} → 0 There is also a similar formula for PHC_{o/e}(K_∗) = lim_k [ HC_k(K_∗)^S→ HC_{k−2}(K_∗) ] . Theorem 6.3. [4] The Hochschild homology and the cyclic homology of the mixed complex (IC^β_∗ (cL),b,B) enter in the following exact sequences 0 → HH_k(K_∗) → HH_k(IC^β_∗ (cL))^π→ IΩ^k_β(cL) → 0 0 → PHC_{o/e}(K_∗) → PHC_{o/e}(IC^β_∗ (cL)) → ⨁ o/e IH^∗_{q̄} (cL) → 0

where the perversity q̄ satisfies q_n = [β].

The result can be generalized to the case of a stratified variety, using the results of [5]. This will appear in a forthcoming publication.

REFERENCES

[1] Baum, P., Fulton, W. and MacPherson, R. Riemann-Roch and topological K theory for singular varieties, Acta Math. 143 (1979), no. 3-4, 155–192.

[2] Brasselet J.P., Goresky M. and MacPherson R. Simplicial Differential Forms with Poles, Amer. Journal of Maths., 113 (1991), 1019-1052.

[3] Brasselet J.P. et Legrand A. Un complexe de formes différentielles à croissance bornée sur une variété stratifiée, Annali della Scuola Normale Superiore di Pisa Serie IV, Vol XXI, Fasc.2 (1994), p. 213 - 234 [4] Brasselet J.P. and Legrand A. Differential forms on singular varieties and cyclic homology, Singularities, Liverpool 1996, London Math. Soc. Lecture Note Ser. 263, Cambridge Univ. Press, Cambridge 1999.

[5] Brasselet J.P. and Legrand A. Algebras of differential functions on Singular Varieties, Preprint no 118, Université Paul Sabatier, Toulouse, Avril 1998.

[6] Brasselet J.P., Legrand A. and Teleman N. Hochschild homology of controlled algebras and piecewise linear functions, preprint Toulouse, 1997.

[7] Brüning J. The signature theorem for manifolds with metric horns. Saint Jean des Monts 1996. [8] Brüning J. and Seeley R. The resolvent expansion for second order regular singular operators. J. Funct. Anal. 73 (1987), 369-429.

[9] Brüning J. and Seeley R. The expansion of the resolvent near a singular stratum of conical type. J. Funct. Anal. 95 (1991), 255-290.

[10] Cheeger J. On the spectral geometry of spaces cone-like singularities, Proc. Nat. Acad. Sci. U.S.A. 76 (1979), 2103-2106.

[11] Cheeger J. On the Hodge theory of Riemannian pseudomanifolds, Proc. of Symp. in Pure Math. vol 36 (1980), 91-146. Amer.Math.Soc., Providence R.I.

[12] Cheeger J., Goresky M. and MacPherson R. L^2-cohomology and intersection cohomology for singular varieties, Seminar on Differential Geometry, S.T.Yau, ed. Ann. of Math. Studies, Princeton University Press, Princeton N.J., 102 (1982), 303-340.

[13] Connes A. Noncommutative differential geometry, Publ. Math. I.H.E.S., 62 (1986), 257 - 360. [14] Connes A. Noncommutative Geometry, Academic Press, 1994.

[15] Goresky M. and MacPherson R. Intersection homology theory, Topology 19 (1980), 135–162. [16] Goresky M. and MacPherson R. Intersection homology theory II, Inv. Math. 71 (1983), 77–129. [17] A. Grothendieck. Produits tensoriels topologiques et espaces nucléaires, Mem. Amer. Math. Soc. 16, 1955. [18] F. Hirzebruch. Topological Methods in Algebraic Geometry, Springer-Verlag, 1956. [19] Kassel C. Cyclic homology. Comodules and mixed complexes, J. of Algebra 107 (1987), 195–216. [20] Kwieciński M. Sur le transformé de Nash et la construction du graphe de MacPherson, Thèse, Marseille, Juin 1994. [21] Lesch M. Operators of Fuchs type, conical singularities, and asymptotic methods. Teubner Texte zur Mathematik, vol. 136, B.G. Teubner, Leipzig, 1997.

[22] Lesch M., Peyerimhoff N. On index formula for manifolds with metric horns. Comm. Partial Differential Equations, 23 (1998) no 3-4, 649-684.

[23] Loday J.L. Cyclic Homology, Grund. der math. Wiss. 301, Springer Verlag (1992) [24] Mather J. Notes on topological stability, Harvard University, 1970.

[25] Melrose R.B. The Atiyah-Patodi-Singer Index Theorem, Research Notes in Mathematics, vol. 4, A K Peters, Wellesley, Massachusetts, 1993.

[26] Monthubert B. Pseudodifferential calculus on manifolds with corners and groupoids, Proc. Amer. Math. Soc. 127 (1999), no 10, 2871-2881.

[27] Schrohe E. Noncommutative residues and manifolds with conical singularities. J. Funk. Anal. 150 (1997) no 1, 146-176.

[28] Schülze B.V. Pseudo-differential Operators on Manifolds with Singularities. North-Holland, Amsterdam, 1991. [29] Schülze B.V. Pseudo-differential Boundary Value Problems, Conical Singularities, and Asymptotics. Akademic- Verlag, Berlin, 1994.

[30] Schülze B.V. Sternin B. Yu, Shatalov V.E. On the index of differential operators on manifolds with conical singularities. Ann. Global Anal. Geom. 16 (1998) no 2, 141-172.

[31] Schwartz, M.-H. Classes et caractères de Chern-Mather des espaces linéaires. C. R. Acad. Sci. Paris Sér. I Math.

295 (1982), no. 5, 399–402.

[32] Teleman N. From index theorem to Non Commutative Geometry, Symétries quantiques. (Les Houches 1995), 787- 844, North Holland, Amsterdam, 1998.

[33] Yokura, S. An extension of Baum-Fulton-MacPherson’s Riemann-Roch theorem for singular varieties. Publ. Res.

Inst. Math. Sci. 29 (1993), no. 6, 997–1020.

[34] Whitney H. Geometric integration theory, Princeton University Press, Princeton, N.J., 1957.

IML, CNRS, LUMINY CASE 907, 13288 MARSEILLE CEDEX 9, FRANCE E-mail address: JPB@IML.UNIV-MRS.FR