K-THEORY OF BOUNDARY VALUE PROBLEM

Andrzej Weber^∗ Institute of Mathematics, Uniwersytet Warszawski ul. Banacha 2, 02–097 Warszawa, Poland e-mail: aweber@mimuw.edu.pl

May 3, 2001

1 Introduction

Let X be a closed manifold. Suppose it is decomposed into a sum of two manifolds X_+, X_− glued along the common boundary

∂X_+ = ∂X_− = M . Let D : C^∞(X, ξ) → C^∞(X, η) be an elliptic operator of the first order. We assume that it possesses the unique extension property: if Df = 0 and f_{|M} = 0 then f = 0. In what follows we will consider only elliptic operators of the first order such that D and D^∗ have the unique extension property. This assumption is made for simpicity of exposition. Later we will describe the general case. Set ξ_0 = ξ_{|M} . It is isomorphic to η_{|M} . The isomorphism is given by the symbol map applied at the unit vector normal to M.

One defines the spaces H_i(D) ⊂ L^2(M, ξ_0) for i ∈ {+, −}, which are the closures of the spaces of boundary values of solutions on the manifolds X_± with boundary ∂X_± = M. The spaces H_±(D) are defined to be the closures of : {f ∈ C^∞(M, ξ_0) : ∃f̃ ∈ C^∞(X_±, ξ_{|X±} ), f = f̃_{|M} , D(f̃) = 0 } in L^2(M, ξ_0). The pair of spaces H_±(D) is a Fredholm pair, [Bo1]. There are associated Calderón projectors P_+(D) and P_−(D). For Dirac type operators they are given by an explicit construction, see [BW] §12. In general, Calderón projectors may depend on the parametrix. One can work in L^2-space since Calderón projectors are continuous in the L^2-norm.

On the level of K-theory the operator D defines an element [D] ∈ K_0(X) via Kasparov’s construction. We have Mayer-Vietoris exact sequence

K_0(M) → K_0(X_+) ⊕ K_0(X_−) → K_0(X) ∋ [D] ↑δ ↓δ K_1(X) ← K_1(X_+) ⊕ K_1(X_−) ← K_1(M) ∋ δ[D].

Problem 1.1 Can one recover δ[D] ∈ K_1(M) from the pair H_±(D)?

The answer is positive (modulo torsion for the moment). To organize somehow the set of possible Cauchy data we introduce two algebraic objects. The first one is a K-theory constructed from good Fredholm pairs. The generators are the Fredholm pairs which (roughly speaking) remain to be Fredholm after conjugation with functions. They act naturally on K_1(M). On the other hand we have pairs of geometric origin. We call them admissible. They are the pairs of subspaces which are images of projectors which almost commute with an action of the algebra of functions. From such pairs we derive a K-theory as well. We do not know how close are these K-theories to each other. The application D → δ[D] factors through both of them.

This paper was written during my stay at The University of Ancona. I thank Prof. Teleman for his help, assistence and for frequent enlighting discussions. I also thank Prof. Bojarski for his valuable remarks.

2 K-homology and pairings

We sumarize the elements of Kasparov construction of K-homology, [Ka], which we will use later. We will need only a simplified version as presented e.g. in [Co2], pp 287-289.

2.1 Even Fredholm modules

We recall that K_0(X) is generated by so-called even Fredholm modules. These are the quadruples (H, F, ρ, ϵ) , where H is a super Hilbert space with grading given by ϵ, F is a Fredholm operator of odd degree, ρ is a representation of an algebra of functions B = C(X) (or, in general, an arbitrary C^∗-algebra). We assume that • F^2 ∼ 1, • [F, ρ(f)] ∼ 0, for f ∈ B. Here ”∼”denotes equality up to compact operators.

Let Φ : H_0 → H_1 be an elliptic pseudodifferential operator on a compact manifold. The Hilbert spaces H_1 and H_2 are approproate completions of C^∞(X, ξ) and C^∞(X, η). Let Ψ be a parametrix of Φ. Then the quadruple ( H_0 ⊕ H_1, [ 0 Ψ Φ 0 ] , ρ, ϵ )

is an even Fredholm module.

2.2 Odd Fredholm modules

The triples (H, F, ρ) , where H is without grading, are called odd Fredholm modules. We assume the same relations as above. Odd Fredholm modules are the cycles representing the elements of K_1(X).

2.3 Pairing K^0(X) with K_0(X)

The generators of K-theory K^0(X) are represented by complex vector bundles. By general reasons there is a perfect pairing

K^0(X) ⊗ K_0(X)^{⟨ · , · ⟩}−→ Z .

Suppose that there is given an element of K_0(X) represented by an elliptic pseudodifferential operator D and ζ is a bundle. Then ⟨[ζ], [D]⟩ = ind (D ⊗ ζ : C^∞(X, ξ ⊗ ζ) → C^∞(X, η ⊗ ζ)) .

2.4 Pairing K^1(X) with K_1(X)

We have

K^1(X) = [X, ΩBU] = [X, lim_{n→∞} U(n)] = π_0 ( lim_{n→∞} Gl_n(B) ) . Suppose A ∈ Gl_n(B) represents an element in K^1(X) and F = (H, F, ρ) is an odd Fredholm module. We can assume by [Co1], Appendix 2, p.88, that F^2 = 1 strictly. Then F is a symmetry. Let P =^{F +1}_2 be the projector on the fixed subspace. Then ⟨[A], [F]⟩ = ind(P^{⊕n} ∘ ~A : P (H)^n → P (H)^n) . Here ~A is the authomorphism of H^n induced by A and the representation ρ ~A(x_1, . . . , x_n) = (y_1, . . . , y_n) , where y_k = n∑ i=1 ρ(A_{ki})x_i . 2.5 Differential in Mayer-Vietoris sequence

Suppose X = X_+ ∪_M X_−. The differential in Mayer-Vietoris exact sequence for K-homology is hard to grasp. One of our goals is to describe δ : K_0(X) → K_1(M) .

On the other hand, the cohomological differential d : K^1(M) → K^0(X) is easy. Let A ∈ Gl_n(C(M)) = Map(M, Gl_n(C)) represents an element in K^1(M). Define a vector bundle Θ^X_A on X obtained from the trivial ones on X_± glued along M by the transition function given by the matrix A. Then d[A] = [Θ^X_A ] − [Θ^X_{In} ] , where I_n is n × n identity matrix.

3 Fredholm pairs

Let us first summarize some facts about Fredholm pairs. We will follow [Bo1]-[Bo3]. Suppose that H_+ and H_− are two closed subspaces of a Hilbert space, such that H_+ + H_− is also closed and

• H_+ ∩ H_− is of finite dimension, • H_+ + H_− is of finite codimension.

We assume that both spaces have infinite dimension. Then we define an index of the Fredholm pair Ind(H_±) = dim(H_+ ∩ H_−) − codim(H_+ + H_−) .

Example 3.1 Let D be an elliptic operator on X = X_+ ∪_M X_−. Then the pair of boundary value spaces defined in the introduction is a Fredholm pair. Moreover ker(D) ≃ H_+(D) ∩ H_−(D) and by [Bo1] (see [BW], §24 for Dirac type operators) Ind(H_±(D)) = ind(D) . Here Ind denotes the index of a pair, whereas ind stands for the index of an operator.

Suppose that H is decomposed into a direct sum H = X ⊕ Y . Let P and Q be the corresponding projectors. Let I ⊂ L(H) be the ideal of finite rank operators. Define Gl(P, I) ⊂ Gl(H) to be the set of invertible authomorphisms of H commuting with P up to the ideal I. We have the following theorem.

Theorem 3.2 ([Bo1]) Let H_± be a Fredholm pair with H_+ = X. Then there exists ϕ ∈ Gl(P, I), such that H_− = ϕ(Y ). Moreover the operator P + ϕQ is Fredholm and ind(P + ϕQ) = Ind(H_±) . The map ~ind : Gl(P, I) → Z ~ind(ϕ) = ind(P + ϕQ) is a group homomorphism.

The ideal I can be replaced by the ideal of compact operators. One can show by simple linear algebra argument that ind(P + ϕQ) = ind(Qϕ : Y → Y ) . 4 Good Fredholm pairs

Suppose there is given an algebra B and its representation in a Hilbert space H. For a Fredholm pair H_± in H and an invertible matrix A ∈ GL(n; B) we define new Fredholm pair A▷◁H_± in H^n = C^n ⊗ H. We set

(A▷◁H_±)_+ = ~A(H^n_+) (A▷◁H_±)_− = H^n_− .

Definition 4.1 Let B be a C^∗-algebra. A good Fredholm pair is a quadru- ple (H, H_+, H_−, ρ) , where H is a Hilbert space, ρ is a representation of B in H, such that for any invertible matrix A ∈ GL(n; B) the pair A▷◁H_± is a Fredholm pair. Usually we will drop ρ in the notation.

Denote by GF P (B) the set of good Fredholm pairs divided by the equivalence relation generated by homotopies and stabilization with respect to the direct sum. We also consider as trivial the pairs of the form (H_1 ⊕ 0, 0 ⊕ H_2), where H_1 and H_2 are two representations of B.

Lemma 4.2 The semigroup (GF P (B), ⊕) is a group.

Proof. Let H_± ∈ GF P (B). Then

(H_+, H_−) ⊕ (H^⊥_+ , H^⊥_− ) = (H_+ ⊕ H^⊥_+ , H_− ⊕ H^⊥_− ) ∼_{htp} (H ⊕ 0, 0 ⊕ H) . □ For a topological space M set GF P (M) = GF P (B), where B = C(M) is the algebra of continuous complex-valued bounded functions on M. It is a covariant functor from spaces to abelian groups with involution (interchanging spaces in the pairs).

Example 4.3 GF P (pt) ≃ Z with the trivial involution.

Exercise 4.4 Compute GF P (S^0).

Proposition 4.5 For an elliptic operator D the pair H_±(D) ⊂ L^2(M, ξ_0) is a good Fredholm pair.

Proof. Let A ∈ GL(n, C(M)) = Map(M, Gl_n(C)). We construct a vector bundle Θ^X_A , see 2.5. Then the pair A▷◁H_±(D) is isomorphic to the pair obtained from the twisted operator D ⊗ Θ^X_A : C^∞(X, ξ ⊗ Θ^X_A ) → C^∞(X, η ⊗ Θ^X_A ) , A▷◁H_±(D) ≃ H_±(D ⊗ Θ^X_A ) . Thus it it a Fredholm pair by [Bo1]. □ Theorem 4.6 There exists a map α : GF P (M) −→ K_1(M) ⊗ Q such, that for an elliptic operator D α(H_±(D)) = δ[D] . Proof. We are going to define the map α by duality. Since K_1(M) ⊗ Q ≃ Hom(K^1(M), Q) it is enough to construct an action of GF P (M) on K^1(M) = π_0 ( lim_{n→∞} Map(M, U(n)) ) . Suppose A : M → U(n) . Then for H_± ∈ GF P (M) set ⟨α(H_±), [A]⟩ := Ind(A▷◁H_±) − Ind(I_n▷◁H_±) = Ind(A▷◁H_±) − n Ind(H_±) . The value of this pairing does not change after homotopy nor stabilization.

Suppose the pair comes from an elliptic operator D. Then Ind(A▷◁H_±(D)) = ind(D ⊗ Θ^X_A ) . Thus ⟨H_±(D), [A]⟩ = Ind(A▷◁H_±(D)) − Ind(I_n▷◁H_±(D)) = ind(D ⊗ Θ^X_A ) − ind(D ⊗ Θ^X_{In} ) = ⟨[D], [Θ^X_A ] − [Θ^X_{In} ]⟩ = ⟨[D], d[A]⟩ = ⟨δ[D], [A]⟩ . □ Note that the element H_±(D) encodes more information than α(H_±(D)).

One can recover the index of the original operator.

Problem 4.7 Can one construct a map ω : K_0(X) → GF P (B) such, that for a elliptic operator ω([D]) = H_±(D)?

5 Admissible Fredholm pairs.

The following is motivated by the paper of Birman and Solomyak, [BS], who considered only the subspaces which are the images of pseudodifferential projectors.

Definition 5.1 We say that a pair of subspaces H_± is an admissible Fredholm pair if it is Fredholm and there exist projectors P_±, such that H_± = im P_± and P_± commute with the action of B up to compact operators. Moreover we assume, that P_+ + P_− ∼ 1 up to compact operators.

Proposition 5.2 Each admissible Fredholm pair is a good Fredholm pair.

Proof. Set K = P_+ + P_− − 1. If v ∈ H_+ ∩ H_−, then K(v) = v. Since K is a compact operator, dim(H_+ ∩ H_−) < ∞. To prove that H_+ + H_− is closed and of finite codimension, note that im(P_+ + P_−) ⊂ H_+ + H_−. Since P_+ + P_− is Fredholm its image is closed and of finite codimension. This way we have shown that H_± is a Fredholm pair. Now, if we conjugate P^{⊕n}_+ by ~A we obtain again an almost complementary pair of projectors. Thus A▷◁H_± is a Fredholm pair as well.□

As in the case of good Fredholm pairs we construct an associated Grothendieck group. We divide it by homotopies and we consider as trivial the pairs coming from direct sums. We denote the resulting group by AF P (M). The generators are Fredholm pairs with fixed projectors.

Let us recall the construction of the map δ in Mayer-Vietoris sequence. It is a composition of the natural maps:

K_0(X) −→ K_0(X, X_−)^≃←− K_0(X_+, M)^δ−→ K_1(M) .

Thus we have a commutative diagram: {Elliptic operators} −→ K_0(X) −→ K_0(X_+, M) ↓ ↓δ AF P (M) −→ GF P (M)^α−→ K_1(M) ⊗ Q . We see that the image of an operator D in the grouop K_1(M) depends only on the behaviour on X_+. In fact we have the following natural transformation:

β_+ : AF P (M) → K_1(M) (H, P_±) → (H, 2P_+ − 1) (we remind that the objects generating K_1(M) are odd Fredholm modules, see 2.2). This procedure is simply forgetting about P_−, and 2P_+ − 1 is s just the symmetry defined by P_+.

Theorem 5.3 The image of an elliptic operator in K_1(M) depends only on P_+(D). Precisely ⟨δ[D], [A]⟩ = ⟨β_+(P_±(D)), [A]⟩ for [A] ∈ K_1(M).

Proof. Let P = P_+(D) be the Calderón projector on X = H_+(D). Set Q = 1 − P and Y = Q(H). By 3.2 there exists ϕ ∈ Gl(P, K) such, that H_−(D) = ϕ(Y ). Then by [Bo1] ind(D ⊗ Θ_A) = Ind(A▷◁H_±(D)) = Ind( ~A(H_+(D)^n), H_−(D)^n)

= Ind( ~A(X^n), (ϕ(Y ))^n) = Ind((ϕ^{⊕n})^{−1} ∘ ~A(X^n), Y^n) = ~ind((ϕ^{⊕n})^{−1} ∘ ~A) = − ~ind(ϕ^{⊕n}) + ~ind( ~A) . Thus ⟨δ[D], [A]⟩ = ⟨[D], d[A]⟩ = ind(D ⊗ Θ^X_A ) − ind(D ⊗ Θ^X_{In} ) = ~ind( ~A) − ~ind( ~I_n) = ~ind( ~A) = ind(P^{⊕n} ∘ ~A : X^n → X^n) . This is nothing but the value of the pairing of [A] with the odd Fredholm module (L^2(M, ξ_0), 2P_+(D) − 1) = β_+(P_±(D)) , as described in 2.4.□

For Dirac type operators the proof of 5.3 can be done more geometricaly. One can perform a surgery as in [BW], §9. We replace X by the double of X_+. Then we use a localization principle [T], 12.1: ind(D ⊗ Θ^X_A ) − ind(D ⊗ Θ^X_{In} ) = ind(D ⊗ Θ^{2X+}_A ) − ind(D ⊗ Θ^{2X+}_{In} ) = ind(D ⊗ Θ^{2X+}_A ) ,

since the operator D ⊗ Θ^{2X+}_{In} is invertible. The last term is equal to ind(P^{⊕n} ∘ ~A : X^n → X^n) . Our construction is the same when the roles of P_+ and P_− are exchanged.

We obtain:

Corollary 5.4 There is an equality of indices

ind(P_+(D)^{⊕n} ∘ ~A : H_+ → H_+) = ind(P_−(D) ∘ ~A^{−1} : H_− → H_−)

It is worth to see what kind of information is lost when we forget about P_−(D). Consider the space of admissible Fredholm pairs in L^2(M, ξ_0). This is the set of pairs of the pseudodifferential projectors (P_+, P_−) with symbols (p_+, p_−) such that p_+ + p_− = 1. Forgetting about P_− is a fibration with the fiber being the Grassmannian Gr_{p−} , which is the set of pseudodifferential projectors with symbol p_− = 1 − p_+. In [BW], 15.9 there are computed homotopy groups:

π_{2i}(Gr_p) = Z , π_{2i+1}(Gr_p) = 0 , for i ≥ 0 .

It is clear that (counting at the connected components) the only information wich we loose while forgetting P_− is the index of the original Fredholm pair.

The following demands a rigorous proof, but we state it here. One can literally repeat the computation of homotopy groups of Gr_p in the abstract setting. There is a fiber bundle Gr_p → {Admissible F redholm P airs}^{β+}−→→ {Admissible P rojectors} . It has a cross section: P_+ → (P_+, 1 − P_−) .

Thus we obtain:

Corollary 5.5 There is an isomorphism AF P (M) ≃ K_1(M) ⊕ Z . It is reasonable to study the higher homotopy groups of the set of admissible Fredholm pairs. This task we will undertake in future.

6 Operators without the unique estension property

It may happen that D does not have the unique estension property. This is so for example when X is not connected. Then the Cauchy data H_±(D) does not say anything about the index of the operator on the components not intersecting M. There are also known elliptic operators without the unique estension property on connected manifolds. In this case the Bojarski formula for index is modified. Set a_± = dim{f ∈ C^∞(X_±, ξ_{|X±} ) : Df = 0} , b_± = dim{f ∈ C^∞(X_±, (η^∗)_{|X±} ) : D^∗f = 0} .

Then

dim(ker D) = dim(H_+(D) ∩ H_−(D)) + a_+ + a_− , dim(coker D) = dim(ker D^∗) = dim(H_+(D^∗) ∩ H_−(D^∗)) + b_+ + b_− = codim(H_+(D) + H_−(D)) + b_+ + b_− .

Thus ind(D) = Ind(H_±) + a_+ + a_− − b_+ − b_− .

The twisted operator D ⊗ Θ^X_A for A ∈ Gl_n(C(M)) has index

ind(D ⊗ Θ^X_A ) = Ind(A▷◁H_±(D)) + n(a_+ + a_− − b_+ − b_−) .

The conclusion of 4.6 remains true: Ind(A▷◁H_±(D)) − Ind(I_n▷◁H_±(D)) = ind(D ⊗ Θ^X_A ) − ind(D ⊗ Θ^X_{In} ) . References

[BS] Birman, M.Sh.; Solomyak, M.Z.: On subspaces admitting pseudodifferential projections. (Russian) Vestn. Leningr. Univ. 1982, No.1, Mat. Mekh. Astron. No.1, 18-25 (1982). (English) Vestn. Leningr. Univ., Math. 15, 17-27 (1983).

[Bo1] Bojarski, Bogdan: The abstracct linear conjugation problem and Fredholm pairs of subspaces. Volume in Memoriam I. N. Vekua: Differential and Integral Equations. Boundary Value Problems. Publications of I. N. Vekua Institute of Applied Mathematics, Tibilisi 1979, 45-60.

[Bo2] Bojarski, Bogdan: The geometry of the Riemann-Hilbert problem.

Booss-Bavnbek, Bernhelm (ed.) et al., Geometric aspects of partial differential equations. Proceedings of a minisymposium on spectral invariants, heat equation approach, Roskilde, Denmark, September 18-19, 1998. Providence, RI: American Mathematical Society. Contemp. Math. 242, 25-33 (1999)

[Bo3] Bojarski, Bogdan: The geometry of the Riemann-Hilbert problem II.

Preprint (2000).

[BW] Booss-Bavnbek, Bernhelm; Wojciechowski, Krzysztof P.: Elliptic boundary problems for Dirac operators. Mathematics: Theory & Applications. Boston, MA: Birkhaeuser. (1993).

[Co1] Connes, Alain: Non-commutative differential geometry. Publ. Math., Inst. Hautes Etud. Sci. 62, 257–360 (1985).

[Co2] Connes, Alain: Noncommutative geometry. Academic Press, Inc., San Diego, CA, 1994.

[Ka] Kasparov, G. G. Topological invariants of elliptic operators. I. Khomology. Math. USSR-Izv. 9 (1975), no. 4, 751–792 (1976).; translated from Izv. Akad. Nauk SSSR Ser. Mat. 39 (1975), no. 4, 796–838

[T] Teleman, Nicolae: The index of signature operators on Lipschitz manifolds. Publ. Math., Inst. Hautes Etud. Sci. 58, 251-290 (1983).