HAMBURGER BEITRÄGE ZUR MATHEMATIK

Heft 175

The smallest Dirac eigenvalue in a spin-conformal class and cmc-immersions

Bernd Ammann, Hamburg

The smallest Dirac eigenvalue in a spin-conformal class and cmc-immersions

Bernd Ammann^∗

April 2003

Abstract

Let us fix a conformal class [g_0] and a spin structure σ on a compact manifold M. For any g ∈ [g_0], let λ^+_1 (g) be the smallest positive eigenvalue of the Dirac operator D on (M, g, σ). In a previous paper we have shown that

λ(M, g, σ) := inf_{g∈[g0]} λ^+_1 (g)vol(M, g)^{1/n} > 0.

In the present article, we enlarge the conformal class by certain singular metrics. We will show that if λ(M, g, σ) < λ(S^n), then the infimum is attained on the enlarged conformal class. For proving this, we have to solve a system of semi-linear partial differential equations involving a nonlinearity with critical exponent: Dφ = λ|φ|^{2/(n−1)}φ. The solution of this problem has many analogies to the solution of the Yamabe problem. However, our reaoning is more involved than in the Yamabe problem as the spectrum of the Dirac operator is not bounded from below. The solution may have a nonempty zero set because a maximum principle is not available.

Using the Weierstraß representation, the solution of this equation in dimension 2 provides a tool for the construction of new constant mean curvature surfaces.

Keywords: Dirac operator, eigenvalues, conformal geometry, critical Sobolev exponents

Mathematics Classification: 58J50, 53C27 (Primary) 58C40, 35P15, 35P30, 35B33 (Secondary)

∗Partially supported by The European Contract Human Potential Programme, Research Training Networks HPRN-CT-2000-00101 and HPRN-CT-1999-00118

1 Introduction

Let M be a compact manifold, on which we fix a conformal class [g_0] and a spin structure σ. For each metric g ∈ [g_0] let λ^+_1 (g) be the smallest positive eigenvalue of the (classical) Dirac operator D on (M, g, σ). Note that the dimension of the kernel of the Dirac operator is a conformal invariant.

The main subject of this article is the following infimum:

λ(M, g, σ) := inf_{g∈[g0]} λ^+_1 (g)vol(M, g)^{1/n}. (1.1)

If the dimension is ≥ 3 or if D is invertible, one knows [Amm03] that λ(M, g, σ) ≤ λ(S^n), (1.2) where S^n carries the round metric. The main result (Theorem 2.2) of our article states that if strict inequality holds in (1.2), then the nonlinear partial differential equation Dφ = λ|φ|^{2/(n−1)}φ (1.3) has a solution. The nonlinearity is critical in the sense that the exponents of the Sobolev embeddings involved are critical. The solution of this equation has two major applications. The first application tells us that the infimum in (1.1) is actually attained if we slightly enlarge the conformal class. The second application is that if dim M = 2, then we obtain an existence result for surfaces with constant mean curvature.

We want to emphasize that several equations with similar critical nonlinearities have been the subject of intensive research. We will give two examples:

The first one is the Yamabe problem [LP87]. Yamabe, Trudinger and Aubin have shown that if the Yamabe invariant λ_Y = λ_Y (M, [g]) is smaller than the Yamabe invariant of the round sphere, then the Yamabe equation ( 4 n − 1 n − 2 Δ + scal ) u = λ_Y u^{p−1} admits a positive smooth solution u. By deep results, explained e.g. in [LP87], it has been shown that any manifold M which is not conformal to the round sphere actually satisfies λ_Y (M, [g]) < λ_Y (S^n). As a consequence, there is a metric with constant scalar curvature on M, conformal to g.

The second one is the Yamabe problem on CR-manifolds, studied by Jerison and Lee [JL89]. For any compact, orientable, strictly pseudoconvex (2n+1)-dimensional CR-manifold M, they construct an invariant λ^{CR}(M) satisfying

λ^{CR}(M) ≤ λ^{CR}(S^{2n+1}). (1.4)

Jerison and Lee prove that if strict inequality holds in (1.4), then M admits a pseudohermitian structure with constant (Webster or Fefferman) scalar curvature.

2 Statement of results and Overview

Let us summarize what is known about the invariant λ from above.

If D is invertible, then J. Lott has proven [Lot86] that λ is greater than zero. In [Amm03], we have shown that this even holds if D is not invertible. By a blow-up argument [Amm03] one sees that if dim M ≥ 3 or if D is invertible, then λ(M, g, σ) ≤ λ(S^n). In the remaining case, i.e. if dim M = 2 and D is not invertible, it is still unclear whether λ(M, g, σ) ≤ λ(S^2) or not. Hijazi [Hij86] proved for dim M ≥ 3 that λ^2(M, g, σ) ≥^n_{4(n−1)} λ_Y (M, g). Christian Bär [Bär92] showed a 2-dimensional analogue, which is only non-trivial if M has genus zero, i.e. M ∼= S^2. Indeed he proved λ^2(S^2, g_{can}) := inf_{g∈[gcan]} ( λ^+_1 (S^2, g)

)_2 area(S^2, g) = 4π

and the infimum is attained exactly for the metrics of constant Gauss curvature.

In order to formulate our main result, we have to introduce certain types of singularities.

Definition. Let M(g_0) be the set of metrics in [g_0] with unit volume. We define the set of generalized conformal metrics M(g_0) by

M(g_0) := {g = f^{2/(n−1)}·g_0 | f ≥ 0, f ∈ C^{1,α}(M) ∩ C^∞(M ∖ f^{−1}(0)) ∀α ∈ (0, 1), supp f = M, vol(M, g) := ∫ f^{n/(n−1)} = 1}.

We say that g is regular, if f^{−1}(0) = ∅. Otherwise g is singular and S_g := f^{−1}(0) is called the singular set.

Note that singular metrics are not complete.

For any generalized conformal metric g, we define the smallest positive Dirac eigenvalue on (M, g, σ) as

λ^+_1 (g) := inf { (ψ, ψ)_g (ψ, D^{−1}_g ψ)_g | | ψ ∈ imC∞ Dg, ‖ψ‖L∞ < ∞, (ψ, D^{−1}_g ψ)g > 0 } . (2.1) Here im_C∞ D_g is the image of the Dirac operator on (M ∖ S_g, g) acting on smooth spinors. The scalar product (., .)_g is the L^2-scalar product on spinors on M ∖ S_g.

Obviously, this definition coincides with the smallest positive Dirac eigenvalue in the ordinary sense if g is regular. In Lemma 8.1 we show that inf g∈M(g_0) λ^+_1 (g) = inf_{g∈M(g0)} λ^+_1 (g).

THEOREM 2.2. Let M be a compact manifold of dimension ≥ 2 with a fixed conformal class [g_0] and a spin structure σ. Assume that λ = λ(M, g, σ) := inf{λ^+_1 (g) | g ∈ M(g_0)} satisfies λ(M, g, σ) < λ(S^n) = n 2 ω^{−1/n}_n . (2.3)

Then

(A) there is a spinor field φ ∈ C^{1,α}(ΣM) ∩ C^∞(Σ(M ∖ φ^{−1}(0))) on (M, g_0) such that D_{g0} φ = λ |φ|^{2/(n−1)}φ, ‖φ‖_{2n/(n−1)} = 1, (2.4) (B) there is a generalized conformal metric g ∈ M(g_0) such that λ^+_1 (g) = λ.

It is not difficult to see that statement (B) follows directly from statement (A). If we have a solution as in (A), then we set g_1 := f^{2/(n−1)}g_0 with f = ⟨φ, φ⟩. Note that vol(M, g_1) = ∫ |φ|^{2n/(n−1)} = 1, hence g_1 ∈ M(g_0).

The transformation formula for the Dirac operator under conformal changes (Proposition 4.1) implies that there is a spinor φ_1 on (M, g_1, σ) such that D_{g1} φ_1 = λφ_1, |φ_1|_{g1} ≡ 1 on M ∖ S_{g1} . Then obviously, λ^+_1 (g_1) = λ.

Proof of (A). For any q ≥ q_D := 2n/(n + 1) we define

μ_q := sup (ψ, D^{−1}ψ) ‖ψ‖^2_Lq where the infimum ranges over all smooth non-zero spinors on (M, g_0, σ) in the image of D. For q > q_D, the problem is “subcritical” and we will see in Proposition 6.4 that there is a weak solution ψ_q of D^{−1}ψ_q = μ_q|ψ_q|^{q−2}ψ_q, ψ_q ∈ L^q(D), ‖ψ_q‖_Lq = 1. (2.5) Our Regularity Theorem (Theorem 6.3) will imply that the solution is C^{0,α}. By a straightforward calculation we see that the following duality principle holds.

LEMMA 2.6 (Duality principle).

Let p, q > 1, λ, μ ∈ R^+ with p^{−1} + q^{−1} = 1 and λμ = 1.

(i) If ψ satisfies (2.5), then φ := λ D^{−1}ψ satisfies Dφ = λ |φ|^{p−2}φ, φ ∈ L^p(D), ‖φ‖_Lp = 1 (2.7) (ii) If φ satisfies (2.7), then ψ := μ Dφ satisfies (2.5).

We will study the behavior of the solutions φ_q := D^{−1}ψ_q for q → q_D. Theorem 6.5 shows that the solutions φ_q are uniformly bounded in L^∞. Applying the Regularity Theorem (Theorem 6.3) once again, we see that ψ_q is even uniformly bounded in C^{0,α}, hence φ_q is uniformly bounded in C^{1,α}. After taking a subsequence q_i → q_D, the spinor fields φ_{qi} converge to a C^{1,α}-solution of (2.4). □

The structure of the article is as follows. In Section 3 we recall several facts from the standard elliptic theory that will be needed later on. In Section 4 we recall the formula for the change of the Dirac operator under conformal change of the metric. Section 5 introduces a functional F_q whose critical points are solutions to (2.5). It remains to find conditions under which the supremum F_q is attained. Section 6 proves the regularity theorem. We obtain C^{1,α}-solutions to the subcritical problem and we see that (2.3) implies the existence of a solution to the critical problem. Section 7 deals with the singularities that may appear. The last section sketches how to apply our results to the construction of constant mean curvature surfaces.

As a result we obtain

Principle for construction of cmc-surfaces. For any Riemann spin surface (M, g, σ) with λ^2 < 4π, there is a (branched) periodic conformal immersion of (~M, g, σ) into R^3 with constant mean curvature.

Remark. The largest negative eigenvalue. Denote the largest negative eigenvalue of the Dirac operator by −λ^−_1 (g), i.e. −λ^−_1 (g) is the negative eigenvalue closest to 0. All statements of the present article hold analogously if we replace the smallest positive eigenvalue λ^+_1 (g) by λ^−_1 (g). We omit the proofs as they are the same up to some sign changes.

Acknowledgements. I am very much indebted to Christian Bär for various support while I worked at this article. I also want to thank Sergiu Moroianu, Reiner Schätzle and Victor Nistor for several stimulating discussions, and thanks to B. Booss- Bavnbek for pointing us to [BBMW].

3 Elliptic regularity

In this section we want to collect some facts about elliptic regularity for Dirac operators. The proofs of these statements are analogous to proofs of the corresponding statements for the Laplace operators as done e.g. in [GT77] and [Ada75]. Details will be given in [Amm].

Let (M, g) be a manifold with a spin structure σ.

Definition (Sobolev spaces). Let us introduce the function spaces we need. For any smooth spinor ψ, and q ∈ (1, ∞), k ∈ N, we define the H^q_k -norm of ψ as ‖ψ‖_H^q_k = ‖ ∇ . . . ∇ k−times ψ‖_Lq .

Obviously, the H^k_q -norms for different connections are equivalent.

If M is compact, an alternative way to introduce Sobolev norms on spinors is by setting ‖ψ‖_{~H}q_k = ‖ ‖ ‖ |D|^kψ ‖ ‖ ‖_{Lq} + ‖πψ‖1, where π is the L^2-orthogonal projection to the kernel of D, where ‖ · ‖_1 is an arbitrary norm on the kernel, and where |D^k| should be understood in the spectral sense, i.e. if φ is an eigenspinor of D to the eigenvalue λ, then |D|^kφ = |λ|^k. Such powers of differential operators are well-understood because M is compact (see [See67, Tay81]). One consequence of the properties of such operators is that the norms H̃^q_k are equivalent to the H^q_k -norms. The definition of the ~H^q_k -norms has the advantage that it extends to arbitrary k ∈ R.

We define the Sobolev space H^q_k (ΣM) = H^q_k as the completion of the smooth spinors with respect to this norm.

Definition (Hölder spaces). For α ∈ (0, 1], the Hölder-spaces C^{0,α}(ΣM) and C^{1,α}(ΣM) are defined to be the completions of C^∞(ΣM) with respect to the Hölder norms

‖φ‖_C0,α := höl_α(φ) ‖φ‖_C1,α := ‖φ‖_{sup} + höl_α(∇φ)

höl_α(Q) := sup {|Q(x) − P_γ Q(y)| d(x, y)^α | x, y ∈ M, x ≠ y, P_γ is the parallel transport along a shortest geodesic γ from x to y. }

From elliptic theory, we know the following statements [Amm].

THEOREM 3.1 (Sobolev embedding theorem). Let k, s ∈ R, k ≥ s and q, r ∈ (1, ∞). (a) If 1 r − s n ≥ 1 q − k n , (3.2)

then H^q_k (ΣM) is continuously embedded into H^r_s (ΣM).

(b) (Rellich-Kondrakov theorem). If strict inequality holds in (3.2), then the inclusion H^q_k (ΣM) → H^r_s (ΣM) is a compact operator.

(c) Suppose 0 < α < 1, m ∈ {0, 1} and 1 q ≤ k − m − α n . Then H^q_k (ΣM) is continuously embedded into C^{m,α}(ΣM).

THEOREM 3.3 (Interior L^p estimates). Let Ω be open in R^n , equipped with a Riemannian metric and the spin structure σ induced from R^n , and K ⊂ Ω compact. We assume g(v, v) ≥ ζg_{eucl}(v, v) for all v ∈ T Ω and g ∈ C^{k+1} with ‖g‖_Ck+1 ≤ Z. Let D be the Dirac operator on (Ω, g, σ). Let ψ be in H^q_k (ΣΩ) and let φ be a weak solution of Dφ = ψ on Ω. Then φ ∈ H^q_{k+1}(ΣK) and ‖φ‖_H^q_{k+1(ΣK)} ≤ C · ( ‖ψ‖_H^q_{k (ΣΩ)} + ‖φ‖_Lq_{(ΣΩ)} ) , where C = C(ζ, Z, Ω, K). THEOREM 3.4 (Interior Schauder estimates). Let Ω be open in R^n , equipped with a Riemannian metric and the spin structure induced from R^n , and K ⊂ Ω compact. Let ψ be a C^{0,α}-spinor on Ω. We assume g(v, v) ≥ ζg_{eucl}(v, v) for all v ∈ T Ω and ‖g‖_Ck+1,α_{(Ω)} ≤ Z. Then for any C^1-solution φ of Dφ = ψ we have φ ∈ C^{k+1,α}(K) and ‖φ‖_Ck+1,α_{(K)} ≤ C · (‖ψ‖_Ck,α_{(Ω)} + ‖φ‖_C0_{(Ω)}) where C only depends on n, α, diam(Ω), dist(K, ∂Ω), ζ and Z.

By gluing together the local versions via charts, we obtain global L^p and Schauder estimates.

THEOREM 3.5 (Global L^p estimates). Let (M, g, σ) be a compact Riemannian spin manifold and ψ ∈ H^q_k (ΣM). Then any weak solution of Dφ = ψ satisfies φ ∈ H^q_{k+1}(ΣM), and there is a constant C = C(M, g, σ) such that ‖φ‖_H^q_{k+1} ≤ C ( ‖ψ‖_H^q_k + ‖φ‖_Lq ) . THEOREM 3.6 (Global Schauder estimates). Let (M, g, σ) be a compact Riemannian spin manifold and ψ ∈ C^{k,α}(ΣM). Then any solution of Dφ = ψ, satisfies φ ∈ C^{k+1,α}(ΣM), and there is a constant C = C(M, g, σ) such that ‖φ‖_Ck+1,α ≤ C (‖ψ‖_Ck,α + ‖φ‖_C0 ) . 4 Conformal changes and the Dirac operator

In this section we recall the formula for the Dirac operator under conformal changes of the metric.

PROPOSITION 4.1 ([Hit74, Hij86]). Let g = e^{2u}g_0. There is an isomorphism of vector bundles F : Σ(M, g_0, σ) → Σ(M, g, σ) which is a fiberwise isometry such that

D_g(F (φ)) = F ( e^{− n+12 u}D_{g0} e^{n−12 u}φ ) . For understanding the idea behind several proofs in this paper, it might be helpful to the reader to identify a spinor field ψ ∈ Γ(Σ(M, g_0, σ)) with F (e^{− n+1}2^uψ) ∈ Γ(Σ(M, g, σ)). Then the above transformation formula reads as

D_g(e^uψ) = D_{g0} (ψ).

With this identification, the expression (ψ, D^{−1}ψ) is conformally independent. Furthermore, ‖ψ‖_Lq is conformally independent if and only if q equals to the critical exponent q_D := 2n/(n + 1).

All spinor fields for which this identification is helpful will be denoted by ψ, all other spinor fields by φ.

5 The functional

For any q ∈ [q_D, ∞) we define the functional F_q : (im_C∞ D_{g0} ) ∖ {0} → R, ψ → (ψ, D^{−1}ψ) ‖ψ‖^2_Lq . Here we choose the preimage D^{−1}ψ of ψ orthogonal to the kernel of ker D. Wet set μ_q =: μ_q(M, g_0, σ) := sup ψ∈(im_C∞ D_{g0} )∖{0} F_q(ψ). Because D_{g0} has positive eigenvalues, we see that μ_q ∈ (0, ∞]. LEMMA 5.1. Let q ∈ [q_D, ∞). Then

(1) μ_q < ∞, (2) F_q extends to a differentiable functional on L^q(im_C∞ D_{g0} ) ∖ {0} and the derivation is given by dF_q(ψ)(φ) = 2 ‖ψ‖^2_Lq ∫ ⟨D^{−1}ψ − ρ_{q,ψ}|ψ|^{q−2}ψ, φ⟩, (5.2) where ρ_{q,ψ} = F_q(ψ)‖ψ‖^{2−q}_Lq . Proof. The Embedding Theorem 3.1 implies that for any q there is a constant C_q such that ‖ψ‖_H2_{−1/2} ≤ C_q ‖ ψ ‖_Lq ∀ψ ∈ im_C∞ D_{g0} . Hence (ψ, |D|^{−1}ψ) ‖ψ‖^2_Lq ≤ C^′ and hence (1). Similarly one proves that F_q extends to L^q(im_C∞ D_{g0} ) ∖ {0}. Now take p with p^{−1} +q^{−1} = 1. If ψ is in L^q, q ≥^{2n}_{n+1} , then D^{−1}ψ is in H^q_1 and hence in L^p. Also |ψ|^{q−2}ψ ∈ L^p. Hence the right hand side of (5.2) defines a continuous functional on L^q which we denote by φ → RHS_ψ(φ). Similarly one sees that F_q(ψ + φ) − F_q(ψ) − RHS_ψ(φ) ≤ o(‖φ‖_Lq ), hence F_q is Fréchet differential with derivative RHS_ψ. □

PROPOSITION 5.3 (Properties of μ_q). The function [q_D, ∞) → (0, ∞), q → μ_q is (1) nonincreasing in q, (2) is continuous from the right, (3) μ_2 = (λ^+_1 (g_0))^{−1}.

(4) μ_{qD} is conformally invariant, i. e. for g_1 ∈ [g_0] μ_{qD} (M, g_0, σ) = μ_{qD} (M, g_1, σ). (5) μ_{qD} (M, g, σ) ≥ μ_{qD} (S^n, g_{can}) if D is invertible or if n ≥ 3.

Here g_{can} is the metric on S^n of constant sectional curvature and volume 1. Proof.

(1) This is evident as q → ‖ψ‖_Lq is nondecreasing, (2) For a given q ≥ q_D, we take a smooth spinor field ψ such that F_q(ψ) ≥ μ_q − ε. Observe that for q^′ ≥ q F_q′ (ψ) = ‖ψ‖_Lq ‖ψ‖_Lq′ F_q(ψ). The function q^′ → ‖ψ‖_Lq′ is continuous, hence if q^′ is sufficiently close to q, then μ_q′ ≥ F_q′ (ψ) ≥ F_q(ψ) − ε ≥ μ_q − 2ε. Because q → μ_q is nonincreasing, the statement follows. (3) follows directly, by decomposing L^2(im_C∞ D_{g0} ) into eigenspaces for D. (4) This follows from section 4.

(5) This has been proven in [Amm03]. The idea of the proof is as follows. In a small neighborhood B_ε(p) of a given point p, we conformally blow up a sphere on which we construct a suitable test spinor. The corresponding Rayleigh quotient for D^2 is close to the smallest eigenvalue of D^2 on the sphere. Hence, the statement follows for the case that D is invertible. If D is not invertible, we have to ensure that the test spinor is almost orthogonal to the kernel of D. If n ≥ 3, this can be done by choosing B_ε(p) sufficiently small. □

In Proposition 6.4 we will see that the supremum defining μ_q is attained for q > q_D by a C^{0,α}-function which in turn implies that the function [q_D, ∞) → (0, ∞], q → μ_q is also continuous from the left.

q μ_q

q_D 2

(λ^+_1 )^{−1} μ_{qD}

Figure 1: μ_q as a function of q

COROLLARY 5.4. The smallest positive eigenvalue of the Dirac operator is bounded from below by μ^{−1}_{qD} : λ^+_1 ≥ μ^{−1}_{qD} .

6 Solution of the equation

If the supremum of F_q is actually attained by a function ψ_q with ‖ψ_q‖_Lq = 1, then because of (5.2) ψ_q is a solution of D^{−1}ψ = ‖ψ‖^{2−q}_Lq μ_q |ψ|^{q−2}ψ. (6.1) Obviously, F_q(rψ) = F_q(ψ) for all r ∈ R^+ . As a consequence, any solution can be rescaled to one with ‖ψ‖_Lq = 1. Hence, we study D^{−1}ψ = μ_q|ψ|^{q−2}ψ, ‖ψ‖_Lq = 1, ψ ∈ L^q(D). (6.2) THEOREM 6.3 (Regularity theorem). Suppose that ψ ∈ L^q, q ≥ q_D is a solution of equations (2.5). Suppose that there is an r > q_D such that ‖ψ‖_Lr < ∞. We choose k, K > 0 such that ‖ψ‖_Lr < k and μ_q ≥ K. Then for any α ∈ (0, 1) there is a constant C depending only on (M, g, σ), q, r, K, k and α with ‖ψ‖_C0,α ≤ C and ‖D^{−1}ψ‖_C1,α ≤ C Proof. Without loss of generality we can assume r < n. We apply the Global L^p-estimates 3.5 to ψ ∈ L^r, and then the Sobolev embedding 3.1 and obtain D^{−1}(ψ) ∈ H^r_1 → L^s with 1 − (n/r) = −n/s, or equivalently s = rn/(n − r). Hence, by equation 2.5, we know ψ ∈ L^{s(q−1)} → L^{s(qD −1)}. We set

r^′ := s(q_D − 1) = n − 1 n + 1 rn (n − r) . The inequality r > q_D implies r^′ > r. By iterating this bootstrap argument we obtain higher and higher regularity for ψ. The function r → n − 1 n + 1 rn (n − r) tends to ∞ if r converges to n from below. This shows that ψ ∈ L^r for all r ∈ (0, ∞). Thus ψ ∈ H^r_1 for all r ∈ (0, ∞) and by the Sobolev embedding theorem 3.1 (c) one obtains ψ ∈ C^{0,α} for any α > 0. And finally by the Schauder estimates 3.6 D^{−1}ψ ∈ C^{1,α}. The uniform upper bound C of the norms is now clear from the construction. □

Remark. Outside the zero locus ψ^{−1}(0) we can continue the bootstrap argument and apply inductively the interior Schauder estimates Theorem 3.4. We conclude that ψ is smooth on M ∖ ψ^{−1}(0). Similarly, if p := (q − 1)^{−1} + 1 is an even integer, then φ → |φ|^{p−2}φ is also smooth in 0, and hence ψ is smooth on M. PROPOSITION 6.4. For any q > q_D the supremum μ_q is attained by a spinor field ψ_q ∈ C^{0,α} which is a solution of (2.5).

Proof. Let ψ_i be a maximizing sequence for F_q, i. e. F_q(ψ_i) → μ_q. We may assume ‖ψ_i‖_Lq = 1. After taking a subsequence there is a ψ_∞ ∈ L^q such that ψ_i converges weakly to ψ_∞ in L^q. Because the embedding L^q → H^2_{−1/2} is compact, we can again choose a subsequence, and we obtain, in addition to the weak convergence in L^q, strong convergence to ψ_∞ in H^2_{−1/2}. Hence,

μ_q ≤ lim sup F_q(ψ_i) ≤ lim sup ‖ψ_i‖^2_{H2−1/2} ‖ψ_i‖^2_Lq ≤ F_q(ψ_∞) ≤ μ_q. As a consequence, we have equality in all inequalities, in particular ‖ψ_∞‖_Lq = 1. By the variational formula ψ_∞ is a solution of D^{−1}ψ_∞ = μ_q|ψ_∞|^{q−2}ψ_∞. Now the regularity theorem tells us that ψ_∞ is actually C^{0,α}. □

THEOREM 6.5. Let ψ be a solution of (2.5) with q ∈ (q_D, 2] and μ_q ≥ μ^{Sn}_{qD} + ε, ε > 0. Then there is a constant C = C(M, g, σ, ε) such that ‖ψ‖_C0 < C. Proof. Assume that such a constant does not exist. Then we find a sequence of solutions ψ_k to (2.5) with q = q_k, μ_q = μ_k ≥ μ^{Sn}_{qD} + ε and ‖ψ_k‖_C0 → ∞. (6.6)

Let us assume for a moment that q_∞ := lim sup q_k > q_D. In this case, we can choose a subsequence with q_k → q_∞. Then the regularity theorem (Theorem 6.3) applied to a real number r ∈ (q_D, q_∞), says that ‖ψ_k‖_C0 is bounded, in contradiction to (6.6). Hence, lim q_k = q_D. We now study φ_k := 1 μ_k D^{−1}ψ_k, which are solutions of the dual equation (2.7). There is a sequence of points s_k ∈ M with m_k := |φ_k(s_k)| = max{φ_k(x) | x ∈ M} → ∞. Since M is compact, we can assume, after passing to a further subsequence, that s_k converges to p ∈ M.

Now, we define rescaled geodesic normal coordinates (σ_k)^{−1} via the formula

σ_k(x) = exp_p ( δ_kx + exp^{−1}_p (z_k) ) , where δ_k = m^{2−pk}_k → 0.

Then a straightforward calculation shows that ~φ_k(x) := m^{−1}_k φ_k ∘ σ_k(x) is a solution of D_k ~φ_k = 1 μ_k | ~φ_k|^{pk−2} ~φ_k, where D_k is the Dirac operator associated to the metric g_k := δ^{−2}_k σ^∗_k(g). Writing the metric g on M in geodesic normal coordinates centered in p one immediately sees that on any closed ball the sequence g_k converges to the euclidean metric in the C^∞-topology.

Note that with respect to g_k ‖ ~φ_k‖_C0 ≤ | ~φ_k(0)| = 1. Hence, we may apply the interior L^p- and Schauder-estimates 3.3 and 3.4 to conclude that ‖ ~φ_k‖_C1,α ≤ C(R), ∀k > k(R), with constants C(R) and k(R).

Compare D with the Dirac operator D^{flat} on flat R^n (see e.g. [Pfä02] or [AHM03] for explicit computations). We have ‖(D^{flat} − D_k) ~φ_k‖_C0,α_{(BR(0))} ≤ τ_k‖ ~φ_k‖_C1,α_{(BR(0))}, with τ_k → 0.

We choose a sequence of radii R_m → ∞. After passing to a diagonal sequence, we see that there is a spinor ~φ_∞ on R^n , such that ~φ_k|_{BR(0)} converges to ~φ_∞|_{BR(0)} ∈ C^{1,α}(B_R(0)).

For any ε > 0 and R > 0 there is a k_0(R, ε) such that ‖ ~φ_k‖_Lpk_{(BR(0))} ≤ 1 + ε for all k ≥ k_0. Because of the C^1-convergence φ̃_k → φ̃_∞, Fatou’s lemma yields ‖ ~φ_∞‖_LqD_{(BR(0))} ≤ 1 for any R, and finally for R = ∞. Then ~φ_∞ is a solution of D^{flat} ~φ_∞ = μ_{qD} | ~φ_∞|^{pD−2} ~φ_∞, and then ~ψ_∞ := μ_{qD} D^{flat} ~φ_∞ is a solution of (D^{flat})^{−1} ~ψ_∞ = μ_{qD} | ~ψ_∞|^{qD−2} ~ψ_∞.

We identify ~ψ_∞ via stereographic projection with an L^{qD} -spinor ^ψ_∞ on S^n with the identification provided in section 4. Note that ‖ ^ψ_∞‖_LqD_{(S}n_) = ‖ ~ψ_∞‖_LqD_{(R}n_) ≤ 1 (D^{−1} ^ψ_∞, ^ψ_∞)_Sn = (D^{−1} ~ψ_∞, ~ψ_∞)_Rn = μ_{qD} ‖ ~ψ_∞‖^{qD}_Lq_{D (Rn)}, μ^{Sn}_{qD} ≥ F^{Sn}_{qD} ( ^ψ_∞) = μ_{qD} ‖ ~ψ_∞‖^{qD−2}_Lq_{D (Rn)} ≥ μ_{qD} which is apparently a contradiction to our assumption μ_{qD} ≥ μ^{Sn}_{qD} + ε. □

PROPOSITION 6.7. If there is a q_0 > q_D and an r > q_D such that for all t ∈ (q_D, q_0) there is a solution ψ_t of equation (2.5) with q = t such that ‖ψ_q‖_Lr is bounded by a constant C independent from t, then there is a sequence t_i → q_D such that ψ_{ti} converges in the C^1-topology to a solution of equation (2.5) with q = q_D.

Proof. For q sufficiently close to q_D, we know because of Proposition 5.3 that μ_q is bounded from below by a positive constant. Thus, we can apply the regularity theorem (Theorem 6.3) which tells us that (ψ_t) is uniformly bounded in C^{0,α}. By elliptic regularity, D^{−1}(ψ_t) is uniformly bounded in C^{1,α}. Hence, for a sequence (t_i) with t_i > q_D, converging to q_D, the spinor fields D^{−1}(ψ_{ti} ) converge in the C^1- topology to a C^1-spinor field φ_{qD} . Then Dφ_{qD} is a solution of equation (2.5) with q = q_D. □

7 The size of the singular set

In this section we recall the weak Unique Continuation Property. We obtain directly that the set on which a solution of (6.1) vanishes does not contain any non-empty open set.

THEOREM 7.1 (Weak Unique Continuation Property [BBMW, Theorem 2.1]). Let P be a locally bounded function on a connected Riemannian manifold M and let φ be a solution of Dφ = P · φ that vanishes on a nonempty open set. Then φ is identically 0.

COROLLARY 7.2. The singular set of C^1-solutions to equation (2.7) does not contain any nonempty open set.

In case that the function P is smooth, there is a stronger result by Christian Bär.

THEOREM 7.3 (Nodal sets for Dirac Operators [Bär97]). Let M^n be compact and connected and let φ be a solution of Dφ = P φ where P is a smooth endomorphism. Then the zero set of φ has at most Hausdorff dimension n − 2. If n = 2, then the zero set is discrete.

In the case n = 2 this theorem implies that the zero set of a solution to (2.4) is discrete.

8 The smallest positive Dirac eigenvalue on singular spaces

As before we fix a spin structure σ and a conformal structure [g_0] on a compact manifold M. Let g = f^{4/(n−1)} · g_0 be a generalized conformal metric. We define the smallest positive Dirac eigenvalue on (M, g, σ) by (2.1). It is evident, that if g is regular (i. e. f > 0), then λ^+_1 (g) is the smallest positive eigenvalue of the Dirac operator.

LEMMA 8.1. The following identities hold inf g∈M(g_0) λ^+_1 (g) = inf_{g∈M(g0)} λ^+_1 (g) = μ^{−1}_{qD} .

Proof. Obviously, inf g∈M(g_0) λ^+_1 (g) ≥ inf_{g∈M(g0)} λ^+_1 (g).

From the previous section we already know that λ^+_1 (g) ≥ μ^{−1}_{qD} for all M(g_0). Let us show that the argument even holds on M(g_0). For this we write g = e^{2u}g_0 on M ∖ S_g, u ∈ C^∞(M ∖ S_g). Using the conformal change formula we see that

λ^+_1 (g) = inf { (h^{−1}ψ, ψ)_{g0} (ψ, D^{−1}_{g0} ψ)_{g0} | | | ψ ∈ imC∞ Dg_0 , ‖h^{−(n+1)/2}ψ‖L∞ < ∞, (ψ, D^{−1}_{g0} ψ)g_0 > 0 } . In particular all test spinors have finite ‖ψ‖_L∞ . Applying Hölder’s inequality and using ∫ h^n = 1, we see that (h^{−1}ψ, ψ)_{g0} ≥ ‖ψ‖^2_Lq_D . Hence,

λ^+_1 (g) ≥ μ^{−1}_{qD} ∀g ∈ M(g_0).

On the other hand, let ψ be a spinor field such that F_{qD} (ψ) ≥ μ_{qD} −ε with arbitrary small ε > 0. We can assume that ψ is a smooth spinor field without zeros. Then for g := |ψ|^{4/(n+1)}g_0 we obtain λ^+_1 (g) ≤ F_{qD} (ψ)^{−1}. Hence inf g∈M(g_0) λ^+_1 (g) ≤ μ^{−1}_{qD} . □ Remark. Much recent research deals with Laplacians acting on functions on singular spaces. The function Laplacian can be defined on a much larger category of spaces, i. e. on metric spaces carying a measure with certain compatibility conditions. (See e.g. [Gro99],[KMS01], [KS01] and the references therein.)

9 Applications to cmc surfaces

The solution of equation (2.5) provides a strong tool for the construction of constant mean curvature surfaces. Because most of these surfaces have not been known before, we will dedicate a separate article to this subject [?].

In this section we want to sketch the underlying ideas.

Definition. Let (M, g) be a compact Riemann surface with universal covering ~M with Deck transformation group Γ. A periodic conformal immersion F is a branched conformal immersion of ~M into R^3 such that there is a group homomorphism h : Γ → R^3 satisfying F (γ · p) = F (p) + h(γ). Using the Weierstraß representation [KS96, Bär98, Fri98, Amm98], one sees that any parallel spinor on R^3 and any such immersion F induces a spinor φ on M which is a solution of Dφ = H|φ|^2φ, (9.1) H being the mean curvature of the immersion. Branching points are in a 1-to-1 correspondence to the zeros of φ.

Conversely, any solution of (9.1) yields a periodic conformal immersion F .

An immediate consequence of Theorem 2.2 is the following principle.

Principle for construction of cmc-surfaces. For any Riemann spin surface (M, g, σ) with λ^2 < 4π, there is a periodic conformal immersion of (~M, g, σ) into R^3 with constant mean curvature.

References

[Ada75] R. Adams, Sobolev Spaces, Academic Press, 1975, 1975.

[AHM03] B. Ammann, E. Humbert, and B. Morel, Preprint, 2003.

[Amm] B. Ammann, Habilitation, in preparation.

[Amm98] , Spin-Strukturen und das Spektrum des Dirac-Operators, Ph.D.

thesis, University of Freiburg, Germany, 1998, Shaker-Verlag Aachen 1998, ISBN 3-8265-4282-7.

[Amm03] , A spin-conformal lower bound of the first positive Dirac eigenvalue, Diff. Geom. Appl. 18 (2003), 21–32.

[Bär92] C. Bär, Lower eigenvalue estimates for Dirac operators, Math. Ann. 293 (1992), 39–46.

[Bär97] , On nodal sets for Dirac and Laplace operators, Comm. Math.

Phys. 188 (1997), 709–721.

[Bär98] C. Bär, Extrinsic bounds for eigenvalues of the Dirac operator, Ann.

Global Anal. Geom. 16 (1998), no. 6, 573–596.

[BBMW] B. Booss-Bavnbek, M. Marcolli, and B. L. Wang, Weak UCP and perturbed monopole equations, Preprint arxiv:math.dg/0203171.

[Fri98] T. Friedrich, On the spinor representation of surfaces in Euclidean 3- space., J. Geom. Phys. 28 (1998), no. 1-2, 143–157.

[Gro99] M. Gromov, Metric structures for Riemannian and non-Riemannian spaces, Birkhäuser Boston Inc., Boston, MA, 1999.

[GT77] D. Gilbarg and N. Trudinger, Elliptic partial differential equations of second order, Grundlehren der mathematischen Wissenschaften, no. 224, Springer-Verlag, 1977.

[Hij86] O. Hijazi, A conformal lower bound for the smallest eigenvalue of the Dirac operator and Killing spinors, Comm. Math. Phys. 104 (1986), 151–162.

[Hit74] N. Hitchin, Harmonic spinors, Adv. Math. 14 (1974), 1–55.

[JL89] D. Jerison and J. M. Lee, Intrinsic CR normal coordinates and the CR Yamabe problem., J. Differ. Geom. 29 (1989), 303–343 (English).

[KMS01] K. Kuwae, Y. Machigashira, and T. Shioya, Sobolev spaces, Laplacian, and heat kernel on Alexandrov spaces., Math. Z. 238 (2001), 269–316 (English).

[KS96] R. Kusner and N. Schmitt, The spinor representation of surfaces in space, Preprint, http://www.arxiv.org/abs/dg-ga/9610005, 1996.

[KS01] K. Kuwae and T. Shioya, On generalized measure contraction property and energy functionals over Lipschitz maps., Potential Anal. 15 (2001), 105–121.

[Lot86] J. Lott, Eigenvalue bounds for the Dirac operator, Pacific J. of Math. 125 (1986), 117–126.

[LP87] J. M. Lee and T. H. Parker, The Yamabe problem., Bull. Am. Math. Soc., New Ser. 17 (1987), 37–91.

[Pfä02] F. Pfäffle, Eigenwertkonvergenz für Dirac-Operatoren, Ph.D. thesis, University of Hamburg, Germany, 2002, Shaker Verlag Aachen 2003, ISBN 3-8322-1294-9.

[See67] R. T. Seeley, Complex powers of an elliptic operator, Singular Integrals (Proc. Sympos. Pure Math., Chicago, Ill., 1966), Amer. Math. Soc., Providence, R.I., 1967, pp. 288–307.

[Tay81] M. E. Taylor, Pseudodifferential operators, Princeton University Press, Princeton, N.J., 1981.

Author’s address:

Bernd Ammann Fachbereich Mathematik Universität Hamburg Bundesstraße 55 20 146 Hamburg Germany

E-Mail: ammann@math.uni-hamburg.de WWW: http://www.math.uni-hamburg.de/home/ammann