Analytic Index Formulas for Elliptic Corner Operators

Boris Fedosov^∗ Bert-Wolfgang Schulze^† Nikolai Tarkhanov

Institut für Mathematik Universität Potsdam Postfach 60 15 53 14415 Potsdam Germany

December 12, 2000

Abstract Spaces with corner singularities, locally modelled by cones with base spaces having conical singularities, belong to the hierarchy of (pseudo-) manifolds with piecewise smooth geometry. We consider a typical case of a manifold with corners, the so-called “edged spindle”, and a natural algebra of ΨDOs on it with special degeneracy in the symbols, the “corner algebra”. There are three levels of principal symbols in the corner algebra, namely the interior, edge and corner conormal symbols. An operator is called elliptic if all the three principal symbols are invertible. Elliptic corner operators possess the Fredholm property in appropriate Sobolev spaces. We derive an analytic index formula for such operators containing two terms of different nature: the interior and corner contributions.

Introduction

Manifolds with corners belong to the category of stratified spaces, where singularities are modelled by iteratively forming cones and wedges, starting

∗Supported by the Deutsche Forschungsgemeinschaft and French Ministry of National Education.

†Supported by the EU Research and Training Network “Geometric Analysis.” 1 from a closed C^∞ manifold as the base of the first model cone. Special structure of singular charts on such manifolds gives rise to differential operators with typical degeneracy in symbols. Algebraic operations with typical symbols generate specific pseudodifferential algebras, [Sch01]. Ellipticity in these algebras is determined by the bijectivity of components of a hierarchy of principal symbols. This entails the existence of parametrices within the algebras and (for compact spaces) the Fredholm property in adequate scales of Sobolev spaces.

Since the Atiyah-Patodi-Singer index theorem [APS75] one tries to explicitly express the index of elliptic operators on singular spaces in terms of symbol hierarchy. For conical singularities and Fuchs-type operators there are many results in the literature, cf. [FS96, FST99] and the references given there, while for edge singularities explicit answers specifically depend on the choice of the operator algebra. Such a choice becomes more and more “non-canonical” the higher we admit the orders of geometric singularities. An analytic index formula for the edge algebra in the sense of [Sch91] has been given in [FST98], cf. also [Roz00].

In the present paper we consider corners as the next step in the hierarchy of singularities. A corner c may be viewed as a cone whose base Y is itself a manifold with conical points. Each conical point y_c ∈ Y gives rise to a one-dimensional edge, these edges meet together at the vertex c of the corner. We consider an algebra of pseudodifferential operators with special degeneracy properties near edges and corners, the so-called corner algebra constructed by the second author [Sch92]. There are three levels of principal symbols in the corner algebra, each corner operator A gives rise to a triple σ(A) = {σ_{int}(A), σ_∧(A), σ_c(A)} (0.1)

of the so-called interior, edge and corner principal symbols. If all the entries of (0.1) are invertible then the operator A is called elliptic; with some precautions it has Fredholm property in appropriate Sobolev spaces.

We derive an index formula for elliptic corner operators in the spirit of [FS96, FST98]. A convenient iterative representation of operators allows us to employ a similar machinery. We consider a model manifold with corners which we call “edged spindle,” M = [−1, 1] × Y / ({−1} × Y ) ∪ ({1} × Y ). (0.2) Here Y is an (n + 1)-dimensional manifold with one conical point y_c, c_± are two corners, the curve [−1, 1] × y_c is an edge. The variable t ∈ [−1, 1] is called the corner-axis variable.

The “edged spindle” is the simplest compact manifold with corners. In contrast to [FS96, FST98] we have chosen here a compact manifold as a more realistic model allowing one to treat pseudodifferential operators of any order without order reduction. The non-compact case of a pure corner R_+ × Y / {0} × Y is also included in our model. In this case we take operators of order zero with symbols stabilizing to 1 in a neighborhood of c_− and having a corner degeneracy at c_+.

The change of variables

t^′ = ln

1 + t 1 − t reduces the spindle to an infinite cylinder

M = R × Y, (0.3)

the corners c_± become “cylindrical ends” ±∞ (cf. [FST99]). The corner algebra becomes a version of the edge algebra [ES97, FST98] with a special behavior at ±∞.

There is a vast literature concerning the index theory on singular manifolds (see, e.g., [FST99]). The authors had to solve a difficult problem: what material to include in the present paper without enlarging its volume enormously. After some hesitation we decided that the results of the cone and edge theory should be simply referred to. On the contrary, the results of the corner theory should be presented here in detail. The reason is that the edge theory is a well-developed branch while for the corner theory we have essentially only one reference [Sch92]. Besides, our approach developed here is slightly different from that in [Sch92]. We introduce special classes Σ^m of operator-valued symbols based on special families of norms ‖ · ‖_τ in Sobolev spaces on manifolds with edges. Such an approach will be called a passive one. It turns out to be equivalent to the usual active approach based on operator-valued symbol classes S^m and the group action κ_λ. The terminology comes from a passive and active approach to the change of variables. From the passive point of view, the geometrical points remain fixed, we change only coordinate systems, while in the active approach the system remains fixed and we move the points.

The passive approach developed here seems to be more convenient. It allows us to reduce easily parameter-dependent operator-valued symbols to standard integral operators in L^2 spaces, so that the calculus of operatorvalued symbols becomes quite similar to that of scalar-valued symbols. We hope that such an approach will be useful when considering higher singularities.

An interior part of the corner operator on the manifold M, cf. (0.3), is represented by an edge symbol a(t, τ) which is an operator-valued symbol on the plane (t, τ) ∈ R^2 whose values are cone pseudodifferential operators on the fiber Y . It stabilizes to a(±∞, τ) for large t. Ellipticity implies that this function is almost invertible, that is a fiberwise parametrix r_0(t, τ) exists. The latter is an edge symbol stabilizing to r_0(±∞, τ) for large t, such that 1 − r_0(t, τ)a(t, τ), 1 − a(t, τ)r_0(t, τ) are trace class operators vanishing for τ large. This implies that the differential 2 -form tr (dr_0 + r_0 da r_0) ∧ da

has a compact support in R^2 , so, the integral 1 2πi ∫ R^2

tr (dr_0 + r_0 da r_0) ∧ da

exists. It gives one part of the index formula which we call an interior contribution. The other parts are given by the so-called corner contributions at t = ±∞.

Let us describe the corner contribution at t = +∞. Besides the function a(+∞, τ) which is a limit of the edge symbol a(t, τ) and in general is not invertible for all τ but only for τ large enough, a corner operator possesses a so-called corner symbol σ_c(A) which is an operator-valued symbol a_+(τ) with values in the cone operators on the base Y invertible everywhere on the corner weight line ℑτ = γ_+. The corner contribution may be thought of as a kind of a “logarithmic residue” 1 2πi ∫ ℑτ =γ_+ tr_{reg}a^{−1}_+ (τ)a^′_+(τ) dτ.

Unfortunately, the logarithmic derivative does not belong to the trace class, so the trace should be defined via some regularization procedure. To this end we compare the logarithmic derivative a^{−1}_+ (τ)a^′_+(τ) with the function r_0(+∞, τ)a^′(+∞, τ). These two functions are defined on different horizontal lines in the complex plane τ. The first one is defined on the weight line ℑτ = γ_+, the second one on the real axis ℑτ = 0. Nevertheless, the function f(τ) = r_0(+∞, τ)a^′(+∞, τ) may be formally shifted to the weight line by means of the formal Taylor series_∞ ∑ k=0 f^{(k)}(τ − iγ_+)

(iγ_+)^k k! , (0.4)

here τ belongs to the weight line ℑτ = γ_+. Were f(τ) an entire function, this series would be convergent and would give us the restriction of f(τ) to the weight line. We use the series (0.4) to regularize the logarithmic derivative. Namely, we define the corner contribution to be 1 2πi ∫ ℑτ =γ_+ tr { (a^{−1}_+ a^′_+)(τ) − N∑ k=0 (r_0a^′)^{(k)}(+∞, τ − iγ_+)

(iγ_+)^k k! } dτ

= 1 2πi ∫_{+∞} −∞ tr {_N ∑ k=0 (a^{−1}_+ a^′_+)^{(k)}(τ + iγ_+)

(−iγ_+)^k k! − (r_0a^′)(+∞, τ) } dτ. (0.5)

This integral converges for N large enough and is independent of N provided N is large. The second expression in (0.5) follows from the first one by a formal complex shift by −iγ_+ in the integrand. Clearly, this shift does not change the value of the integral. Indeed, for a function b(τ) decreasing rapidly on the line ℑτ = γ we have ∫_∞ −∞ b(τ + iγ)dτ = 0, for any k > 0, so that ∫ ℑτ =γ = ∫_∞ −∞ N∑ k=0 b^{(k)}(τ + iγ) (−iγ)^k k! . For t = −∞ we have a similar corner contribution. The full index formula has the form

ind A = 1 2πi ∫ R^2

tr (dr_0 + r_0 da r_0) ∧ da + 1 2πi ∫_{+∞} −∞ tr {_N ∑ k=0 (a^{−1}_+ a^′_+)^{(k)}(τ + iγ_+)

(−iγ_+)^k k! − (r_0a^′)(+∞, τ) } dτ

− 1 2πi ∫_{+∞} −∞ tr {_N ∑ k=0 (a^{−1}_− a^′_−)^{(k)}(τ − iγ_−) (iγ_−)^k k! − (r_0a^′)(−∞, τ) } dτ. (0.6)

The orientation of the plane R^2 is defined by the form dt∧dτ. The sign “−” in the corner contribution at t = −∞ comes from the change of orientation (the proper orientation of the t -axis near a corner point corresponds to t increasing to +∞ when approaching the corner point). Like the index formulas in [FS96, FST98], this formula has the same drawback: it does not express the index in terms of principal symbols (0.1) only as one could expect.

There are special cases when corner contributions vanish, for example, if γ_+ = 0 and a_+(τ) ≡ a(+∞, τ). This case was considered in [FS96] for the cone elliptic operators. In general, however, all the contributions are present, so, we will not try to classify these special cases.

Let us describe briefly the contents of the paper. In Section 1 we introduce the Sobolev spaces H^{s,δ}(Y ) on fibers with a family of norms ‖ · ‖_τ depending on a real or complex parameter τ. They play a distinguished role in our passive approach. We also use them to define the corner Sobolev spaces H^{s,δ,γ+,γ−} (M) which in our approach are L^2 spaces for scalar functions ‖^u(τ)‖_τ . We consider embedding properties for these spaces, especially trace class embeddings.

Section 2 may be viewed as an introduction to our passive approach in the theory of operator-valued symbols. Although we consider here a more simple situation when the fiber manifold Y is smooth, the method remains the same for more general cases when Y itself has singularities. In addition to the simplest case considered in Section 2 we need to define proper fiber norms ‖ · ‖_τ and investigate fiber-wise properties of the operator-valued symbols. After that the theory goes as in the simplest scalar-valued case. We discuss also a necessary modification of the Fredholm property of elliptic operators using a kernel cut-off procedure.

Section 3 is the most important one. Here we introduce the classes Σ^m(δ, δ−l) of edge symbols which serve for the definition of corner operators. Starting with the well-known parametrix construction in the edge algebra, we construct a parametrix for a corner elliptic operator and derive a coarse index formula. This is done similarly to the case of a cone [FST99] using our passive approach.

Finally, in Section 4 we transform the coarse index formula to the final form (0.6) following [FS96] and using our passive approach.

As was already mentioned, we combine here the methods of [FS96, FST98, FST99]. Unfortunately, some essential technical changes are required. For the reader convenience we have gathered a necessary auxiliary material in the last Section 5 which may be regarded as an appendix.

1 Sobolev Spaces on the Edged Spindle

We introduce the spaces H^{s,δ,γ+,γ−} (M) on the edged spindle M represented as a product (0.3). They are similar to the corner and wedge Sobolev spaces introduced by the second author [Sch92]. The parameters s, δ, and γ_± are called smoothness, the cone weight, and corner weights at ±∞, respectively, all the parameters being real.

The definition uses essentially the product structure (0.3). We treat a function u on M as a function u(t) on R with values in a functional space on the fiber Y . Thus, first we need to describe the spaces H^{s,δ}(Y ) on Y which is a manifold with a conical point y_c. A neighborhood of this point may be identified with an infinite stretched cone X^∧ and we will need the Sobolev spaces K^{s,δ}(X^∧) on an infinite cone X^∧. For the reader’s convenience we recall the definition and the properties of these spaces following [FST98], see also [Sch92, ES97].

In the sequel we will use various cut-off functions: ρ(y), y ∈ Y , with compact support or ω(t), t ∈ R, with a support in R_+ . They usually appear with corresponding covering functions ~ρ(y), ~ω(t) which are equal identically to 1 on the support of the cut-off function ρ, ω and vanish identically outside a neighborhood of finite radius of supp ρ, supp ω, respectively. For a given cut-off function the corresponding covering function will be always denoted by tilde.

1.1 The spaces K^{s,δ}(X^∧)

By a stretched cone X^∧ with a base manifold X we mean a Cartesian product R_+ × X with the action of the group R_+ , λ (r, x) = (λr, x) for λ ∈ R_+ and (r, x) ∈ R_+ × X. The base X is supposed to be a smooth compact n -dimensional manifold without boundary. For a coordinate neighborhood U ⊂ X we denote by U^∧ = R_+ × U the stretched conical neighborhood in X^∧. We use the notation V^Δ ⊂ R^{n+1} for the geometrical conical neighborhood corresponding to a coordinate neighborhood V ⊂ S^n on the unit sphere in R^{n+1} . The group R_+ acts on V^Δ by homotheties. By a conical coordinate diffeomorphism χ : U^∧ → V^Δ we mean a diffeomorphism which commutes with the action of R_+ . The inverse diffeomorphism

χ^{−1} : V^Δ ∈ ~x → (r, x) ∈ V^∧ (1.1)

may be thought of as a passage to polar coordinates.

There are several modifications of the Sobolev spaces adopted to the conical structure.

1. The spaces H^s(X^∧). Let C^∞_0 (X^∧) denote the space of smooth functions with compact supports in an open stretched cone X^∧ = R_+ × X. For a function u ∈ C^∞_0 (X^∧), take its push-forward (χ_∗u) (~x) = u ( χ^{−1}(~x) ) under a conical coordinate diffeomorphism (1.1) and define

‖u‖_Hs_{(X}∧_) = ‖χ_∗u‖_Hs_{(R}n+1_).

The general case may be reduced to the special one considered above by taking a finite coordinate covering U_i of X and a subordinate partition of unity ρ_i(x). For stretched conical neighborhoods U^∧_i , we take conical coordinate diffeomorphisms χ_i : U^∧_i → V^∧_i and set

‖u‖^2_Hs_{(X}∧_) = ∑ i ‖χ_{i∗}ρ_iu‖^2_Hs_{(R}n+1_). (1.2)

The norm (1.2) is independent of the covering, partition of unity and coordinate diffeomorphisms up to equivalence.

2. The weighted spaces H^{s,δ}(X^∧). For a function u(r, x) ∈ C^∞_0 (X^∧) supported in a conical neighborhood U^∧, set v(z, x) = u(e^{−z}, x) and define a norm

‖u‖^2_Hs,δ_{(X}∧_) = ∫ R^n dξ ∫ ℑζ=δ |⟨ℜζ, ξ⟩^s ^v(ζ, ξ)|^2dζ. (1.3)

Here ^v(ζ, ξ) is the Fourier transform of v(z, x) ∈ C^∞_0 (R × X). It is an entire function in ζ, so the integral (1.3) makes sense. The function η → ⟨η⟩, for η = (ℜζ, ξ), is a smooth norm function, that is a smooth function satisfying ⟨η⟩ ≥ 1 everywhere and equal to |η| for |η| ≥ C > 0. Its concrete form does not affect the norm (1.3) up to equivalence. Clearly, we have

⟨η⟩ ∼ (1 + |η|^2)^{1/2}

where ∼ means that two-sided estimates hold

0 < C_1 ≤ ⟨η⟩ (1 + |η|^2)^{1/2} ≤ C_2. The general case may be reduced to this special one by means of a partition of unity similarly to (1.2).

3. The cone spaces K^{s,δ}(X^∧). Take a cut-off function ω(r) ∈ C^∞_0 (R_+) which is equal to 1 near r = 0 and set

‖u‖^2_Ks,δ_{(X}∧_) = ‖ω(r)u‖^2_Hs,δ_{(X}∧_) + ‖(1 − ω(r))u‖^2_Hs_{(X}∧_). (1.4)

So, the space K^{s,δ} is a “mixture” of the weighted space H^{s,δ} near r = 0 and the usual Sobolev space H^s(X^∧) near r = +∞. The choice of ω(r) does not affect the norm (1.4) up to equivalence.

Let us recall some properties of these spaces.

1. For any fixed cut-off function ω_0(r) ∈ C^∞_0 (R_+) equal to 1 near r = 0, we have four bounded multiplication operators K^{s,δ ω0}−→ H^{s,δ}, H^{s,δ ω0}−→ K^{s,δ}; (1.5) K^{s,δ 1−ω0}−→ H^s, H^{s 1−ω0}−→ K^{s,δ}. (1.6)

2. The group R_+ acts on any of the spaces H^s(X^∧), H^{s,δ}(X^∧), K^{s,δ}(X^∧) since it acts on the cone X^∧. It is convenient to modify this action by a factor, namely κ_λ : u(r, x) → λ^{(n+1)/2} u(λr, x). (1.7) A general result concerning strongly continuous actions of R_+ on Banach spaces consists in the following estimate of the norm of κ_λ: ‖κ_λ‖ ≤ C ( max ( λ, 1 λ ))_k (1.8)

for some C, k > 0 (see [Hir90]).

3. There are continuous embeddings H^{s1} → H^{s2} , H^{s1,δ1} → H^{s2,δ2} , K^{s1,δ1} → K^{s2,δ2} for s_1 ≥ s_2, δ_1 ≥ δ_2.

The following lemma is quite similar to [FST98, Lemma 1.2].

Lemma 1.1 Let ω(r) ∈ C^∞_0 (R_+) satisfy ω ≡ 1 near r = 0. Let M(λ), λ ≥ 1, be a multiplication operator followed by embedding M(λ) : K^{s,δ}(X^∧)^{ω(r/λ)}−→ K^{s−N,δ−ε}(X^∧) where N, ε ≥ 0. If N > (n+1)/2 and ε > 0, then M(λ) is a Hilbert-Schmidt operator and the following estimate holds for its Hilbert-Schmidt norm ‖M(λ)‖_{HS} ≤ C λ^{(n+1)/2}. For the proof we refer the reader to [FST98, Lemma 1.1, Lemma 1.2].

1.2 The spaces H^{s,δ}(Y )

Our next goal is to define weighted Sobolev spaces on a fiber Y which is an (n+1) -dimensional manifold with one conical point y_c. We define a family of norms ‖·‖_τ on these spaces depending on a parameter τ ∈ R (of course, these norms depend on s and δ but we will not indicate this dependence explicitly). We also admit complex values of τ setting by definition ‖u‖_τ := ‖u‖_{ℜτ} .

Fix a finite covering {U_i}, U_c of Y where U_i are coordinate neighborhoods not containing the conical point y_c, while U_c is a neighborhood of y_c. We identify U_c with a neighborhood of the vertex of the cone X^∧, so that y ∈ U_c is represented as (r, x) ∈ X^∧ with r < 1. Let {ρ_i(y)}, ρ_c(y) be a subordinate partition of unity. We decompose any function v(y) ∈ C^∞_0 (Y \{y_c}) into the sum v = ∑ i v_i + v_c = ∑ i ρ_iv + ρ_cv (1.9)

and define norms ‖ · ‖_τ for each summand. For the smooth neighborhoods U_i, we set ‖v_i‖^2_τ = ∫ R^{n+1} |⟨τ, η⟩^s ^v_i(η)|^2 dη, (1.10) while for the conical neighborhood U_c ‖v_c‖_τ = ⟨τ⟩^s ‖κ^{−1}_{⟨τ ⟩}v_c‖_Ks,δ_{(X}∧_), (1.11) with κ_λ defined by (1.7). Finally, using decomposition (1.9), define

‖v‖^2_τ = ∑ i ‖v_i‖^2_τ + ‖v_c‖^2_τ . (1.12)

We will often need the space H^{s,δ}(Y ) ⊕ C^N as a fiber space rather than H^{s,δ}(Y ) itself. In this case we define

‖v‖^2_τ = ‖v_1(y)‖^2_τ + ‖v_2‖^2_τ . (1.13)

Here v_1(y) ∈ H^{s,δ}(Y ) and v_2 ∈ C^N are direct summands, the norm ‖v_1(y)‖_τ is defined by (1.12) while the norm of the vector v_2 ∈ C^N is

‖v_2‖_τ := ⟨τ⟩^s ‖v_2‖_C N .

We will say that two families of norms ‖ · ‖_{1,τ} and ‖ · ‖_{2,τ} are uniformly equivalent if for the ratio the following two-sided uniform estimates hold

0 < C_1 ≤ ‖v‖_{1,τ} ‖v‖_{2,τ} ≤ C_2 for any v ∈ C^∞_0 (Y \ {y_c}) and τ ∈ R.

Lemma 1.2 The norm (1.12) is correctly defined up to uniform equivalence.

Proof. It is sufficient to show that for a function v with a support in U_i ∩U_j or in U_i ∩U_c different expressions (1.10), (1.11) give uniformly equivalent norms. We will consider the only non-trivial case when the support of v belongs to U_i ∩ U_c. Using conical coordinates y = (r, x) ∈ X^∧, we have κ^{−1}_{⟨τ ⟩} v(y) = ⟨τ⟩^{−(n+1)/2} v ( r ⟨τ⟩ , x ) . Since v(r, x) vanishes for 0 < r < r_0, the function κ^{−1}_{⟨τ ⟩}v(y) also vanishes for all 0 < r < r_0 and τ ∈ R. Thus, in virtue of (1.6) we have ‖⟨τ⟩^s κ^{−1}_{⟨τ ⟩} v‖_Ks,δ_{(X}∧_) ∼ ‖⟨τ⟩^sκ^{−1}_{⟨τ ⟩}v‖_Hs_{(X}∧_) where ∼ means uniform equivalence. Now, the Fourier transform of the function ⟨τ⟩^{−(n+1)/2} v(y/⟨τ⟩) is equal to ⟨τ⟩^{(n+1)/2} ^v(⟨τ⟩η), so the norm (1.11) may be written as ∫ R^{n+1} |⟨τ⟩^s⟨η⟩^s ^v(⟨τ⟩η)|^2 ⟨τ⟩^{n+1}dη = ∫ R^{n+1} |⟨τ⟩^s ⟨ η ⟨τ⟩ ⟩_s ^v(η)|^2dη up to uniform equivalence. Next, by (1.11) ⟨τ⟩ ⟨ η ⟨τ⟩ ⟩ ∼ (1 + τ^2)^{1/2} ( 1 + | | | η (1 + τ^2)^{1/2} | | | 2)_{1/2}

∼ (1 + τ^2 + |η|^2)^{1/2} ∼ ⟨τ, η⟩, (1.14) giving the norm ∫ R^{n+1} |⟨τ, η⟩^s ^v(η)|^2 dη which coincides with (1.10). □ For different values of τ the norms ‖ · ‖_τ are equivalent but this equivalence is not uniform.

Lemma 1.3 There exist constants C, q > 0 (depending on s, δ) such that ‖v‖_{τ1} ‖v‖_{τ2} ≤ C ⟨τ_1 − τ_2⟩^q. (1.15)

Proof. Using the uniform equivalence (1.14), we have for |τ_1| ≥ |τ_2| ⟨τ_1, η⟩ ⟨τ_2, η⟩ ∼ ( 1 + τ^2_1 + |η|^2 1 + τ^2_2 + |η|^2 )_{1/2} ≤ ( 1 + τ^2_1 1 + τ^2_2 )_{1/2} ∼ ⟨τ_1⟩ ⟨τ_2⟩ , implying for the norms (1.10) ‖v_i‖_{τ1} ‖v_i‖_{τ2} ≤ ( ⟨τ_1⟩ ⟨τ_2⟩ )_{|s|} . For the norm (1.11) we make use of (1.8), so that ‖v_c‖_{τ1} ‖v_c‖_{τ2} ∼ C ( ⟨τ_1⟩ ⟨τ_2⟩ )_{k+|s|}

with C, k from (1.8). This gives the estimate ‖v‖_{τ1} ‖v‖_{τ2} ≤ C ( max ( ⟨τ_1⟩ ⟨τ_2⟩ , ⟨τ_2⟩ ⟨τ_1⟩ ))_q

with q = k +|s|. This estimate implies (1.15) in virtue of Peetre’s inequality ⟨τ_1⟩^α ⟨τ_2⟩^α ≤ C ⟨τ_1 − τ_2⟩^{|α|}. □ Definition 1.4 The space H^{s,δ}(Y ) is a completion of C^∞_0 (Y \{y_c}) with respect to any norm ‖ · ‖_τ , for a fixed τ ∈ R.

Clearly, we have an embedding ı : H^{s,δ}(Y ) → H^{s−N,δ−ε}(Y ) (1.16) for each N, ε ≥ 0. Supposing that both spaces are equipped with the norms ‖ · ‖_τ with the same τ ∈ R, we come to the following lemma.

Lemma 1.5 If N > (n + 1)/2 and ε > 0, the embedding operator ı belongs to the Hilbert-Schmidt class and ‖ı‖_{HS} ≤ C ⟨τ⟩^{(n+1)/2−N} . (1.17) Proof. It is sufficient to prove the estimate (1.17) for each multiplication operator ρ_i(y) or ρ_c(y) followed by embedding (1.16). Denoting v_i = ρ_iv and assuming that supp v ⊂ U_i, we have for a smooth coordinate neighborhood U_i ^v_i(η) = ∫ R^{n+1} ^ρ_i(η − η_1) ^v(η_1) dη_1 or ⟨τ, η⟩^{s−N} ^v_i(η) = ∫ R^{n+1} ⟨τ, η⟩^{s−N} ⟨τ, η_1⟩^s ^ρ_i(η − η_1) ⟨τ, η_1⟩^s ^v(η_1)dη_1.

Thus, we need to estimate the L^2 norm of the kernel

K(η, η_1) = ⟨τ, η⟩^{s−N} ⟨τ, η_1⟩^{s−N} ^ρ_i(η − η_1) ⟨τ, η_1⟩^{−N} = O(⟨η − η_1⟩^{−∞}) ⟨τ, η_1⟩^{−N} . We have made use of the Peetre inequality ⟨τ, η⟩^{s−N} ⟨τ, η_1⟩^{s−N} ≤ C ⟨η_1 − η⟩^{|s|+N} with C independent of τ. Multiplying by a rapidly decreasing function ^ρ_1(η − η_1), we obtain for the product an estimate O(⟨η − η_1⟩^{−∞}). Thus,

‖ıρ_i‖^2_{HS} ≤ C ∫ R^{n+1} ⟨τ, η_1⟩^{−2N} dη_1 ≤ C ⟨τ⟩^{−2N+(n+1)} giving the desired estimate (1.17).

Now, for the conical neighborhood U_c, we write v_c(y) = ρ_c(y)v(y) assuming that all the functions are defined on the infinite cone X^∧. Applying to both sides the operator κ^{−1}_{⟨τ ⟩} and multiplying by ⟨τ⟩^{s−N} , we rewrite this equality in the form ⟨τ⟩^{s−N} κ^{−1}_{⟨τ ⟩} v_c = ⟨τ⟩^{−N} ρ_c ( y ⟨τ⟩ ) ⟨τ⟩^sκ^{−1}_{⟨τ ⟩}v. We need to estimate the Hilbert-Schmidt norm of the multiplication operator ⟨τ⟩^{−N} ρ_c ( y ⟨τ⟩ ) : K^{s,δ}(X^∧) → K^{s−N,δ−ε}(X^∧). This may be done by Lemma 1.2, and we come to the desired estimate (1.17). □

Corollary 1.6 If N > n + 1 and ε > 0 the embedding ı is a trace class operator.

Proof. Decompose ı into the product H^{s,δ}(Y )^{ı1}−→ H^{s−N/2,δ−ε/2}(Y )^{ı2}−→ H^{s−N,δ−ε}(Y ), both embeddings ı_1, ı_2 being Hilbert-Schmidt operators by Lemma 1.5. □ 1.3 The spaces H^{s,δ,γ+,γ−} (M)

We are now ready to define weighted Sobolev spaces on the edged spindle M. Using a product structure (0.3), we consider a function

u(t, y) ∈ C^∞_0 (^∘M)

as a function on the real axis R with values in C^∞_0 (Y \ {y_c}). For b > a > 0, consider a covering U_− = (−∞, −a), U_0 = (−b, b), U_+ = (a, +∞)

and subordinate partition of unity ρ_−(t), ρ_0(t), ρ_+(t). Given a function u(t) ∈ C^∞_0 (R, C^∞_0 (Y \ {y_c})), decompose it into a sum

u(t) = u_+(t) + u_0(t) + u_−(t) = ρ_+(t)u(t) + ρ_0(t)u(t) + ρ_−(t)u(t)

and define a norm

‖u‖^2 = ∞∫ −∞ ‖^u_0(τ)‖^2_τ dτ + ∞∫ −∞ ‖^u_+(τ + iγ_+)‖^2_τ dτ + ∞∫ −∞ ‖^u_−(τ − iγ_−)‖^2_τ dτ. (1.18) Here ^u_0, ^u_+, ^u_− mean the Fourier transforms with respect to t. They are entire functions since u ∈ C^∞_0 , so the complex shifts by ±iγ_± make sense. For a fixed τ, the function ^u_0(τ, y) (as well as ^u_±) is considered as an element of H^{s,δ}(Y ) with the norm ‖ · ‖_τ defined by (1.12) or as an element of H^{s,δ}(Y ) ⊕ C^N with the norm (1.13).

The norm (1.18) is a “mixture” of four different types of norms. For functions with supports away from the edge and corners, it coincides with the usual Sobolev norm H^s on the smooth part of M. For functions with supports near the edge but away from the corners, we recover the wedge Sobolev spaces [ES97]. For functions with supports away from the edge but near the corner, we recover the weighted Sobolev spaces H^{s,γ±} as in the case of the conical point c_±. Finally, for functions with supports near the edge and the corner, we obtain corner Sobolev spaces (see [ST00]).

Clearly, we have an embedding ı : H^{s1,δ1,γ1,+,γ1,−} (M) → H^{s2,δ2,γ2,+,γ2,−} (M) (1.19) for s_1 ≥ s_2, δ_1 ≥ δ_2, γ_{1,+} ≥ γ_{2,+}, γ_{1,−} ≥ γ_{2,−}.

Lemma 1.7 If s_1 > s_2 + (n + 2)/2, δ_1 > δ_2, γ_{1,+} > γ_{2,+}, γ_{1,−} > γ_{2,−} then ı is a Hilbert-Schmidt operator. If in addition s_1 > s_2 + (n + 2) then ı is a trace class operator.

Proof. We need to show that the three multiplication operators by ρ_0(t), ρ_+(t), ρ_−(t) are Hilbert-Schmidt ones in the corresponding spaces. Consider first the multiplication by ρ_0(t), that is

u_0(t) = ρ_0(t) u(t), or ^u_0(τ) = ∫_∞ −∞ ^ρ_0(τ − τ_1)^u(τ_1) dτ_1. (1.20)

The function ^ρ_0(τ − τ_1) is an entire function rapidly decreasing on any horizontal line, that is

^ρ_0(τ − τ_1) = O ( ⟨τ − τ_1⟩^{−∞} ) (1.21)

for ℑτ = ℑτ_1 = const.

The value ^u(τ_1) is an element of the space H^{s,δ}(Y ) equipped with the norm ‖ · ‖_{τ1} , while the value of the integrand is regarded as an element of H^{s−N,δ−ε}(Y ) with the norm ‖ · ‖_τ , the latter obtained from the former as a sequence of embedding operators H^{s,δ}(Y, ‖ · ‖_{τ1} )^{ı1}−→ H^{s,δ}(Y, ‖ · ‖_τ )^{ı2}−→ H^{s−N,δ−ε}(Y, ‖ · ‖_τ ) with subsequent multiplication by a constant (1.21). The operator ı_1 is bounded with a norm estimate ‖ı_1‖ ≤ C ⟨τ − τ_1⟩^k (cf. Lemma 1.3), ı_2 is a Hilbert-Schmidt operator and ‖ı_2‖_{HS} ≤ C ⟨τ⟩^{N−(n+1)/2} (cf. Lemma 1.5). Thus, we have

‖^ρ_0(τ − τ_1) ı_2ı_1‖_{HS} ≤ ⟨τ⟩^{−N+(n+1)/2} O ( ⟨τ − τ_1⟩^{−∞} ) . Then the square of the Hilbert-Schmidt norm of the integral operator (1.20) is equal to ∫ ‖^ρ_0(τ − τ_1)ı_2ı_1‖^2_{HS} dτdτ_1 ≤ C ∫_∞ −∞ ⟨τ⟩^{−2N+n+1} dτ, the integral converges for 2N > n + 2.

Consider now the summand

u_+(t) = ρ_+(t)u(t).

We would like to rewrite this equation in terms of the Fourier transform similarly to (1.20). The difference is that τ_1 varies along the horizontal line ℑτ_1 = γ_+ while τ belongs to the line ℑτ = γ_+ − ε, where ε > 0. The function ^ρ_+(τ) = ∫_∞ −∞ e^{−iτ t}ρ_+(t) dt is defined for ℑτ < 0. Integrating by parts we obtain

^ρ_+ = 1 iτ ∫_∞ −∞ e^{−iτ t}ρ^′_+(t) dt. The integral on the right-hand side is an entire function rapidly decreasing on any horizontal line ℑτ = γ, so that ^ρ_+(τ) has the only first order pole τ = 0. The relation (1.20) becomes now

^u_0(τ) = ∫ ℑτ_1=γ_+

^ρ_+(τ − τ_1) ^u(τ_1) dτ_1

where τ belongs to the line ℑτ = γ_+ − ε with fixed ε > 0. Again we have

^ρ_+(τ − τ_1) = O ( ⟨ℜτ − ℜτ_1⟩^{−∞} ) , so we can repeat the previous arguments to obtain that the operator u → u_+ is a Hilbert-Schmidt one in the corresponding spaces H^{s,δ,γ+,γ−} (M) → H^{s,δ,γ+−ε,γ−} (M). The case of u_− = ρ_−u is treated similarly. □ Corollary 1.8 If s_1 > s_2 + (n + 2), δ_1 > δ_2 and γ_{1,+} > γ_{2,+}, γ_{1,−} > γ_{2,−}, then the embedding (1.19) belongs to the trace class.

Proof. Taking s^′ = (s_1 + s_2)/2, δ^′ = (δ_1 + δ_2)/2, γ^′_± = (γ_{1,±} + γ_{2,±})/2, we represent the embedding ı as a product of two Hilbert-Schmidt embeddings H^{s1,δ1,γ1,+,γ1,−} (M) → H^{s′,δ′,γ′+,γ′−} (M) → H^{s2,δ2,γ2,+,γ2,−} (M). □

We will also need a modification of the spaces H^{s,δ,γ+,γ−} (M) obtained by replacing the fiber space H^{s,δ}(Y ) by H^{s,δ}(Y ) ⊕ C^N with the families of norms (1.13). As a result we obtain a direct sum H^{s,δ,γ+,γ−} (M)⊕H^{s,γ+,γ−} (R) where the summand H^{s,γ+,γ−} (R) is a Sobolev space on the edge {y_c} × R with weights γ_+, γ_− at t = ±∞. The norm in the direct sum is defined again by (1.18) with the fiber norm ‖ · ‖_τ , cf. (1.13). We preserve the notation H^{s,δ,γ+,γ−} (M) for this modified space.

2 Operators on a Smooth Spindle

Before considering a pseudodifferential operator algebra on an edged spindle we give a brief review of the algebra on a smooth spindle. It is, of course, a particular case of a cone algebra considered in [FST99], but here we demonstrate a passive approach based on families of norms ‖ · ‖_τ on fibers. So, the cone algebra on a spindle serves here as a simplified model of the corner algebra on the edged spindle considered further in Section 3. We also discuss how to get rid of the holomorphy condition which for the corner algebra seems too restrictive.

In this section we deal with a smooth manifold

M = Y × R (2.1)

where the fiber Y is a smooth compact manifold of dimension n + 1. The product structure makes it natural to use operator-valued symbols, that is functions a(t, τ) on the plane (t, τ) ∈ R^2 whose values are pseudodifferential operators on the fiber Y . It is not so clear, however, how to introduce proper classes of operator-valued symbols reflecting the most properties of the classical symbol classes S^m(M) on the product manifold M. We mention two possibilities:

• parameter-dependent theory when τ considered as a parameter is included into symbol estimates on Y ;

• one considers a group action on fibers (e.g., an action (1.7)) and symbols estimates depending on this action.

We propose another approach considering the norms on fiber spaces H^s(Y ) varying with τ, the symbol estimates involve these families of norms. So, the symbol remains unchanged, only the norms vary. That is why this approach is called passive in contrast to the active one where the norm is constant while the symbol is transformed (e.g., by the group action). Before passing to precise definitions let us introduce some general notation concerning ΨDO’s and their symbols.

We will consider operator-valued symbols on a line t ∈ R, that is functions a(t, τ), (t, τ) ∈ R^2 , whose values are ΨDO’s on Y . Treating a function u ∈ C^∞_0 (M) as a function u(t) on R with values in C^∞(Y ), we define a ΨDO Op(a) in a standard way

Op(a)u (t) = 1 2π ∫_∞ −∞ e^{itτ} a(t, τ)^u(τ) dτ. Here the integration line is the real axis ℑτ = 0. We also will need ΨDO’s with a complex integration line ℑτ = γ, the so-called weight line

Op^γ (a)u (t) = 1 2π ∫ ℑτ =γ e^{itτ} a(t, τ)^u(τ) dτ. (2.2) Clearly, the symbol is defined now for t ∈ R and ℑτ = γ. As for the Fourier transform ^u(τ), it is an entire function since u(t) ∈ C^∞_0 (R). Directly from definitions the relation follows

Op^γ (a(t, τ)) = e^{−γt} Op(a(t, τ + iγ)) e^{γt}. (2.3)

For two operator-valued symbols a(t, τ) and b(t, τ) defined on the same weight line ℑτ = γ, we define their Leibniz product to be a formal series a ∘ b = ∞∑ k=0 (−ih)^k k! ∂^k_τ a ∂^k_t b. (2.4)

Here h is a formal parameter, its powers serve to order the terms of the series. The Leibniz product extends by linearity to formal power series in h whose coefficients are operator-valued symbols, the so-called formal symbols. One easily checks the associativity of the Leibniz product. We use the notation a ∘ b |_N = N−1∑ k=0 (−i)^k k! ∂^k_τ a ∂^k_t b for partial sums of the series (2.4) at h = 1.

A funny relation arises if we take the Leibniz product of symbols in (2.3), e^{−γt} ∘ a(t, τ + iγ) ∘ e^{γt} = ∞∑ k=0 ∂^k_τ a(t, τ + iγ) (−ihγ)^k k! . One recognizes the formal Taylor expansion for a(t, τ + iγ − ihγ) in powers of −ihγ. We will also use an abbreviation (a(τ))_γ for such a formal complex shift a(t, τ − ihγ). Were a an entire function in τ the series (a(τ))_γ would be convergent at h = 1 to a(t, τ − iγ). Although it is a formal series, its partial sums

(a(t, τ))_γ |_N = N−1∑ k=0 ∂^k_τ a(t, τ) (−iγ)^k k! (2.5)

are useful when comparing ΨDO’s with different weight lines.

2.1 The cone algebra

We are now going to introduce the symbol classes Σ^m of operator-valued symbols. The fiber spaces H^s(Y ) are the usual Sobolev spaces on a smooth compact manifold Y , but we equip them with a family of norms ‖ · ‖_τ . As in Subsection 1.2 we take a fixed coordinate covering U_i and a subordinate partition of unity ρ_i(y) (now it does not contain a singular chart U_c) and set ‖v‖^2_τ = ∑ i ‖ρ_iv‖^2_τ (2.6)

with the norm ‖v_i‖_τ = ‖ρ_iv‖_τ defined by (1.10). Having the norms (2.6), we can define the spaces H^{s,γ+,γ−} (M) on the spindle (2.1) similarly to Subsection 1.3 with the norm given by (1.18).

Lemma 2.1 There is an embedding

ı : H^{s1} (Y ) → H^{s2} (Y )

if s_1 ≥ s_2. The norm of this embedding fulfills an estimate ‖ı‖_τ ≤ C ⟨τ⟩^{s2−s1} where the subscript τ means that both spaces H^{s1} (Y ) and H^{s2} (Y ) are equipped with the norms ‖ · ‖_τ with the same τ.

Proof. For a function v_i supported in the coordinate chart U_i we have

‖v_i‖^2_Hs_{2 ,τ} = ∫ |⟨τ, η⟩^{s2} ^v(η)|^2 dη = ∫ |⟨τ, η⟩^{s1} ^v(η)|^2 ⟨τ, η⟩^{2(s2−s1)} dη. Now, taking into account that s_2 − s_1 ≤ 0, we obtain

⟨τ, η⟩^{s2−s1} ∼ (1 + τ^2 + |η|^2)^{(s2−s1)/2} ≤ (1 + τ^2)^{(s2−s1)/2} ∼ ⟨τ⟩^{s2−s1} , so that ‖v_i‖^2_Hs_{2 ,τ} ≤ C ⟨τ⟩^{2(s2−s1)} ‖v_i‖^2_Hs_{1 ,τ} proving the lemma. □ Definition 2.2 A function a(t, τ) on R^2 whose values are pseudodifferential operators on Y is called an operator-valued symbol of order m (notation: a ∈ Σ^m = Σ^m(R^2 )) if for any integers α, β ≥ 0 and s ∈ R the operators ∂^α_t ∂^β_τ a(t, τ) : H^s(Y ) → H^{s−m+β}(Y ) (2.7) are bounded uniformly with respect to τ, that is ‖∂^α_t ∂^β_τ a(t, τ)‖_τ ≤ C_{α,β} (2.8) with C_{α,β} independent of τ.

As above, the subscript τ in (2.8) means that both spaces in (2.7) are equipped with the norm ‖ · ‖_τ with the same τ. This convention will be used from now on unless the contrary is specified. The definition remains meaningful if τ varies along the complex weight line ℑτ = γ.

First let us discuss trivial properties of the symbols a ∈ Σ^m following directly from the definition and Lemma 2.1. It is evident that the differentiation with respect to t does not change the class Σ^m while ∂^k_τ a ∈ Σ^{m+k}.

The variables t, τ may be multidimensional, that is (t, τ) ∈ R^{2n} . The definition remains meaningful for the special case when Y is a point and H^s(Y ) ∼= C^N if we define the norm ‖v‖_τ for v ∈ C^N by ‖v‖_τ = ⟨τ⟩^s ‖v‖_C N . In this latter case our definition gives the usual class S^m of matrix-valued symbols.

On the other hand, a classical pseudodifferential operator a(t, τ) on Y of order m with a parameter τ (in the sense of the parameter-dependent theory of ΨDO’s) defines an operator-valued symbol from Σ^m. More precisely, let Q denote a fixed quantization procedure on the manifold Y . This is a way to construct a ΨDO Q(a(y, η)) on Y starting with a smooth function a(y, η) ∈ C^∞(T^∗Y ) which behaves regularly for large η. If Y = R^{n+1} then there is a standard construction Q(a) = Op(a). In general, we can use a coordinate covering U_i, subordinate partition of unity ρ_i(y), and “covering” functions ~ρ_i(y) defining Q(a) = ∑ i ρ_i(y) Op_i(a(y, η)) ~ρ_i(y) (2.9)

where Op_i means a standard ΨDO in local coordinates on U_i.

Having fixed a quantization map (2.9), we will consider operator-valued symbols a(t, τ) of the form a(t, τ) = Q(b(t, y, τ, η)) (2.10) where b(t, y, τ, η) ∈ S^m_{cl} is a classical symbol of order m on the manifold M = R×Y . A standard consequence of the theory of ΨDO’s is the following proposition.

Proposition 2.3 The operator-valued symbol (2.10) belongs to Σ^m.

The following estimates playing an important role in parameter-depen-dent theory are simple consequences of Lemma 2.1.

Corollary 2.4 Let a(t, τ) ∈ Σ^m. If m − β ≤ 0 then the operator ∂^α_t ∂^β_τ a(t, τ) : H^s(Y ) → H^s(Y ) is bounded and its norm satisfies an estimate ‖∂^α_t ∂^β_τ a(t, τ)‖_τ ≤ C ⟨τ⟩^{m−β}. The same operator considered in the spaces ∂^α_t ∂^β_τ a(t, τ) : H^s(Y ) → H^{s−m}(Y ) satisfies an estimate ‖∂^α_t ∂^β_τ a(t, τ)‖_τ ≤ C ⟨τ⟩^{−β}. All these simple properties show that parameter-dependent norms ‖·‖_τ are appropriate tools for operator-valued symbols.

We will consider ΨDO’s of the form A = ρ(t) Op(a(t, τ)) ~ρ(t) (2.11) or A = ρ_+(t) Op^γ (a_+(τ)) ~ρ_+(t). (2.12) Here a(t, τ), a_+(τ) belong to Σ^m, a_+(τ) is defined on the weight line ℑτ = γ and does not depend on t. The cut-off function ρ has compact support, ρ_+ is supported in R_+ , the functions ~ρ, ~ρ_+ are covering functions (see Section 1).

To illustrate how the symbol classes Σ^m work, we prove here a boundedness property for operators (2.11), (2.12).

Lemma 2.5 The operator A : H^{s,γ+,γ−} (M) → H^{s−m,γ+,γ−} (M) (2.13) given by (2.11) or (2.12) is bounded.

Proof. Similarly to (1.5) and (1.6) we have bounded multiplication operators H^{s,γ+,γ− ~ρ(t)}−→ H^s, H^{s ρ(t)}−→ H^{s,γ+,γ−} , H^{s,γ+,γ− ~ρ+(t)}−→ H^{s,γ+} , H^{s,γ+ ρ+(t)}−→ H^{s,γ+,γ−} . The space H^s(M) is defined by the norm ‖u‖^2 = ∫_∞ −∞ ‖^u(τ)‖^2_τ dτ and the space H^{s,γ+} by the norm ‖u‖^2 = ∫ ℑτ =γ_+ ‖^u(τ)‖^2_τ dτ. In virtue of these properties the lemma reduces to the following two statements:

1. for an operator-valued symbol a(t, τ) ∈ Σ^m vanishing for |t| large enough, the operator Op(a(t, τ)) is bounded from H^s(M) to H^{s−m}(M);

2. for an operator-valued symbol a(τ) ∈ Σ^m defined on the line ℑτ = γ_+, the map H^{s,γ+} (Y ) ∋ ^u(τ) → a(τ)^u(τ) ∈ H^{s−m,γ+} (Y ) defines a bounded operator from H^{s,γ+} (M) to H^{s−m,γ+} (M). Both these statements are almost evident. The second one follows directly from the definition of the operator-valued symbol from Σ^m. Indeed, we have ‖a(τ)^u(τ)‖_Hs−m_{(Y ),τ} ≤ ‖a(τ)‖_τ ‖^u(τ)‖_Hs_{(Y ),τ} ≤ C ‖^u(τ)‖_Hs_{(Y ),τ} , so, the same inequality holds between the L^2 norms of the left- and righthand sides on the line ℑτ = γ_+.

To prove the first statement, we pass to the Fourier representation ^v(τ_1) = ∫_∞ −∞ ^a(τ_1 − τ, τ)^u(τ) dτ where ^a(σ, τ) = F_{t→σ}(a(t, τ)) is an operator-valued symbol acting from H^s(Y ) to H^{s−m}(Y ) with the norm estimate ‖^a(σ, τ)‖_τ = O ( ⟨σ⟩^{−∞} ) . (2.14) This estimate means that for any N the function ⟨σ⟩^N ‖^a(σ, τ)‖_τ is bounded uniformly in σ and τ. Now, using Lemma 1.3 ‖^v(τ_1)‖_Hs−m_{(Y ),τ1} ≤ ∫_∞ −∞ ‖^a(τ_1 − τ, τ) ^u(τ)‖_{τ1} dτ ≤ C ∫_∞ −∞ ⟨τ_1 − τ⟩^q ‖^a(τ_1 − τ, τ) ^u(τ)‖_τ dτ ≤ C ∫_∞ −∞ ⟨τ_1 − τ⟩^q ‖^a(τ_1 − τ, τ)‖_τ ‖^u(τ)‖_Hs_{(Y ),τ} dτ. Now, by (2.14) we have ‖^v(τ_1)‖_Hs−m_{(Y ),τ1} ≤ C ∫_∞ −∞ O ( ⟨τ_1 − τ⟩^{−∞} ) ‖^u(τ)‖_Hs_{(Y ),τ} dτ, implying the boundedness in L^2 -spaces. □ Let us briefly discuss trace properties of the operators (2.11), (2.12) supposing that the function ρ_+ also has compact support. It is clear that for m < −n − 1 the values of the symbol a(t, τ) ∈ Σ^m are trace class operators in fiber spaces H^s(Y ) since we have H^s(Y )^{a(t,τ )}−→ H^{s−m}(Y ) → H^s(Y ) where the embedding operator is of trace class. Thus, the fiberwise trace tr a(t, τ) exists.

Lemma 2.6 Let m < −n − 2 and the functions ρ, ρ_+ have compact support. Then the operators (2.11) and (2.12) are of trace class in the spaces H^{s,γ+,γ−} and Tr A = 1 2π ∫ R^2 tr ρ(t)a(t, τ) dτdt (2.15) or Tr A = 1 2π ∫_∞ −∞ dt ∫ ℑτ =γ_+ tr ρ(t)a(τ) dτ. (2.16)

Proof. Consider a sequence H^{s,γ+,γ−} (M)^A−→ H^{s−m,γ+,γ−} (M)^{~ρ}−→ H^{s,γ+,γ−} (M). Here ~ρ is a covering function with compact support for ρ or ρ_+. The first operator is bounded by Lemma 2.6, the second operator is of trace class by Corollary 1.8. Note that the weights γ_+, γ_− in the last space may be taken arbitrarily since ~ρ has compact support.

The trace formulas (2.15), (2.16) follow in a standard way from representation of the trace class operator as a product of two Hilbert-Schmidt operators. □ The other properties of ΨDO’s with symbols from Σ^m in the more general case when Y has a conical point can be found in the last Section 5.

We introduce now an algebra Ψ(M) of pseudodifferential operators on a smooth spindle M. We also use the name cone algebra for it since the only singularities of M are two conical points at t = ±∞. An operator A ∈ Ψ^m(M) of order m is defined by a triple {a_−(τ), a(t, τ), a_+(τ)} of operator-valued symbols from Σ^m. The function a(t, τ) is defined for τ real, the functions a_±(τ) are defined on horizontal weight lines ℑτ = ±γ_±, and on these lines they are operator-valued symbols in ℜτ (independent of t) from Σ^m.

These symbols are assumed to satisfy the following hypothesis:

1. stabilization conditions: for |t| large enough, a(t, τ) “stabilizes” to a(±∞, τ); 2. compatibility conditions: the symbols a(+∞, τ) and a_+(τ + iγ) are compatible in the sense that

a_N := a(+∞, τ) − (a(τ + iγ_+))_{γ+} |_N = a(+∞, τ) − N−1∑ k=0 a^{(k)}_+ (τ + iγ_+)(−iγ_+)^k/k! (2.17)

belongs to Σ^{m−N} . The same compatibility condition is fulfilled for a_0(−∞, τ) and a_−(τ − iγ_−).

An operator A ∈ Ψ^m(M) corresponding to this triple is defined on functions u(t) ∈ H^{s,γ+,γ−} (M) by the formula

Au = ρ_−(t) Op^{−γ−} (a_−(τ)) ~ρ_−(t) + ρ(t) Op(a(t, τ)) ~ρ(t) + ρ_+(t) Op^{γ+} (a_+(τ)) ~ρ_+(t). (2.18)

Here ρ_−, ρ, ρ_+ form a partition of unity on R, ~ρ_−, ~ρ, ~ρ_+ are covering functions. By Lemma 2.5 this operator is bounded from H^{s,γ+,γ−} (M) to H^{s−m,γ+,γ−} (M). Let us explain the role of the compatibility condition. It makes the definition (2.18) correct, that is independent of the partition of unity and covering functions up to trace class operators. First of all, another choice of covering functions is irrelevant by pseudolocality (see Section 5). Further, if we change the partition of unity the difference will be of the form

Δρ_−(t) Op^{−γ−} (a_−(τ)) ~ρ_−(t) + Δρ(t) Op(a(t, τ)) ~ρ(t) + Δρ_+(t) Op^{γ+} (a_+(τ)) ~ρ_+(t).

The functions Δρ_−, Δρ, Δρ_+ have compact support and their sum is identically zero. Thus, we may take one and the same covering function ~ρ and replace Δρ by −Δρ_− − Δρ_+, so that the difference become Δρ_− { e^{γ−t} Op(a_−(τ − iγ_−)) e^{−γ−t} − Op(a(−∞, τ)) } ~ρ + Δρ_+ { e^{−γ+t} Op(a_+(τ + iγ_+)) e^{γ+t} − Op(a(+∞, τ)) } ~ρ. (2.19)

Here we have made use of the relation (2.3) and replaced a(t, τ) by its limit on the supports of Δρ_±. Further, by Lemma 5.5

e^{−γ+t} Op(a_+(τ + iγ_+)) e^{γ+t} = Op ( (a(τ + iγ_+)_{γ+} |_N ) up to a trace class operator, and now, the compatibility condition implies that the difference (2.19) is of trace class.

2.2 Ellipticity and index formula

In this subsection we consider cone operators A ∈ Ψ(M) of the form (2.18) where the operator-valued symbol a(t, τ) has the form (2.10). On the contrary, the operator-valued symbols a_±(τ) corresponding to conical points are not assumed to have the form (2.10), they may be defined independently of the quantization map (2.9).

Definition 2.7 The homogeneous component b_m(t, y, τ, η) of order m of the function b(t, y, τ, η) in (2.10) is called the principal interior symbol of the operator A. The operator-valued symbols a_±(τ) are called the principal conormal symbols of A at the conical points ±∞.

Clearly, the principal symbols do not depend on the concrete choice of the quantization map.

Definition 2.8 An operator A ∈ Ψ(M) is called elliptic if

1. its principal interior symbol σ_{int}(A) is an invertible (matrix-valued) function on T^∗M \ {0} (interior ellipticity);

2. for each conical point ±∞, the conormal symbol σ_c(A) = a_±(τ) is an invertible operator on Y for all τ on the weight line ℑτ = ±γ_± (conormal ellipticity).

We will also assume that the conormal symbols a_±(τ) are holomorphic functions in some strip |ℑ(τ ± iγ_±)| < ε around weight lines and on each horizontal line in these strips they define operator-valued symbols of order m (uniformly in smaller strips). This will be referred to as a holomorphy condition.

The index theory of the elliptic cone operators may be summarized in the following theorems [FS96, FST99].

Theorem 2.9 Let A be an elliptic cone operator of order m and the holomorphy condition be fulfilled. Then it has a parametrix R : H^{s−m,γ+,γ−} (M) → H^{s,γ+,γ−} (M) such that 1 − RA and 1 − AR are trace class operators in H^{s,γ+,γ−} (M) and H^{s−m,γ+,γ−} (M), respectively.

In other words, the operator (2.13) is Fredholm, and the ellipticity conditions (both interior and conormal) are sufficient for the Fredholm property. Moreover, in [Sch91] their necessity is proved.

For the index of this Fredholm operator we have actually the same formula (0.6).

Theorem 2.10 Let the ellipticity condition be fulfilled. Then there exists an operator-valued symbol r_0(t, τ) ∈ Σ^{−m} such that 1 − r_0(t, τ)a(t, τ), 1 − a(t, τ)r_0(t, τ) are trace class operators in H^s(Y ), for any t, τ ∈ R^2 , vanishing outside a compact set in R^2 . If, in addition, A satisfies holomorphy conditions, then the operator is Fredholm and formula (0.6) holds.

The proof will be given in Sections 3 and 4 in a more general situation. The reader may also consult [FS96, FST99].

Here we would like to attract the reader’s attention to the following fact. The right-hand side of (0.6) which we call a topological index exists under ellipticity conditions only, the holomorphy condition is not required. On the other hand, the analytical index on the left-hand side of (0.6) does require the holomorphy condition. In the next subsection we propose a modification of the analytical index which does not require the holomorphy condition.

2.3 The kernel cut-off

Let a(τ) ∈ Σ^m be an operator-valued symbol on a weight line ℑτ = γ. We will not assume that a(τ) has an analytic extension to some strip around ℑτ = γ. We will construct a new operator-valued symbol a_ε(τ) depending on a parameter ε > 0, which is an entire function in τ and, for ε small enough, is sufficiently close to a(τ). The corresponding procedure known as a kernel cut-off was introduced by the second author [Sch91, ES97]. It also works in more general situations when the symbol a(t, τ) also depends on t varying on a compact set.

Let ψ(t) ∈ C^∞_0 (R) and let ψ(t) ≡ 1 in a neighborhood of t = 0. The Fourier transform ^ψ(τ) is an entire function in τ rapidly decreasing on any fixed horizontal line. We also introduce a small parameter ε > 0 considering the function ψ(εt), and its Fourier transform

^ψ_ε(τ) = 1 ε ^ψ (τ ε ) . Now, we define a new symbol a_ε(τ) by convolution of a(τ) and ^ψ_ε(τ), namely a_ε(τ) = a(τ) ∗ ^ψ_ε (τ) = ∫ ℑτ_1=γ ^ψ_ε(τ − τ_1) a(τ_1) dτ_1 = ∫ ℑ(τ −τ_2 )=γ ^ψ_ε(τ_2) a(τ − τ_2) dτ_2. (2.20)

It is clear from (2.20) that a_ε(τ) is an entire function in τ since ^ψ_ε(τ − τ_1) is. Lemma 2.11 If a(τ) is a symbol of Σ^m on the horizontal line ℑτ = γ then a_ε(τ) ∈ Σ^m on any horizontal line ℑτ = τ_0. Moreover, if a(τ) is invertible, so that a^{−1}(τ) ∈ Σ^{−m} on the line ℑτ = γ, then a_ε(τ) is also invertible in some strip |ℑτ − γ| ≤ δ, and a^{−1}_ε (τ) ∈ Σ^{−m} on each horizontal line in the strip.

Proof. From (2.20) it follows that

a^{(β)}_ε (τ) = ∫ ℑτ_1=γ ^ψ_ε(τ − τ_1) a^{(β)}(τ_1) dτ_1.

By Lemma 1.3,

‖a^{(β)}(τ_1)v‖_τ ≤ C ⟨ℜτ − ℜτ_1⟩^q ‖a^{(β)}(τ_1)v‖_{τ1} ,

the norms here are taken in the spaces H^{s−m+β}(Y ). Thus, if ‖a^{(β)}(τ_1)v‖_{τ1} ≤ C ‖v‖_{τ1} ≤ C ⟨ℜ(τ − τ_1)⟩^q ‖v‖_τ for v ∈ H^s(Y ), then ‖a^{(β)}_ε (τ)v‖_τ ≤ C ∫_∞ −∞ O ( ⟨ℜτ − ℜτ_1⟩^{−∞} ) dℜτ_1 ‖v‖_τ proving that a_ε(τ) ∈ Σ^m.

To prove the second part, we consider τ on the line ℑτ = γ, τ_2 on the real axis, and expand a(τ − τ_2) in (2.20) by Taylor’s formula

a(τ − τ_2) = N−1∑ k=0 1 k! a^{(k)}(τ)(−τ_2)^k +

(−τ_2)^N (N − 1)!

∫_1 0 a^{(N)}(τ − θτ_2)(1 − θ)^{N−1}dθ. Since ∫_∞ −∞ τ^k_2 ^ψ_ε(τ_2) dτ_1 = ( −i d dt )_k ψ(εt) |_{t=0}, that is this expression equals ψ(0) = 1 for k = 0 and is zero for k > 0, we obtain from (2.20)

a_ε(τ) a^{−1}(τ) − 1 = 1 (N − 1)! ∫_∞ −∞ (−τ_2)^N ^ψ_ε(τ_2) dτ_2

∫_1 0 a^{(N)}(τ − θτ_2) a^{−1}(τ)(1 − θ)^{N−1}dθ.

The operator

a^{(N)}(τ − θτ_2) a^{−1}(τ) : H^s(Y ) → H^{s+N} (Y )

admits a norm estimate

‖a^{(N)}(τ − θτ_2) a^{−1}(τ)‖_τ ≤ C ⟨τ_2⟩^{2l}

following from Lemma 1.3. Lemma 2.1 and Corollary 2.4 show that the same estimate is valid for this operator acting from H^s(Y ) to H^s(Y ). Thus, ‖a_ε(τ) a^{−1}(τ) − 1‖_τ ≤ C ∫_∞ −∞ |τ_2|^N | ^ψ_ε(τ_2)| ⟨τ_2⟩^{2l} dτ_2.

Since ^ψ_ε(τ_2) = 1 ε ^ψ (τ_2 ε ) , the change of variables τ_2 = εx yields ε^N ∫_∞ −∞ |x^N ^ψ(x)| ⟨εx⟩^{2l} dx ≤ C ε^N , implying the invertibility of a_ε(τ) on the line ℑτ = γ.

It remains to show the invertibility of a_ε(τ) in some strip |ℑτ − γ| < δ. But taking τ^′ = τ + ib with a real b, |b| < δ, we get

‖a_ε(τ^′) a^{−1}_ε (τ) − 1‖_τ ≤ ∫_b 0 ‖a^′_ε(τ + is) a^{−1}_ε (τ)‖_τ ds ≤ C δ ⟨ℜτ⟩^{−1} since a^′_ε(τ + is)a^{−1}_ε (τ) belongs to Σ^{−1}. □ Using this lemma, we can extend the notion of the analytical index to elliptic operators not necessarily satisfying the holomorphy condition. Given an elliptic operator A defined by the triple {a_+(τ), a(t, τ), a_−(τ)} with non-degenerate a_+(τ), a_−(τ) on the weight lines ℑτ = γ_+, ℑτ = −γ_−, respectively, we apply kernel cut-off to obtain a new operator A_ε = {a_{+,ε}(τ), a_ε(t, τ), a_{−,ε}(τ)} which is elliptic for sufficiently small ε > 0, by Lemma 2.11, and satisfies the holomorphy conditions. Clearly, the analytical index of A_ε is constant for ε small enough, because of the stability of the index. We can define a modified analytical index of the operator A (which is not a Fredholm one without holomorphy condition) as ind A_ε. The index formula (0.6) is still valid for this modified index.

3 The Corner Algebra

3.1 Corner-degenerate symbols

In this section the singular manifold M will be an edged spindle (0.3). As in Subsection 2.1 we denote by Ψ(M) an algebra of ΨDO’s A defined by a triple {a_+(τ), a(t, τ), a_−(τ)} of operator-valued symbols. The only (but essential) difference is that now the entries of this triple are ΨDO’s on a fiber Y which itself has a conical singularity y_c.

We introduce classes of operator-valued symbols Σ^m(δ, δ−l) with l ≥ m, similar to the classes Σ^m, cf. Definition 2.2.

Definition 3.1 An operator-valued symbol a(t, τ) stabilizing for large |t| belongs to Σ^m(δ, δ − l), l ≥ m, if for any integers α, β, and s ∈ R the operator ∂^α_t ∂^β_τ a(t, τ) : H^{s,δ}(Y ) ⊕ C^{N−} → H^{s−m+β,δ−l}(Y ) ⊕ C^{N+} (3.1)

is bounded in the norms ‖ · ‖_τ , cf. (1.13), uniformly with respect to τ.

In this section we construct a very special realization of the classes Σ^m(δ, δ − l) which leads to the so-called edge algebra. The boundedness relations (3.1) for edge symbols are fulfilled in a slightly sharper form (see Lemma 3.2 below). Adding to an edge symbol two symbols a_±(τ) defined on corner weight lines ℑτ = ±γ_±, and imposing compatibility conditions on the triple {a_+(τ), a(t, τ), a_−(τ)} similar to (2.17), we come to the corner algebra, the main object of our interest.

The edge symbols a(t, τ) (respectively a_±(τ)) consist of three different components. In this subsection we consider a so-called interior part. It is given by a classical (matrix-valued) symbol of order m, that is a function b(t, y, τ, η) on T^{∗ ∘}M where ∘ M = R × (Y \ {y_c}) is the smooth part of M, and (t, τ) ∈ R^2 , y ∈ Y \ {y_c}, η ∈ T^∗_y^∘M.

We assume the following:

1. The symbol b admits an asymptotic expansion for (τ, η) → ∞ in homogeneous components b ∼ ∞∑ j=0 b_{m−j} (t, y, τ, η)

where b_{m−j} are homogeneous functions in τ, η of degree m − j.

2. Edge degeneracy. In the singular chart U_c ⊂ Y , let y = (r, x) with r ∈ R_+ and x ∈ X, so that U_c is identified with the subset 0 ≤ r < 1 of the cone X^∧ = R_+ × X. Write η = (θ, ξ) ∈ T^∗_y (Y \ {y_c}), with θ ∈ R, the covariable for r, and ξ ∈ T^∗_x X. Then b(t, y, τ, η) = r^{−m} ~b(t, x, rτ, rθ, ξ). (3.2) 3. Stabilization. For t large enough, positive or negative, the symbol b(t, y, τ, η) stabilizes to b(±∞, y, τ, η). Such a function will be called a corner-degenerate classical complete symbol of order m. Its homogeneous component of the highest degree m is called the principal interior symbol,

σ_{int}(A) = b_m(t, y, τ, η). (3.3)

In general, the function ~b on the right-hand side of (3.2) may depend explicitly on r, ~b = ~b(t, r, x, ~τ , ~θ, ξ). In this case it is supposed to be smooth up to r = 0. We confine ourselves to the simplest case when ~b does not depend on r explicitly but only in combinations rτ and rθ. It is sufficient for the purposes of the index theory.

Such a function defines an operator-valued symbol via a quantization map Q(b(y, η)) = ∑ i ρ_i(y) Op_i(b(y, η)) ~ρ_i(y) (3.4)

(cf. (2.9)), where the summation is taken over smooth charts U_i. This is an operator-valued symbol acting from H^{s,δ}(Y ) to H^{s−m,δ1} (Y ), for any δ, δ_1 ∈ R, since the functions ρ_i(y) vanish in a heighborhood of the conical point y_c.

As in the smooth case the Definition 2.2 is satisfied for the operatorvalued symbols (3.4) with obvious replacement of H^s(Y ) and H^{s−m+β}(Y ) by H^{s,δ}(Y ) and H^{s−m+β,δ1} (Y ), respectively. It may also be viewed as an operator-valued symbol acting in the spaces (3.1). In this case the operator is a (2 × 2) -matrix with the left upper corner equal to (3.4), and with remaining entries equal to 0.

3.2 Mellin symbols

The next ingredient is the so-called complete edge symbol. It is defined in the vicinity of the edge R × {y_c}, so that the fiber Y may be viewed as a cone X^∧. The manifold M in the vicinity of the edge is viewed as a wedge R × X^∧ with coordinates t, r, x, where t ∈ R, r ∈ R_+ are defined globally while x ∈ X. We also replace the spaces H^{s,δ}(Y ) on the fibers by the spaces K^{s,δ}(X^∧) on the infinite cone, with the norm family ‖ · ‖_τ given by (1.11).

Thus, we are in the setting of the wedge algebra (see [ES97]). We fix a quantization map Q_X on X allowing one to construct a ΨDO on X by a function a(x, ξ) on T^∗X, for example, Q_X (a(x, ξ)) = ∑ i ρ_i(x) Op_i(a(x, ξ)) ~ρ_i(x). (3.5)

Recall that we have a group action κ_λ on the spaces K^{s,γ} (X^∧) given by (1.7), and the norm ‖ · ‖_τ is defined via this group action, cf. (1.11).

A Mellin complete symbol of order m is a function^1 h(t, r, τ, ζ, ξ) = r^{−m} ~h(t, x, rτ, ζ, ξ) (3.6) where ζ is a complex variable, and ~h(t, x, ~τ , ζ, ξ) is a holomorphic function in ζ belonging to a cone weight strip S = {|ℑζ − δ| < ε} (3.7) around the cone weight line ℑζ = δ.

We assume that ~h is a classical symbol of order m on any horizontal line ℑζ = const inside the weight strip. This means that there is an asymptotic expansion for λ → ∞ ~h(t, x, λ~τ, λℜζ + iδ, λξ) ∼^∞ ∑ j=0 ~h_{m−j} (t, x, ~τ , ℜζ, ξ) λ^{m−j} (3.8)

where ~h_{m−j} are homogeneous functions of degree m − j in (~τ, ℜζ, ξ).

Applying the quantization map Q_X to it, we obtain a function still denoted by ~h(t, ~τ, ζ) = Q_X (~h(t, x, ~τ, ζ, ξ)), whose values are ΨDO’s on X of order ≤ m. Further, we associate to it a Mellin ΨDO as follows. For a function u(r) with values in C^∞(X), we first change variables v(z) = f_∗u = u(e^{−z}), then apply to v a ΨDO with the symbol ~h(t, ~τ , ξ), w(z) = Op^δ(~h(t, ~τ, ζ)) v(z) = 1 2π ∫ ℑζ=δ e^{iζz} ~h(t, ~τ, ζ) ^v(ζ) dζ, and then make the inverse change of variables z = − ln r. The result will be denoted by Op^δ_M (~h(t, ~τ, ζ)) u = 1 2π ∫ ℑζ=δ e^{iζz} ~h(t, ~τ, ζ) F_{z→ζ} ( u(e^{−z}) ) dζ | | | z=− ln r . (3.9)

1In general, ~h may depend explicitly on r being smooth up to r = 0. Similarly to the interior corner-degenerate symbols we confine ourselves to a particular case when ~h does not depend on r explicitly.

The next assumption on the function ~h is its compatibility with the interior corner-degenerate symbol ~b. This condition is quite similar to (2.17) with the cone weight line ℑζ = δ instead of the corner weight line in (2.17). It means that the operator (3.9) coincides with the ΨDO defined by the symbol ~b = ~b(t, x, ~τ, rθ, ξ) up to order −∞. More precisely, applying the quantization map Q_X on X, cf. (3.5), we obtain a function still denoted by ~b(t, ~τ, ~θ) = Q_X (~b(t, x, ~τ , ~θ, ξ)), whose values are ΨDO’s on X of order m, and associate to it a ΨDO Op_F (~b(t, ~τ, rθ)) which acts on functions u(r) ∈ C^∞_0 (R_+ , C^∞(X)) by Op_F (~b(t, ~τ, rθ))u (r) = 1 2π ∫_∞ −∞ e^{iθr} ~b(t, ~τ , rθ) ^u(θ) dθ. (3.10) The requirement is that both the operators (3.9) and (3.10) coincide up to order −∞. In terms of the Mellin symbol ~h(t, x, ~τ , ζ, ξ) and the interior corner-degenerate symbol ~b(t, x, ~τ , ~θ, ξ) given by (3.2), this condition looks as follows. We first consider a formal complex shift by iδ in the variable ζ applied to the function ~h(t, x, ~τ , ζ, ξ), that is the formal Taylor series ∞∑ k=0 1 k! ∂^k_{~θ} ~h(t, ~τ, ~θ + iδ) (−iδ)^k (3.11) with the real variable ~θ. Next, we apply to (3.11) a change of variables in symbols generated by z = − ln r. The result must coincide with the symbol ~b(t, x, ~τ, ~θ, ξ), that is ~b(t, x, ~τ , ~θ, ξ) ∼ ∞∑ α=0 ∞∑ k=0 1 α! 1 k! ∂^{k+α}_{~θ} ~h(t, x, ~τ , ~θ + iδ, ξ) (−iδ)^k k! ∂^α_s exp(−i~θ(e^{−s} −1+s)) |_{s=0} (3.12)

were ∼ means that the homogeneous components in ~τ , ~θ, ξ of the classical symbols in both sides coincide. Vice versa, if the symbol ~b(t, x, ~τ , ~θ, ξ) is given, then the symbol ~h(t, x, ~τ , ζ, ξ) holomorphic in ζ and satisfying (3.12) may be found in two steps. First, we change the variables r = e^{−z} in symbols defining ~h(t, x, ~τ, σ, ξ) ∼^∞ ∑ α=0 (−i)^{|α|} α! ∂^α_σ ~b(t, x, ~τ, σ, ξ) ∂^α_s e^{iσ(ln(1+s)−s)} |_{s=0}, then apply the procedure of asymptotic summation to this formal series, and then the kernel cut-off procedure (Subsection 2.3) to obtain a Mellin symbol ~h(t, x, ~τ, ζ, ξ) which is an entire function in ζ. The relation (3.12) shows that such a Mellin symbol is defined uniquely up to a smoothing Mellin symbol, for which all the terms of the asymptotic expansion (3.8) are equal to 0.

A crucial observation for the edge and corner theory is that the symbol (3.6) and the corresponding operator (3.9) possess another homogeneity property, quite different from (3.8). It is easy to verify that the operator (3.9) is invariant under the κ_λ action (3.10). It means that the operatorvalued symbol b_M (t, τ) = Op^δ_M (r^{−m}~h(t, rτ, ζ)) (3.13)

is a homogeneous function in τ in the following sense

κ^{−1}_λ b_M (t, λτ) κ_λ ≡ λ^m b_M (t, τ). (3.14)

This property will be referred to as “twisted” homogeneity^2. Notice that the factor r^{−m} in front of ~h ensures that the degree of “twisted” homogeneity coincides with the highest degree of homogeneity in (3.8).

Now, having a corner-degenerate symbol b(t, r, x, τ, θ, ξ) and a Mellin symbol h(t, r, x, τ, ζ, ξ) compatible with b, and using various cut-off functions, we construct an operator-valued symbol b_{edge}(t, τ) : H^{s,δ}(Y ) → H^{s−m,δ−m}(Y ). First, we have a function ρ_c(y) = ρ_c(r) corresponding to a singular chart U_c ⊂ Y , and a covering function ~ρ_c(r). Next, we take a partition of unity φ_0(r), φ_∞(r) on R_+ , with φ_0(r) ∈ C^∞(R_+) satisfying φ_0(0) = 1, and φ_∞ = 1 − φ_0, and let ~φ_0 and ~φ_∞ be covering functions for φ_0 and φ_∞. Then we set b_{edge}(t, τ) = b_0(t, τ) + b_∞(t, τ) (3.15)

where b_0(t, τ) = ρ_c(r) φ_0(r⟨τ⟩) Op^δ_M Q_X (h(t, r, x, τ, ζ, ξ)) ~φ_0(r⟨τ⟩) ~ρ_c(r), b_∞(t, τ) = ρ_c(r) φ_∞(r⟨τ⟩) Op_F Q_X (b(t, r, x, τ, θ, ξ)) ~φ_∞(r⟨τ⟩) ~ρ_c(r). (3.16) Here Op^δ_M and Op_F denote Mellin and Fourier ΨDO’s with respect to the variable r.

Lemma 3.2 The operator-valued symbols b_0(t, τ) and b_∞(t, τ) acting in the spaces K^{s,δ}(X^∧) → K^{s−m,δ−m}(X^∧) or, equivalently, H^{s,δ}(Y ) → H^{s−m,δ−m}(Y ) 2In the general case when ~h depends explicitly on r there is an asymptotical expansion in λ of the left-hand side of (3.14) whose leading term of degree m coincides with the right-hand side.

belong to the class Σ^m(δ, δ − m). Moreover, the relation (3.1) is fulfilled in a sharper form: the operator ∂^α_t ∂^β_τ b_{edge}(t, τ) : H^{s,δ}(Y ) → H^{s−m+β,δ−m+β}(Y ). is bounded in the norms ‖ · ‖_τ uniformly with respect to τ.

For the proof the reader is referred to [FST98, Lemma 2.6]. We next define a principal edge symbol b_∧(t, τ) of the operator-valued symbol (3.15) by b_∧(t, τ) = b_{0,∧}(t, τ) + b_{∞,∧}(t, τ) = φ_0(r|τ|) Op^δ_M Q_X (h(t, r, x, τ, ζ, ξ)) ~φ_0(r|τ|) + φ_∞(r|τ|) Op_F Q_X (b(t, r, x, τ, θ, ξ)) ~φ_∞(r|τ|), (3.17) for τ ≠ 0. Let us explain the meaning of (3.17). Because of the special form of the Mellin symbol h (cf. (3.13)), the operator Op^δ_M Q_X (h) is homogeneous of degree m (cf. (3.14)). In fact, λ^{−m} κ^{−1}_λ Op^δ_M Q_X (h(t, r, λτ, ζ, ξ)) κ_λ = Op^δ_M Q_X ( h ( t, r λ , λτ, ζ, ξ )) ≡ Op^δ_M Q_X (h(t, r, τ, ζ, ξ)) and κ^{−1}_λ φ_0(r⟨λτ⟩) κ_λ = φ_0 ( r λ ⟨λτ⟩ ) ≡ φ_0(r|τ|) for λ > 0 large enough, and κ^{−1}_λ ρ_c(r) κ_λ = ρ_c ( r λ ) → ρ_c(0) = 1 as λ → ∞. Similar relations hold for Op_F Q_X (b) and φ_∞(r⟨τ⟩). This means that (3.17) may be viewed as a limit lim λ→+∞ λ^{−m} κ^{−1}_λ b_{edge}(t, λτ) κ_λ, at least formally. For fixed t and τ ≠ 0, the operator b(t, τ) : K^{s,δ}(X^∧) → K^{s−m,δ−m}(X^∧) is a cone ΨDO, cf. [ES97], and as such has a conormal symbol σ_M (b_∧(t, τ)) := ~h(t, 0, ζ). (3.18)

3.3 Green symbols

The last ingredient of the edge algebra is the so-called Green operator-valued symbol.

Definition 3.3 An operator-valued symbol b_G(t, τ) : K^{s,δ}(X^∧) → K^{s−m,δ−l}(X^∧) belonging to Σ^m(δ, δ − l), l ≥ m, is called a Green symbol of order m if for some ε > 0 and any fixed τ, the operator ∂^α_t ∂^β_τ b_G(t, τ) can be extended as a bounded operator to K^{s1,δ}(X^∧) → K^{s2,δ−l+ε}(X^∧), for any s_1, s_2 ∈ R.

Thus, this definition means that the operator b_G is smoothing one on fibers and besides gives a gain in the cone weight by some ε > 0. A typical example of the Green operator of order m is given by (3.13) where the Mellin symbol ~h(t, x, ~τ , ζ, ξ) belongs to S^{−∞}, that is decreases rapidly in (~τ , ζ, ξ) and besides its conormal symbol ~h(t, x, 0, ζ, ξ) is identically equal to 0. Another example of the Green symbol (of order −∞) gives a difference of the symbols b_{edge}(t, τ) and b^′_{edge}(t, τ) both obtained by (3.15), (3.16) with a different choice of cut-off functions, namely φ_0, φ_∞, ~φ_0, ~φ_∞ for b_{edge} and φ^′_0, φ^′_∞, ~φ^′_0, ~φ^′_∞ for b^′_{edge}. In [GSS00] it is shown that the choice φ_0 ≡ ~φ_0 ≡ 1 and φ_∞ ≡ ~φ_∞ ≡ 0 is also possible up to a Green symbol of order −∞.

The restriction l ≥ m ensures that Σ^m(δ, δ − m) ∈ Σ(δ, δ − l), so that corner-degenerate and Mellin symbols of Subsections 3.1 and 3.2 belonging by construction to Σ^m(δ, δ −m) are also included into Σ(δ, δ −l) (see Section 5 for a more detailed discussion).

Up to now we considered the operators acting on the spaces K^{s,δ}(X^∧) or H^{s,δ}(Y ). We will need however Green symbols acting in the spaces K^{s,δ}(X^∧) ⊕ C^N . The norm ‖ · ‖_τ on the direct sum is defined by (1.13) and the classes Σ^m(δ, δ − l) are defined with respect to this norm family (Definition 3.1). Thus, a (2 × 2) -matrix

b_G(t, τ) : K^{s,δ}(X^∧) ⊕ C^{N−} → K^{s−m,δ−l}(X^∧) ⊕ C^{N+} (3.19)

belonging to Σ^m(δ, δ − l) is a Green symbol of order m if for some ε > 0 and any fixed τ, s_1, s_2, the operator

∂^α_t ∂^β_τ b_G(t, τ) : K^{s1,δ}(X^∧) ⊕ C^{N−} → K^{s2,δ−l+ε}(X^∧) ⊕ C^{N+} is bounded.

For the operators (3.19) the notion of “twisted” homogeneity is meaningful, the action of R_+ on the direct sum K^{s,δ}(X^∧) ⊕ C^N is defined as κ_λ ⊕ 1. So, the Green symbol (3.19) defined for τ ≠ 0 is homogeneous of degree m if λ^{−m} ( κ^{−1}_λ ⊕ 1 ) b_G(t, λτ) (κ_λ ⊕ 1) is independent of λ. It is clear that multiplying this symbol by an excision function χ(τ) with χ ≡ 0 in a neighborhood of τ = 0, we obtain a Green symbol χ(τ)b_G(t, τ) of order m. This observation allows us to define classical Green symbols, namely b_G(t, τ) ∼ ∞∑ j=0 b_{G,m−j} (t, τ) (3.20)

where b_{G,m−j}(t, τ) are homogeneous Green symbols of degree m − j and ∼ means an asymptotic summation. In other words, (3.20) means that the difference b_G(t, τ) − χ(τ) N−1∑ j=0 b_{G,m−j} (t, τ) is a Green symbol of order m − N.

For a classical Green symbol we define its principal edge symbol by σ_∧(b_G(t, τ)) = b_{G,m}(t, τ). (3.21) We also set by definition

σ_M (σ_∧(b_G(t, τ))) = 0.

Now, we are in a position to describe the corner algebra Ψ(M). A corner operator is defined by a triple

A = {a_+(τ), a_i(t, τ), a_−(τ)} (3.22)

(we denote here and further on the interior part by a_i(t, τ) instead of a(t, τ)), it acts on the spaces H^{s,δ,γ+,γ−} (M) similarly to (2.18), namely,

Au = ρ_−(t) Op^{−γ−} (a_−(τ)) ~ρ_−(t) + ρ_i(t) Op(a_i(t, τ)) ~ρ_i(t) + ρ_+(t) Op^{γ+} (a_+(τ)) ~ρ_+(t). (3.23)

Here we have also changed the notation ρ(t), ~ρ(t) for ρ_i(t), ~ρ_i(t). The following definition (unfortunately, rather cumbersome) summarizes the constructions of this section.

Definition 3.4 A corner symbol A = {a_+(τ), a_i(t, τ), a_−(τ)} of order m consists of an operator-valued symbol

a_i(t, τ) = b_{int}(t, τ) + b_{edge}(t, τ) + b_G(t, τ)

acting on the spaces (3.1), where

• b_{int} is defined by a corner-degenerate symbol (3.2) via (3.4); • b_{edge} is defined by a Mellin symbol h (3.6) via (3.15), (3.16); • b_G is a classical Green symbol of order m.

All these symbols are assumed to stabilize as t → ±∞ to symbols independent of t, a_i(±∞, τ) = b_{int}(±∞, τ) + b_{edge}(±∞, τ) + b_G(±∞, τ). The components a_±(τ), ℑτ = ±γ_±, are also operator-valued symbols of order m acting in the spaces (3.1). These symbols must be compatible with a_i(±∞, τ) in the sense that a_N = a_i(±∞, τ) − N−1∑ k=0 a^{(k)}_± (τ ± iγ_±) (∓iγ_±)^k k! (3.24)

belongs to Σ^{m−N} (δ, δ − l + ε) with some ε > 0 (cf. (2.17)).

The component a_i is actually an element of the edge algebra on an infinite cylinder M = R × Y , and the components a_± serve to compactify this cylinder by two corners.

Definition 3.5 For a corner operator there are three levels of principal symbols:

• the principal interior symbol σ_{int}(A) which is a homogeneous function of degree m on T^{∗ ∘}M defined by (3.3);

• the principal edge symbol

σ_∧(A)(t, τ) = σ_∧(b_{edge}) + σ_∧(b_G)

which is a “twisted” homogeneous function of degree m in τ defined by (3.17), (3.21);

• the principal corner symbol σ_c(A) at each corner t = ±∞. This is simply the operator a_±(τ), ℑτ = ±iγ_±.

Besides, there is a conormal symbol σ_M σ_∧(A) whose left upper corner is given by (3.18) and the remaining entries of the (2 × 2) -matrix are 0.

The corner theory may be summarized in the following theorem.

Theorem 3.6 1. A corner operator of order m is bounded as an operator A : H^{s,δ,γ+,γ−} (M) −→ H^{s−m,δ−l,γ+,γ−} (M). 2. The corner operators form an algebra with the additivity of orders. 3. The symbol maps σ_{int}, σ_∧, σ_c and σ_M σ_∧ are homomorphisms.

The detailed proof is contained in [Sch92], see also [ST00], and [ES97, ST99] containing a similar theorem for the edge algebra.

3.4 Kernel cut-off and holomorphy

In the original definition of the corner algebra [Sch92] there was an additional requirement comparing to the Definition 3.4: the opertor-valued functions a_±(τ) were supposed to be meromorphic in τ. The poles gave rise to the so-called corner asymptotics which were one of the objects of study in [Sch92].

For the purposes of the index theory we don’t need the full asymptotic information, so the meromorphy of a_±(τ) is no longer needed. It is sufficient to require a milder holomorphy condition: the functions a_±(τ) defined on the corner weight lines ℑτ = γ_± have analytic extensions into a corner weight strip S_± = {|ℑτ ∓ iγ_±| < ε}, moreover, a_±(τ) ∈ Σ^m(δ, δ − l) on any horizontal line in the strip. A similar condition with a cone weight strip (3.7) instead of S_± was imposed on the Mellin symbol (3.6).

However, at the first glance even this milder condition seems to contradict the Definition 3.4. Indeed, because of the compatibility (3.24) it is natural to assume that a_i(+∞, τ) satisfies the holomorphy condition as well. But because of the cut-off functions φ_0(r⟨τ⟩), φ_∞(r⟨τ⟩) (cf. (3.16), which are by no means holomorphic in τ, the holomorphy of the whole operator a_i(τ) is doubtful. Quite surprisingly, the following lemma shows that the holomorphy property may be obtained by means of the kernel cut-off procedure. In addition to Lemma 2.11 the kernel cut-off procedure in the symbol classes Σ^m(δ, δ − l), l ≥ m, possesses the following property.

Lemma 3.7 Let an operator-valued symbol

a(τ) = b_{int}(τ) + b_{edge}(τ) + b_G(τ)

defined on a weight line ℑτ = γ belong to the symbol class Σ^m(δ, δ − l). Then the operator-valued symbol a_ε(τ) = a(τ) ∗ ^ψ_ε = ∫ ℑτ =γ ^ψ_ε(τ − τ_1) a(τ_1) dτ_1 also belongs to Σ^m(δ, δ − l). Moreover, the difference a_ε(τ) − a(τ) is a Green symbol.

Proof. Similarly to the proof of Lemma 2.11 we have by Taylor’s formula a_ε(τ) − a(τ) = 1 (N − 1)! ∫_∞ −∞ (−τ_2)^N ^ψ_ε(τ_2) dτ_2

∫_1 0 a^{(N)}(τ − θτ_2) (1 − θ)^{N−1}dθ. By Proposition 5.1 the symbol a^{(N)}(τ) belongs to Σ^{m−N} (δ, δ − l + ε_1) with some ε_1 > 0. Thus, a_ε(τ) − a(τ) also belongs to Σ^{m−N} (δ, δ − l + ε_1) since ^ψ_ε(τ_2) is rapidly decreasing on the real axis.

Since N may be taken arbitrarily large, it means that a_ε(τ) − a(τ) is infinitely smoothing and gives a gain in the weight by ε_1. In other words, it is a Green operator. □ As a consequence we see that for a corner operator A = {a_+(τ), a_i(t, τ), a_−(τ)} we can take another corner operator A_ε = {a_{+,ε}(τ), a_{i,ε}(t, τ), a_{−,ε}(τ)} (3.25) which differs from A by a Green operator and satisfies the holomorphy condition. Moreover, we could introduce a subclass of corner operators satisfying the holomorphy condition in the spirit of the original definition in [Sch92], and restrict ourselves to this subalgebra. We prefer, however, to remain in a little wider class of Definition 3.4 using, if needed, a holomorphic approximation (3.25).

3.5 Ellipticity and parametrix

Having defined three principal symbols, cf. Definition 3.5, we introduce elliptic corner operators as those for which σ_{int}, σ_∧ and σ_c are invertible. More precisely, the interior ellipticity means that the function σ_{int} = b_m(t, τ, y, η) on T^{∗ ∘}M \ {0} is an invertible homomorphism. Near the edge we actually have b_m(t, y, τ, η) = r^{−m} ~b_m(t, x, rτ, rθ, ξ) with a function ~b_m(t, x, ~τ , ~θ, ξ) called compressed interior symbol. We assume that it is an invertible homomorphism for (~τ , ~θ, ξ) ≠ (0, 0, 0), including this assumption into the interior ellipticity.

Next, the edge ellipticity means that the principal edge symbol σ_∧(A)(t, τ) : K^{s,δ}(X^∧) ⊕ C^{N−} → K^{s−m,δ−l}(X^∧) ⊕ C^{N+} is an invertible operator for τ ≠ 0. Finally, the corner ellipticity at t = +∞ means that the operator

a_+(τ) : H^{s,δ}(Y ) ⊕ C^{N−} → H^{s−m,δ−l}(Y ) ⊕ C^{N+} is invertible for any τ belonging to the corner weight line ℑτ = γ_+. A similar condition is imposed at t = −∞.

A basic question of the elliptic theory is if the ellipticity implies the Fredholm property of a corner operator of order m A : H^{s,δ,γ+,γ−} (M) → H^{s−m,δ−l,γ+,γ−} (M) as in the smooth case. A well-known way to answer this question is to construct a parametrix R : H^{s−m,δ−l,γ+,γ−} (M) → H^{s,δ,γ+,γ−} (M) such that the operators 1 − RA and 1 − AR are compact (and even of trace class) in the spaces H^{s,δ,γ+,γ−} (M) and H^{s−m,δ−l,γ+,γ−} (M), respectively. In contrast to the smooth elliptic theory the invertibility of principal symbols is not sufficient for the parametrix to exist, one needs also a holomorphy condition for the corner symbols a_±(τ), that is, the symbols a_±(τ) as well as their inverses a^{−1}_± (τ) have analytic extensions into corner weight strips S_± = {|ℑτ ∓ iγ_±| < ε}, moreover, a_±(τ) ∈ Σ^m(δ, δ − l), a^{−1}_± (τ) ∈ Σ^{−m}(δ − l, δ) on any horizontal line in the strip. As was explained in the preceding subsection we may assume without loss of generality that both cone and corner holomorphy conditions are fulfilled. Under these assumptions we prove the following theorem.

Theorem 3.8 Let

A = {a_+(τ), a_i(t, τ), a_−(τ)} ∈ Ψ^m(M) (3.26)

be an elliptic operator satisfying the holomorphy conditions. Then there exists a parametrix

R = {a^{−1}_+ (τ), r_i(t, τ), a^{−1}_− (τ)} ∈ Ψ^{−m}(M) (3.27)

such that both 1 − RA and 1 − AR are trace class operators in the spaces H^{s,δ,γ+,γ−} (M) and H^{s−m,δ−l,γ+,γ−} (M), respectively.

Thus, A : H^{s,δ,γ+,γ−} (M) → H^{s−m,δ−l,γ+,γ−} (M) is a Fredholm operator. We also prove that its index may be expressed by the formula

ind A = 1 2π ∫ R^2

{tr (1 − r_i ∘ a_i) |_N − tr (1 − a_i ∘ r_i) |_N } dtdτ + 1 2πi ∫_{+∞} −∞ tr {_{N−1} ∑ k=0 (a^{−1}_+ a^′_+)^{(k)}(τ + iγ_+)

(−iγ_+)^k k! − (r_ia^′_i)(+∞, τ) } dτ

− 1 2πi ∫_{+∞} −∞ tr {_{N−1} ∑ k=0 (a^{−1}_− a^′_−)^{(k)}(τ − iγ_−) (iγ_−)^k k! − (r_ia^′_i)(−∞, τ) } dτ. (3.28)

for any N ≥ n+1. All the operators in curly brackets are of trace class in the spaces H^{s,δ}(Y ) or H^{s−m,δ−l}(Y ), and tr means the corresponding operator trace.

Proof. The operator-valued symbol a_i(t, τ) entering (3.26) is an edge symbol of order m stabilizing at t → ±∞. We use a well-known parametrix construction in the edge algebra (see e.g. [ES97, FST98, ST99]) which gives us a symbol r_i(t, τ) ∈ Σ^{−m}(δ−l, δ) such that 1−r_i ∘a_i |_N and 1−a_i ∘r_i |_N are Green symbols of order −N with respect to weight data (δ, δ) for 1−r_i ∘a_i |_N and (δ − l, δ − l) for 1 − a_i ∘ r_i |_N .

To pass further to corner algebra, we follow the scheme of [FST99, Theorem 3.1]. Actually, we simply repeat the calculations for the case of operator-valued symbols. Observe that the symbol variables t, τ are defined globally, the only transition being a complex shift in τ. The computations use different versions of the theorem on the regularized trace of a product, and a pseudolocality of pseudodifferential operators.

We start with the well-known formula for the index of a Fredholm operator ind A = Tr (1 − RA) − Tr (1 − AR).

According to (3.26), (3.27), and (3.23) the operators A and R are given by the following expressions

A = A_− + A_i + A_+

= ρ_−(t) Op^{−γ−} (a_−(τ)) ~ρ_−(t) + ρ_i(t) Op(a_i(t, τ)) ~ρ_i(t) + ρ_+(t) Op^{γ+} (a_+(τ)) ~ρ_+(t), and R = R_− + R_i + R_+

= ρ_−(t) Op^{−γ−} (a^{−1}_− (τ)) ~ρ_−(t) + ρ_i(t) Op(r_i(t, τ)) ~ρ_i(t) + ρ_+(t) Op^{γ+} (a^{−1}_+ (τ)) ~ρ_+(t),

The product RA contains nine summands, two of them R_−A_+ and R_+A_− being equal to 0 since ~ρ_−ρ_+ ≡ ~ρ_+ρ_− ≡ 0. Thus,

1 − RA = 1 − R_iA_i − R_−A_− − R_+A_+ − R_−A_i − R_+A_i − R_iA_− − R_iA_+ (3.29) and 1 − AR = 1 − A_iR_i − A_−R_− − A_+R_+ − A_iR_− − A_iR_+ − A_−R_i − A_+R_i. (3.30)

The corresponding summands in (3.29) and (3.30) differ only by the order of factors. Were these summands trace class operators, the difference of their traces would be equal to 0. We will transform the summands pairwise replacing them by equivalent pairs where the equivalence means the following. We say that two pairs AB, BA and A^′B^′, B^′A^′ are equivalent if the differences AB − A^′B^′ and BA − B^′A^′ are trace class operators and their traces coincide. For example, if A − A^′ and B − B^′ belong to the trace class, then

tr (AB − A^′B^′) = tr (A − A^′)B + tr A^′(B − B^′) = tr B(A − A^′) + tr (B − B^′)A^′ = tr (BA − B^′A^′).

In other words, if we change A or B adding to them trace class operators, we obtain an equivalent pair.

Consider first the corresponding pairs from the first lines of (3.29) and (3.30), for example

R_+A_+ = ρ_+ Op^{γ+} (a^{−1}_+ ) ~ρ_+ρ_+ Op^{γ+} (a_+) ~ρ_+ and A_+R_+ = ρ_+ Op^{γ+} (a_+) ~ρ_+ρ_+ Op^{γ+} (a^{−1}_+ ) ~ρ_+.

We may drop here ~ρ_+ since the operators

ρ_+ Op^{γ+} (a_+) (1 − ~ρ_+), ρ_+ Op^{γ+} (a^{−1}_+ ) (1 − ~ρ_+)

belong to the trace class by pseudolocality, cf. Lemma 5.4. So, this pair is equivalent to the following one

Op^{γ+} (ρ_+a^{−1}_+ ) Op^{γ+} (ρ_+a_+), Op^{γ+} (ρ_+a_+) Op^{γ+} (ρ_+a^{−1}_+ ),

which in turn is equivalent to

Op^{γ+} ( ρ_+a^{−1}_+ ∘ ρ_+a_+ |_N ) , Op^{γ+} ( ρ_+a_+ ∘ ρ_+a^{−1}_+ |_N

) (3.31) by the theorem on the regularized trace of a product (Theorem 5.6).

Similarly, remaining two pairs from the first lines are equivalent to

Op (ρ_ir_i ∘ ρ_ia_i |_N ) , Op (ρ_ia_i ∘ ρ_ir_i |_N ) (3.32) and Op^{−γ−} ( ρ_−a^{−1}_− ∘ ρ_−a_− |_N ) , Op^{−γ−} ( ρ_−a_− ∘ ρ_−a^{−1}_− |_N ) . (3.33)

Now, there are four pairs in the second lines of (3.29), (3.30). Consider one of them, say

R_iA_+ = ρ_i Op(r_i) ~ρ_iρ_+ Op^{γ+} (a_+) ~ρ_+ and A_+R_i = ρ_+ Op^{γ+} (a_+) ~ρ_+ρ_i Op(r_i) ~ρ_i.

Here the factors have different representations corresponding to different weight lines. First of all we need to pass to the same representation in both factors.

To this end we replace the cut-off functions ρ_+ and ~ρ_+ by a pair ρ_1, ~ρ_1 of compactly supported functions satisfying the following conditions:

1. ~ρ_iρ_+ ≡ ~ρ_iρ_1;

2. ρ_1 ~ρ_1 ≡ ρ_1, so that ~ρ_1 is a covering function for ρ_1.

This replacement gives us an equivalent pair of operators because of pseudolocality. Indeed, replacing first ρ_+ by ρ_1, we obtain a new pair of operators which differ from the previous one by

ρ_i Op(r_i) ~ρ_i (ρ_+ − ρ_1) Op^{γ+} (a_+) ~ρ_+ ≡ 0, (ρ_+ − ρ_1) Op^{γ+} (a_+) ~ρ_+ρ_i Op(r_i) ~ρ_i.

The second operator is of trace class by pseudolocality, for (ρ_+−ρ_1)~ρ_+ρ_i ≡ 0. Its trace is equal to 0 because moving the factor ~ρ_+ under the trace sign to the first place we get ~ρ_i(ρ_+ − ρ_1) ≡ 0. Thus, A may be changed to

ρ_1 Op^{γ+} (a_+) ~ρ_+.

Here ~ρ_+ may be replaced by ~ρ_1, since the difference

ρ_1 Op^{γ+} (a_+) (~ρ_+ − ~ρ_1)

is of trace class because of pseudolocality. Finally, we obtain the operator

ρ_1 Op^{γ+} (a_+) ~ρ_1

instead of A_+.

Now, we use the compatibility condition which implies that the difference ρ_1 (Op^{γ+} (a_+) − Op(a_i)) ~ρ_1 is of trace class. As a result we come to an equivalent pair

ρ_i Op(r_i) ~ρ_iρ_1 Op(a_i) ~ρ_1, ρ_1 Op(a_i) ~ρ_1ρ_i Op(r_i) ~ρ_i,

which can be handled similarly to the pairs from the first lines. We drop ~ρ_i and ~ρ_1 and then apply the theorem on the regularized trace of a product, obtaining an equivalent pair

Op (ρ_ir_i ∘ ρ_+a_i |_N ) , Op (ρ_ia_i ∘ ρ_+r_i |_N ) . (3.34)

In the final expression we have again replaced ρ_1 by ρ_i without changing the symbol.

Similarly, the remaining three pairs may be transformed to equivalent ones

Op (ρ_ir_i ∘ ρ_−a_i |_N ) , Op (ρ_−a_i ∘ ρ_ir_i |_N ) ; (3.35) Op (ρ_+r_i ∘ ρ_ia_i |_N ) , Op (ρ_ia_i ∘ ρ_+r_i |_N ) ; (3.36) Op (ρ_−r_i ∘ ρ_ia_i |_N ) , Op (ρ_ia_i ∘ ρ_−r_i |_N ) . (3.37)

In (3.36) and (3.37) we have again used the compatibility condition implying that ρ_1 ( Op^{γ+} (a^{−1}_+ ) − Op(r_i) ) ~ρ_1 is a trace class operator. Indeed, it can be rewritten as

ρ_1 Op^{γ+} (a^{−1}_+ ) (1 − Op(a_i)Op(r_i)) ~ρ_1 + ρ_1 Op^{γ+} (a^{−1}_+ ) (Op(a_i) − Op^{γ+} (a_+)) Op(r_i)~ρ_1

since Op^{γ+} (a_+(τ)) and Op^{γ+} (a^{−1}_+ (τ)) are mutually inverse. From this representation the trace class property is obvious.

The pairs (3.31) and (3.33) may be transformed further using the identities ρ_+ ≡ 1 − ρ_i − ρ_−, ρ_+ρ_− ≡ 0.

Thus,

Op^{γ+} ( ρ_+a^{−1}_+ ∘ ρ_+a_+ |_N ) = Op^{γ+} ( ρ_+a^{−1}_+ ∘ a_+ |_N ) − Op^{γ+} ( ρ_+a^{−1}_+ ∘ ρ_ia_+ |_N ) = ρ_+ − Op^{γ+} ( ρ_+a^{−1}_+ ∘ ρ_ia_+ |_N ) since a^{−1}_+ ∘ a_+ ≡ 1 and Op^{γ+} (ρ_+) is simply multiplication by ρ_+(t). So, the pairs (3.31) and (3.33) become

ρ_+ − Op^{γ+} ( ρ_+a^{−1}_+ ∘ ρ_ia_+ |_N ) , ρ_+ − Op^{γ+} ( ρ_+a_+ ∘ ρ_ia^{−1}_+ |_N ) ; ρ_− − Op^{−γ−} ( ρ_−a^{−1}_− ∘ ρ_ia_− |_N ) , ρ_− − Op^{−γ−} ( ρ_−a_− ∘ ρ_ia^{−1}_− |_N ) .

Now, gathering these two pairs and the previous ones (3.32), (3.34)– (3.37), we obtain

1 − RA ∼ Op (ρ_i(1 − r_i ∘ a_i) |_N ) + Op^{γ+} ( ρ_+a^{−1}_+ ∘ ρ_ia_+ |_N ) − Op (ρ_+r_i ∘ ρ_ia_i |_N ) + Op^{−γ−} ( ρ_−a^{−1}_− ∘ ρ_ia_− |_N ) − Op (ρ_−r_i ∘ ρ_ia_i |_N ) (3.38) and 1 − AR ∼ Op (ρ_i(1 − a_i ∘ r_i) |_N ) + Op^{γ+} ( ρ_+a_+ ∘ ρ_ia^{−1}_+ |_N ) − Op (ρ_+a_i ∘ ρ_ir_i |_N ) + Op^{−γ−} ( ρ_−a_− ∘ ρ_ia^{−1}_− |_N ) − Op (ρ_−a_i ∘ ρ_ir_i |_N ) . (3.39)

The summands in the first lines are obviously trace class operators and the difference of their traces yields the first line in (3.28).

Our next goal is to pass from the operators Op^γ to the operators Op. The following lemma gives us the needed rule.

Lemma 3.9 Let a(t, τ) belong to Σ^0(δ, δ), for ℑτ = γ. Moreover, let it have a compact support in t. Then the following relation holds Op^γ (a(t, τ)) = e^{−γt} Op (a(t, τ + iγ)) e^{γt} ∼ Op ( e^{−γt}a(t, τ + iγ) ∘ e^{γt} |_N ) (3.40)

where A ∼ B means that A − B is a trace class operator with zero trace.

Proof. Let ρ(t), ~ρ(t) have compact support, ρ a(t, τ) ≡ a(t, τ) and ~ρ(t)ρ(t) ≡ ρ(t). By pseudolocality we may write Op^γ (a(t, τ)) ∼ ρ Op^γ (a(t, τ)) ~ρ = ρ e^{−γt} Op(a(t, τ + iγ)) e^{−γt} ~ρ, the last equality being a simple consequence of the definition (2.2) of Op^γ . Now, all the symbols and functions have compact supports in t, so, we may apply the theorem on the regularized trace of a product to the operators A = Op (ρ(t) e^{−γt} a(t, τ + iγ)) , B = Op (~ρ(t) e^{γt}) , resulting in Tr_N AB = Tr_N BA = 0 since the regularized trace of BA is obviously equal to 0. Dropping cut-off functions ρ, ~ρ from the final expressions, we obtain (3.40). □

Observe that the formal series e^{−γt}a(t, τ + iγ) ∘ e^{γt} = ∞∑ k=0 ∂^k_τ a(t, τ + iγ) (−iγ)^k k! is a formal Taylor expansion for a(t, (τ +iγ)−iγ) in powers of −iγ at τ +iγ. Note also that for k large enough the operator Op(∂^k_τ a(t, τ + iγ)) is of trace class with zero trace. Indeed,

Tr Op ( ∂^k_τ a(t, τ + iγ) ) = 1 2π ∫_∞ −∞ dt ∫_∞ −∞ tr ∂^k_τ a(t, τ + iγ) dτ = 0 since ∫_∞ −∞ tr ∂^k_τ a(t, τ + iγ) dτ = ∂^{k−1}_τ tr a(t, τ + iγ) |^∞_{−∞} = 0.

Using the notation (a)_γ for the formal complex shift by iγ, we have

(a ∘ b)_γ = (a)_γ ∘ (b)_γ ,

so, the formal complex shift is an automorphism or the formal Leibniz product ∘. With this notation the second lines in (3.38) and (3.39) may be written as Op ( (ρ_+(a^{−1}_+ )_{γ+} ∘ ρ_i(a_+)_{γ+} − ρ_+r_i ∘ ρ_ia_i) |_N ) (3.41) and Op ( (ρ_+(a_+)_{γ+} ∘ ρ_i(a^{−1}_+ )_{γ+} − ρ_+a_i ∘ ρ_ir_i) |_N ) = Op ( (ρ_i(a^{−1}_+ )_{γ+} ∘ ρ_+(a_+)_{γ+} − ρ_ir_i ∘ ρ_+a_i) |_N ) . (3.42)

Here we have changed the order of factors since ρ_+(a_+)_{γ+} is equivalent to ρ_+a_i by compatibility condition, and similarly ρ_i(a^{−1}_+ )_{γ+} is equivalent to ρ_ir_i. We move ρ_i in (3.41) through (a_+)_{γ+} and a_i as follows

ρ_i (a_+)_{γ+} = [ρ_i, (a_+)_{γ+} ] + (a_+)_{γ+} ∘ ρ_i = −[ρ_+, (a_+)_{γ+} ] + (a_+)_{γ+} ∘ ρ_i − [ρ_−, (a_+)_{γ+} ].

Substituting this into (3.41) we may drop the last term since it vanishes on the support of ρ_+. Thus, for the trace of (3.41) we obtain

Tr Op ( (ρ_+(a^{−1}_+ )_{γ+} ∘ [(a_+)_{γ+} , ρ_+] − ρ_+r_i ∘ [a_i, ρ_+]) |_N ) + Tr (ρ_+(1 − r_i ∘ a_i)ρ_i |_N ) .

In (3.42) we move ρ_+ through (a_+)_{γ+} and a_i obtaining

− Tr Op ( (ρ_i(a^{−1}_+ )_{γ+} ∘ [(a_+)_{γ+} , ρ_+] − ρ_ir_i ∘ [a_i, ρ_+]) |_N ) + Tr (ρ_i(1 − r_i ∘ a_i)ρ_+ |_N ) .

It remains to take the difference of these traces to obtain Tr Op ( ((a^{−1}_+ )_{γ+} ∘ [(a_+)_{γ+} , ρ_+] − r_i ∘ [a_i, ρ_+]) |_N ) . Now, since (a^{−1}_+ )_{γ+} and a_i do not depend on t on the support of ρ_+, we have [(a_+)_{γ+} , ρ_+] = −i∂_τ (a_+)_{γ+} ρ^′_+(t), [a_i, ρ_+] = −i∂_τ a_i ρ^′_+(t).

Using that ∫_∞ −∞ ρ^′_+(t) dt = 1, we obtain finally − i 2π tr ( (a_+)^{−1}_{γ+} ∘ ∂_τ (a_+)_{γ+} − r_i ∘ ∂_τ a_i ) |_{N−1}, which gives the second line in (3.28). In a similar way we obtain the third line completing the proof of Theorem 3.2. □ 4 The Index Formula

It remains to reduce the index formula (3.28) to (0.6). This may be done similarly to [FS96] using the scheme

analytical index → algebraic index → topological index. Unfortunately, the methods of [FS96] can not be applied directly and we need some modifications.

Our basic observation consists in the fact that the homothety group H_λ : {a_+(τ), a(t, τ), a_−(τ)} → {a_+(τ), a(λt, τ), a_−(τ)} with λ > 0 acts on the set of elliptic corner operators. The index remains constant under this action. So, extracting the part of the expression (3.28) invariant under homotheties, we get the final formula (0.6).

4.1 The algebraic index

We start with the definition of the algebra of formal symbols where the algebraic index lives.

Definition 4.1 A formal symbol is a formal power series a(t, τ, h) = ∞∑ k=0 h^k a_k(t, τ) (4.1)

where a_k(t, τ) are edge symbols from Σ^{m−k}(δ, δ − l).

We assume further that a_k ∈ Σ^{m−k}(δ, δ − l + ε) for k > 0, with some ε > 0. The leading term a_0 does not depend on t for large positive or negative t, while the higher coefficients a_k(t, τ), k > 0 vanish identically for large |t|.

The Leibniz product of two formal symbols is defined by a ∘ b = ∞∑ k=0 (−ih)^k k! ∂^k_τ a ∂^k_t b. (4.2)

We will use the notation

a |_N = N−1∑ k=0 a_k for the N-th partial sum of the series (4.1) at h = 1. This is a symbol from Σ^m(δ, δ − l). Define the trace of a formal symbol to be Tr a(t, τ, h) = 1 2πh ∫ R^2 tr a(t, τ, h) dtdτ = ∞∑ k=0 h^{k−1} 2π ∫ R^2 tr a_k(t, τ) dtdτ. (4.3)

Of course, all the symbols a_k(t, τ) must be trace class operators in H^{s,δ}(Y ) and the integrals in (4.3) must converge. This will be the case, in particular, if a_k(t, τ) ∈ Σ^{−(n+2)}_G (δ, δ) for all k, and tr a_0 ≡ 0 for |t| large enough. Here and further on Σ^m_G (δ, δ) stands for the Green symbols of order m.

For an elliptic corner operator defined by a triple A = {a_+(τ), a(t, τ), a_−(τ)} (4.4) let us consider the function a(t, τ) as a formal symbol consisting of the leading term only. Then we have a fiberwise parametrix r_0(t, τ) such that

1 − r_0a ∈ Σ^{−1}_G (δ, δ), 1 − ar_0 ∈ Σ^{−1}_G (δ − l, δ − l). Treating r_0 as a formal symbol consisting of the leading term only let us construct a formal symbol r(t, τ, h) = r_0 ∘ N−1∑ k=0 (1 − a ∘ r_0)^{∘k}

= N−1∑ k=0 (1 − r_0 ∘ a)^{∘k} ∘ r_0 where ∘k means the k -th power with respect to the Leibniz product (4.2). Then, 1 − r ∘ a = (1 − r_0 ∘ a)^{∘N} ∈ Σ^{−N} (δ, δ) and 1 − a ∘ r = (1 − a ∘ r_0)^{∘N} ∈ Σ^{−N} (δ − l, δ − l). Taking N > n + 1 we see that the fiberwise trace exists, moreover, the constant term of the difference tr (1 − r ∘ a) − tr (1 − a ∘ r) is equal to zero. Indeed, it may be written as tr (1 − r_0a)^N − tr (1 − ar_0)^N = ind a(t, τ).

This index is independent of t, τ because of stability of the index. Thus, ind a(t, τ) = ind a(+∞, τ) = ind a_+(τ + iγ_+) ≡ 0 since a_+(τ +iγ) is an invertible operator. The higher-order terms in 1−r ∘a and 1−a∘r vanish for large |t| since they contain derivatives in t of functions stabilizing for large |t|. Thus, the expression Tr (1 − r ∘ a) − Tr (1 − a ∘ r) is meaningful being understood as 1 2πh ∫ R^2

(tr (1 − r ∘ a) − tr (1 − a ∘ r)) dtdτ. (4.5) It is a formal power series in positive powers of h because the coefficient at h^{−1} vanishes as it has been explained above. The series (4.5) will be called an algebraic index.

Proposition 4.2 The constant term is the only non-zero term in the algebraic index.

Proof. Consider a homothety operator defined on formal symbols H_λ : a(t, τ, h) → a(λt, τ, λh), where λ is a positive number. It is straightforward to verify that H_λ is an automorphism of the Leibniz algebra, that is (H_λa) ∘ (H_λb) = H_λ(a ∘ b). Thus, if we replace the symbol a(t, τ) in the triple (4.4) by the symbol H_λa = a(λt, τ) we again obtain a corner elliptic operator. The corresponding parametrix (as a formal symbol) is H_λr = r(λt, τ, λh). Further, denoting

tr (1 − r ∘ a) − tr (1 − a ∘ r) = ∞∑ k=1 h^k c_k(t, τ) we obtain

tr (1−H_λr ∘ H_λa) − tr (1−H_λa ∘ H_λr) = H_λ{tr (1 − r ∘ a) − tr (1 − a ∘ r)} = ∞∑ k=1 λ^kh^k c_k(λt, τ). Changing the variables λt = t^′ and integrating we come to the following series_∞ ∑ k=1 λ^{k−1}h^{k−1} 1 2π ∫ R^2 c_k(t^′, τ) dt^′dτ. Thus, the part of the functional (4.5) invariant under homotheties is given by the constant term.

On the other hand, we can expect the stability property for the algebraic index resulting in ind H_λa ≡ ind a.

Unfortunately, the trace functional Tr is not a “genuine” trace, so we may not assert that the stability property for the functional (4.5) holds. We even can not define Tr (1 − r ∘ a) and Tr (1 − a ∘ r) separately, but only in a combination (4.5). However, the stability property for the functional (4.5) does hold. The matter is that our symbols are independent of t for large |t|. Thus, the homothety a(λt, τ) does not change the leading terms for sufficiently large |t|. In other words, the symbol

ȧ(λ) = d dλ a(λ) has a compact support in t. It means that we may make use of the notion of trace ideal J in the algebra of formal symbols. Let J consist of formal symbols belonging to Σ^{−(n+2)}_G and vanishing identically for |t| large enough. Although (1 − r ∘ a) and (1 − a ∘ r) do not belong to J (since they do not vanish for large t) their derivatives in λ do belong and moreover, d dλ ind a(λ) = Tr d dλ (1 − r ∘ a) − Tr d dλ (1 − a ∘ r) where ind a(λ) is given by the functional (4.5). We proceed further in a standard way transforming the above expression to − Tr (ṙ + r ∘ ȧ ∘ r) ∘ a − Tr r ∘ ȧ ∘ (1 − r ∘ a) + Tr a ∘ (ṙ + r ∘ ȧ ∘ r) + Tr (1 − a ∘ r) ∘ ȧ ∘ r

where all the symbols under the Tr sign belong to J . For such symbols cyclic permutations of factors under Tr sign are possible implying that the first and the second lines cancel, proving the proposition. □ Thus, the algebraic index may be viewed as a number: the constant term of the formal series 1 2πh ∫ R^2 {tr (1 − r ∘ a) − tr (1 − a ∘ r)} dtdτ + 1 2πi ∫_{+∞} −∞ tr {_∞ ∑ k=0 (a^{−1}_+ a^′_+)^{(k)}(τ + iγ_+)

(−iγ_+)^k k! − (ra^′)(+∞, τ) } dτ

− 1 2πi ∫_{+∞} −∞ tr {_∞ ∑ k=0 (a^{−1}_− a^′_−)^{(k)}(τ − iγ_−) (iγ_−)^k k! − (ra^′)(−∞, τ) } dτ. (4.6)

Observe that for k large enough the integral ∫ tr ( a^{−1}_+ a^′_+ )_{(k)} (τ + iγ_+) dτ

converges and equals zero, so the formal Taylor series in (4.6) are meaningful since their terms with large k vanish after integration, so, they do not contribute the algebraic index. Observe also that the corner contributions at t = ±∞ are independent of h, that is they contribute the constant term only.

Proposition 4.3 The analytical index defined by (3.28) and the algebraic index defined by (4.6) coincide.

Proof. Take an algebraic parametrix

r = r_0 ∘ N_1−1∑

k=0 (1 − a ∘ r_0)^{∘k}

with N_1 sufficiently large, and define an analytic parametrix taking

R = Op (r |_{N2} ) .

Denoting r |_{N2} = b, write the analytical index (3.28) in the form

ind A = 1 2π ∫ R^2 (tr (1 − b ∘ a) − tr (1 − a ∘ b)) |_N dtdτ + 1 2πi ∫_{+∞} −∞ tr {_{N−1} ∑ k=0 (a^{−1}_+ a^′_+)^{(k)}(τ + iγ_+)

(−iγ_+)^k k! − (ba^′)(+∞, τ) } dτ

− 1 2πi ∫_{+∞} −∞ tr {_{N−1} ∑ k=0 (a^{−1}_− a^′_−)^{(k)}(τ − iγ_−) (iγ_−)^k k! − (ba^′)(−∞, τ) } dτ. In this formula we may replace the symbol b by the formal symbol r since the difference Δb = r |_N ′_2 − r |_N ′′_2 for N^′_2, N^{′′}_2 sufficiently large does not affect the index. Indeed, the corner contributions remain unchanged since Δb(±∞, τ) ≡ 0. As for the interior term its change is proportional to ∫_∞ −∞ dτ ∫_∞ −∞ (tr Δb ∘ a − tr a ∘ Δb) |_N dt. This expression is the sum of the terms ∫_∞ −∞ dτ ∫_∞ −∞ tr ∂^k_τ (Δb)_l ∂^k_t a dt − ∫_∞ −∞ dτ ∫_∞ −∞ tr ∂^k_τ a ∂^k_t (Δb)_l dt,

where Δb means a summand of Δb. Integration by parts shows that these terms are equal to zero. Next, the number N may be enlarged arbitrarily. We may also take N = ∞ in the corner contributions as was explained earlier. The result is

ind A = 1 2π ∫ R^2 (tr (1 − r ∘ a) − tr (1 − a ∘ r)) |_N dtdτ + 1 2πi ∫_{+∞} −∞ tr {_∞ ∑ k=0 (a^{−1}_+ a^′_+)^{(k)}(τ + iγ_+)

(−iγ_+)^k k! − (ra^′)(+∞, τ) } dτ

− 1 2πi ∫_{+∞} −∞ tr {_∞ ∑ k=0 (a^{−1}_− a^′_−)^{(k)}(τ − iγ_−) (iγ_−)^k k! − (ra^′)(−∞, τ) } dτ. We also can independently take N = ∞ in the interior term since only the constant term of the formal series 1 2πh ∫ R^2 (tr (1 − r ∘ a) − tr (1 − a ∘ r)) dtdτ (cf. (4.5)) is not equal to zero. This non-zero term gives precisely the algebraic index. □

4.2 Explicit expression

It remains to extract explicitly the constant term in (4.5). Here we follow exactly [FS96, Section 4]. Introduce an algebra ^A consisting of differential forms of even degree on the plane R^2 , a(t, τ) = a_0(t, τ) + a_1(t, τ) dτ ∧ dt (4.7) where the coefficients are operator-valued symbols belonging to the classes Σ^m(δ, δ − l), l ≥ m, and stabilizing for large t. A product ^∘ of two elements a, b ∈ ^A is defined by a^∘b = a ∧ b − i 2 da ∧ db = a_0b_0 + (a_0b_1 + a_1b_0) dτ ∧ dt − i 2 ( ∂a_0 ∂τ ∂b_0 ∂t − ∂a_0 ∂t ∂b_0 ∂τ ) dτ ∧ dt. One checks immediately that this product is associative.

Any function a(t, τ) may be considered as an element of ^A consisting of the 0 -component only. So, for functions a, b, we have three products:

• ab, the usual point-wise product of operator-valued functions; • a ∘ b = ab − ih∂_τ a∂_tb + . . . , (4.8) the Leibniz product of formal symbols consisting of leading terms only; • a^∘b = ab − i 2 da ∧ db, (4.9) the product in the algebra ^A.

Comparing (4.8) and (4.9) one can deduce a simple rule to pass from the product a ∘ b to the product a^∘b of functions: keep the terms linear in h, alternate the derivatives ∂/∂τ and ∂/∂t, and then replace h by dτ ∧dt. This rule may be extended by induction to any number of factors: a_1 ∘a_2 ∘. . .∘a_k and a_1^∘a_2^∘ . . . ^∘a_k. Next, we introduce a trace functional on the algebra ^A by

Tr a = 1 2π ∫ R^2

tr a = 1 2π ∫ R^2 tr a_1(t, τ) dt ∧ dτ for an element a given by (4.7). We assume that R^2 is oriented by the form dt ∧ dτ. Of course, this functional is defined if tr a exists and the integral converges. In particular, this is the case if a belongs to an ideal ^J ⊂ ^A consisting of Green symbols Σ^{−∞}_G (δ, δ) vanishing for large t.

Now, starting with the algebraic index formula (4.6) and applying the rule to pass from the ∘ -product to the ^∘ -product, we come to the following index formula.

Proposition 4.4 For N large enough,

ind A = Tr (1 − r_0^∘a)^{^∘N} − Tr (1 − a^∘r_0)^{^∘N} + 1 2πi +∞∫ −∞ tr {_∞ ∑ k=0 (a^{−1}_+ a^′_+)^{(k)}(τ +iγ_+)

(−iγ_+)^k k! − r_0 N−1∑ k=0 (1−ar_0)^ka^′|_{t=+∞} } dτ

− 1 2πi +∞∫ −∞ tr {_∞ ∑ k=0 (a^{−1}_− a^′_−)^{(k)}(τ −iγ_−) (iγ_−)^k k! − r_0 N−1∑ k=0 (1−ar_0)^ka^′|_{t=−∞} } dτ. (4.10)

where r_0 is a fiberwise parametrix of a.

Proof. Taking an algebraic parametrix in the form

r = r_0 ∘ N−1∑ k=0 (1 − a ∘ r_0)^{∘k}

and substituting into (4.6), we obtain corner contributions as in (4.10) and the interior contribution in the form 1 2πh ∫ R^2 ( tr (1 − r_0 ∘ a)^{∘N} − tr (1 − a ∘ t_0)^{∘N} ) dt ∧ dτ. (4.11) Let us extract the constant term in (4.11). So, we may calculate the integrand keeping only the terms linear in h. Thus,

1 − r_0 ∘ a = 1 − r_0a + ih ∂r_0 ∂τ ∂a ∂t + . . . where the dots mean higher-degree terms in h. Further,

(1 − r_0 ∘ a)^{∘N} ∼ (1 − r_0a) + ih N−1∑ k=0 (1 − r_0a)^k ∂r_0 ∂τ ∂a ∂t (1 − r_0a)^{N−1−k} − ih ∑ k+p+q=N−2 (1 − r_0a)^k

∂(1 − r_0a) ∂τ (1 − r_0a)^p

∂(1 − r_0a) ∂t (1 − r_0a)^q (4.12)

where ∼ means that the linear terms on both sides coincide. The second sum may be written as N−1∑ k=0 ∂(1 − r_0a)^k ∂τ ∂(1 − r_0a) ∂t (1 − r_0a)^{N−k−1} (4.13) or_{N−1} ∑ k=0 (1 − r_0a)^k

∂(1 − r_0a) ∂τ ∂(1 − r_0a)^{N−k−1} ∂t . (4.14)

Using “integration by parts”, transform (4.14) to the form ∂ ∂t N−1∑ k=0 (1 − r_0a)^k

∂(1 − r_0a) ∂τ (1 − r_0a)^{N−k−1}

− N−1∑ k=0 ∂(1 − r_0a)^k ∂t ∂(1 − r_0a) ∂τ (1 − r_0a)^{N−k−1}

− N−1∑ k=0 (1 − r_0a)^k

∂^2(1 − r_0a) ∂τ∂t (1 − r_0a)^{N−k−1}. (4.15)

We represent the second sum in (4.12) as a half sum of (4.13) and (4.15), then take a fiberwise trace tr, divide over 2πh and take a constant term. As a result we obtain the following expression − 1 2πi N tr (1−r_0a)^{N−1} ( ∂r_0 ∂τ ∂a ∂t − 1 2 ∂^2(r_0a) ∂τ∂t )

+ 1 4πi ∂^2 ∂τ∂t tr (1−r_0a)^N + 1 4πi N−1∑ k=0 ( ∂(1−r_0a)^k ∂τ ∂(1−r_0a) ∂t − ∂(1−r_0a)^k ∂t ∂(1−r_0a) ∂τ ) (1−r_0a)^{N−1−k}. Integrating this expression over t, τ ∈ R^2 , we see that ∫ R^2

∂^2 ∂t∂τ tr (1 − r_0a)^N dtdτ = ∫_∞ −∞ ∂ ∂t tr (1 − r_0a)^N | | | τ =∞

τ =−∞ dt = 0,

so, this term may be omitted. Next, ∂r_0 ∂τ ∂a ∂t − 1 2 ∂^2r_0a ∂τ∂t = 1 2 ∂r_0 ∂τ ∂a ∂t − 1 2 ∂r_0 ∂t ∂a ∂τ − 1 2 ∂^2r_0 ∂τ∂t a − 1 2 r_0

∂^2a ∂τ∂t and ( ∂r_0 ∂τ ∂a ∂t − ∂r_0 ∂t ∂a ∂τ ) dτ ∧ dt = dr_0 ∧ da, ( ∂(1 − r_0a)^k ∂τ ∂(1 − r_0a) ∂t − ∂(1 − r_0a)^k ∂t ∂(1 − r_0a) ∂τ ) dτ ∧ dt = d(1 − r_0a)^k ∧ d(1 − r_0a).

Thus, taking into account the orientation, we get for the constant term of Tr (1 − r_0 ∘ a)^{∘N} an expression 1 2πi ∫ R^2 ( N 2 tr (1 − r_0a)^{N−1} dr_0 ∧ da − 1 2 N−1∑ k=1 tr (1 − r_0a)^{N−1−k} d(1 − r_0a)^k ∧ d(1 − r_0a) )

+ 1 2πi N 2 ∫ R^2

tr (1 − r_0a)^{N−1} ( ∂^2r_0 ∂τ∂t a + r_0

∂^2a ∂τ∂t ) dτ ∧ dt. (4.16)

A similar expression may be obtained for the constant term of Tr (1−a∘r_0)^{∘N} simply by interchanging a and r_0 in (4.16).

Note that

tr (1 − ar_0)^{N−1}

∂^2a ∂τ∂t r_0 = tr r_0 (1 − ar_0)^{N−1}

∂^2a ∂τ∂t = tr (1 − r_0a)^{N−1} r_0

∂^2a ∂τ∂t . It implies that the last integral in (4.16) remains unchanged under a permutation of a and r_0. Thus, taking the difference of (4.16) and the corresponding expression obtained by a permutation of a and r_0, we find

Tr (1 − r_0 ∘ a)^{∘N} − Tr (1 − a ∘ r_0)^{∘N} = 1 2πi ∫ R^2 ( N 2 tr (1 − r_0a)^{N−1} dr_0 ∧ da − 1 2 N−1∑ k=1 tr (1 − r_0a)^{N−1−k} d(1 − r_0a)^k ∧ d(1 − r_0a) − N 2 tr (1 − ar_0)^{N−1} da ∧ dr_0 + 1 2 N−1∑ k=1 tr (1 − ar_0)^{N−1−k} d(1 − ar_0)^k ∧ d(1 − ar_0) ) . (4.17)

This is nothing but Tr (1 − r_0^∘a)^{^∘N} − Tr (1 − a^∘r_0)^{^∘N} which may be checked similarly to (4.12). This completes the proof of the proposition. □ Finally, using the associativity of the ^∘ -product we reduce (4.10) to the index formula (0.6) of the introduction. To this end we first show that the number N in (4.10) may be reduced to N = 2. Indeed, for any N > 2, we have Tr (1 − r_0^∘a)^{^∘N} − Tr (1 − a^∘r_0)^{^∘N} = Tr (1 − r_0^∘a)^{^∘(N−1)} − Tr (1 − a^∘r_0)^{^∘(N−1)} − Tr (1 − r_0^∘a)^{^∘(N−1)}^∘r_0^∘a + Tr (1 − a^∘r_0)^{^∘(N−1)}^∘a^∘r_0. The last line gives the trace of the commutator −Tr [(1 − r_0^∘a)^{^∘(N−1)}^∘r_0, a] understood with respect to the ^∘ -product. This is equal to − 1 2πi ∫ R^2

tr d ( (1 − r_0^∘a)^{^∘(N−1)}^∘r_0 ) ∧ da = 1 2πi ∫_∞ −∞ tr (1 − r_0^∘a)^{^∘(N−1)}^∘r_0 ∂_τ a | | |^{t=∞} t=−∞ dτ, which coincides with the last summand (with k = N − 1) in the corner contributions 1 2πi +∞∫ −∞ tr {_∞ ∑ k=0 (a^{−1}_+ a^′_+)^{(k)}(τ +iγ_+)

(−iγ_+)^k k! − N−1∑ k=0 (1−r_0a)^kr_0a^′|_{t=+∞} } dτ

− 1 2πi +∞∫ −∞ tr {_∞ ∑ k=0 (a^{−1}_− a^′_−)^{(k)}(τ −iγ_−) (iγ_−)^k k! − N−1∑ k=0 (1−r_0a)^kr_0a^′|_{t=−∞} } dτ.

For the case N = 2 we use directly (4.17). This gives 1 2πi ∫ R^2

tr (1 − r_0a) dr_0 ∧ da − tr (1 − ar_0) da ∧ dr_0

since

−tr d(1 − r_0a) ∧ d(1 − r_0a) = tr d(1 − ar_0) ∧ d(1 − ar_0) = 0.

Integrating by parts in the first summand, we get ∫ R^2

tr (1 − r_0a) dr_0 ∧ da = ∫ R^2

d (tr (1 − r_0a)r_0da) − ∫ R^2

tr d(1 − r_0a) ∧ r_0da = ∫_∞ −∞ tr (1 − r_0a)r_0∂_τ a | | | t=∞

t=−∞ dτ + ∫ R^2

tr (dr_0ar_0da + r_0dar_0da).

The first summand gives a part of the corner contributions at N = 2, that is the very last term in the expression ∞∫ −∞ tr {_∞ ∑ k=0 ∂^k_τ (a^{−1}_+ (τ + iγ_+)∂_τ a_+(τ + iγ)) − (r_0 + (1 − r_0a)r_0) ∂_τ a |_{t=∞} } dτ.

Further, ∫ R^2

tr (1 − r_0a) da ∧ dr_0 = − ∫ R^2

tr dr_0 ∧ (1 − ar_0) da,

so, gathering all the terms, we come to the index formula (0.6).

5 Trace Properties of Edge and Corner Pseudodifferential Operators

This appendix contains an auxiliary material related to the trace of edge and corner pseudodifferential operators. Most of this material is scattered in our previous publications [FS96, FST98, FST99]. For the reader’s convenience we repeat it here more or less systematically in a proper form.

We will consider here the edge symbols introduced in Section 3. A symbol class Σ^m(δ, δ − l), l ≥ m, (of order m with respect to weight data (δ, δ − l)) consists of operator-valued functions

a(t, τ) = a_{int}(t, τ) + a_{edge}(t, τ) + a_G(t, τ). (5.1)

The first two summands act in the spaces H^{s,δ}(Y ) → H^{s−m,δ−m}(Y ) while their derivatives ∂^α_t ∂^β_τ (a_{int} + a_{edge})

act in H^{s,δ}(Y ) → H^{s−m+β,δ−m+β}(Y ). All these spaces are considered with the family of norms ‖·‖_τ (see Subsection 1.2), and all these operators are bounded in these norms uniformly with respect to τ.

The third item called a Green symbol and its derivatives act boundedly in the spaces

∂^α_t ∂^β_τ a_G(t, τ) : H^{s1,δ}(Y ) ⊕ C^{N−} → H^{s2,δ−l+ε}(Y ) ⊕ C^{N+} (5.2)

for some ε > 0, with the norms ‖ · ‖_τ defined by (1.13). These operators are bounded for all s_1, s_2, that is they are infinitely smoothing on the fibers Y , but the norm bounds are not uniform in τ. However, for any s_1 = s and s_2 = s − l + β, the operators (5.2) are bounded uniformly in τ.

The whole sum (5.1) acts in the spaces

a(t, τ) : H^{s,δ}(Y ) ⊕ C^{N−} → H^{s−m,δ−l}(Y ) ⊕ C^{N+} , (5.3)

the summands a_{int} and a_{edge} are viewed as (2 × 2) -matrices with the only non-zero entry in the left upper corner. Since δ − m ≥ δ − l the operator (5.3) is bounded uniformly in τ. All the summands are supposed to stabilize for t → ±∞. The following simple observation is crucial in the sequel.

Proposition 5.1 If β > 0 then for some ε > 0 the operator

∂^α_t ∂^β_τ a(t, τ) : H^{s,δ}(Y ) ⊕ C^{N−} → H^{s−m+β,δ−l+ε}(Y ) ⊕ C^{N+} ,

is bounded uniformly in τ with respect to the norms ‖ · ‖_τ .

Proof. Assuming ε in (5.2) less than 1 we have δ − m + β > δ − l + ε, for β > 0 and l ≥ m. Thus, H^{s−m+β,δ−m+β}(Y ) → H^{s−m+β,δ−l+ε}(Y ). This proves the proposition since the norm of the embedding is uniformly bounded by Lemma 2.1. □ Thus, for given cone weight data (δ, δ−l) with l ≥ m (usually one starts with weight data (δ, δ − m)), the Green summand gives a gain in weight by ε. The whole symbol (5.3) looses this gain in general but after derivation in τ we regain it. Or, more briefly, the inclusion a ∈ Σ^m(δ, δ − l), l ≥ m, implies for β > 0 ∂^α_t ∂^β_τ a ∈ Σ^{m−β} (δ, δ − l + ε). (5.4) 5.1 Compatibility

A corner operator A ∈ Ψ^m(M) is defined via (3.23) by a triple {a_−(τ), a(t, τ), a_+(τ)} of edge symbols satisfying compatibility conditions. The symbol a(t, τ) belongs to Σ^m(δ, δ − l) and, for large t, stabilizes to a_0(±∞, τ). The latter may be viewed as edge symbols from Σ^m(δ, δ − l) independent of t. The symbols a_±(τ) are defined on horizontal lines ℑτ = ±iγ_± and as functions in ℜτ belong to the symbol class Σ^m(δ, δ − l), that is

a_±(τ ± iγ_±) ∈ Σ^m(δ, δ − m) (5.5)

with a real variable τ.

Definition 5.2 The symbol a(t, τ) is compatible with the symbol (5.5) if for any N and some ε > 0 T_N (τ) := a(±∞, τ) − ∑ k<N a^{(k)}_± (τ ± iγ_±) (∓iγ_±)^k k! ∈ Σ^{m−N} (δ, δ − l + ε). (5.6) Were a(t, τ) an entire function in τ as in the case of differential operators, the symbols a_±(τ) might be taken as restrictions of a(±∞, τ) to the corner weight lines ℑτ = ±γ_±, the condition (5.6) would be fulfilled automatically in virtue of (5.4) since T_N (τ) in this case would be a remainder in the Taylor formula. In general, T_N (τ) is the difference between a(±∞, τ) and a formal complex shift of a_±(τ ± iγ_±) by ∓iγ_±, it should be “small” in the sense of (5.6).

We will use the compatibility condition in the following situation.

Lemma 5.3 For any functions f_1(t), f_2(t) of C^∞_0 (R), the operator

A_N = f_1(t) Op (T_N ) f_2(t) (5.7)

in the corner Sobolev space H^{s,δ,γ+,γ−} (M) belongs to the trace class provided N ≥ m + n + 2.

Proof. From (5.6) it follows that T_N (τ) ∈ Σ^{−N} (δ, δ − l + ε). Thus, the operator (5.7) may be factorized through A_N : H^{s,δ,γ+,γ−} (M) → H^{s−N,δ+ε,γ++ε,γ−+ε}(M). The corner weights γ_+, γ_− are improved because f_1, f_2 have compact supports. Now the lemma follows from Corollary 1.8. □

5.2 Pseudolocality

We will need a pseudolocality property for corner ΨDO’s, especially near corner points. Roughly speaking, it consists in the fact that a ΨDO

f_1 Op^γ (a) f_2

belongs to the trace class if the supports of f_1 and f_2 have empty intersection. Here f_1 and f_2 are smooth functions either having compact supports or equal to 1 in a neighborhood of ±∞ and vanishing outside a larger neighborhood. The weight γ may be equal to 0, γ_+, γ_−, and the symbol a(t, τ) ∈ Σ^m(δ, δ −l) coincides with one of the symbols a_i(t, τ), a_+(τ), a_−(τ) entering the corner operator (3.22).

Below we consider one of such statements leaving to the reader similar statements for other situations. So, let

Op^γ (a)u = 1 2π ∫ ℑτ =γ e^{iτ t}a(τ)^u(τ) dτ = 1 2π ∫ ℑτ =γ dτ ∫_∞ −∞ e^{iτ (t−t′ )}a(τ)u(t^′) dt^′. (5.8) The function a(τ) is holomorphic in τ in some strip |ℑτ −γ| < ε and belongs to the symbol class Σ^m(δ, δ −l) on any horizontal line in the strip, uniformly in ℑτ ∈ [γ − ε_0, γ + ε_0] with any ε_0 < ε. The operator (5.8) is considered in the space H^{s,δ,γ}(M) consisting of functions u(t) with values in fiber spaces H^{s,δ}(Y ) equipped with the family of norms ‖ · ‖_τ , cf. (1.12). The norm ‖u(t)‖ in H^{s,δ,γ}(M) coincides with the L^2 -norm of the function ‖^u(τ)‖_τ , that is ‖u‖^2 = ∫ ℑτ =γ ‖^u(τ)‖^2_τ dτ. Lemma 5.4 Let f_1(t) ≡ 0 for large negative t, and f_1(t) ≡ 1 for large positive t. Let the function f_2 be equal to 0 for large negative t, and f_1(t)f_2(t) ≡ 0. Then the operator A = f_1 Op^γ (a) f_2 : H^{s,δ,γ}(M) → H^{s−m,δ−l,γ}(M) belongs to the trace class.

Proof. Our operator may be rewritten in the form Au(t) = 1 2π ∫ ℑτ =γ dτ ∫_∞ −∞ e^{iτ (t−t′ )} i^N ∂^N_τ a(τ) f_1(t)f_2(t^′) (t − t^′)^N u(t^′) dt^′ since t−t^′ ≠ 0 on the support of f_1(t)f_2(t^′). We will prove that A is bounded in the spaces H^{s,δ,γ}(M) → H^{s−m+N,δ+ε,γ+ε}(M), for a large positive integer N and some ε > 0. Taking a suitable cutoff function ω_+(t) equal identically to 0 for large negative t and covering the function f_1(t), that is ω_+(t)f_1(t) ≡ f_1(t), we see that the operator A = ω_+(t) A belongs to the trace class since multiplication by ω_+(t) followed by the embedding H^{s−m+N,δ+ε,γ+ε}(M) → H^{s−m,δ,γ}(M) is a trace class operator by Corollary 1.8.

Passing to the Fourier transforms (Au)(t) = 1 2π ∫ ℑτ =γ e^{iηt}^v(η) dη, u(t^′) = 1 2π ∫ ℑξ=γ e^{iξt′} ^u(ξ) dξ, we find ^v(η) = ∫ ℑτ =γ dτ ∫ ℑξ=γ ∂^N_τ a(τ) b(η − τ, ξ − τ) ^u(ξ) dξ where b(η, ξ) = ∫_∞ −∞ ∫_∞ −∞ e^{−iηt+iξt′} i^N f_1(t)f_2(t^′) (t − t^′)^N dtdt^′. Note that b(η, ξ) is holomorphic in η and τ in the lower half-planes ℑη < 0, ℑτ < 0 and is rapidly decreasing on any horizontal lines

ℑη = c_1 < 0; ℑτ = c_2 < 0.

Of course, N is supposed to be sufficiently large. We will use the notation b(η, ξ) = O(⟨ξ⟩^{−∞}) O(⟨η⟩^{−∞}) which means that the function ⟨ξ⟩^p ⟨η⟩^q b(η, ξ) considered on the lines ℑη = c_1 < 0 and ℑτ = c_2 < 0 is bounded for any p, q, c_1, c_2.

The function ∂^N_τ a(τ) is also holomorphic in a strip, so shifting the integration lines we get ^v(τ) = ∫ ℑτ =γ+ε_0 dτ ∫ ℑξ=γ ∂^N_τ a(τ) b(η − τ, ξ − τ) ^u(ξ) dξ where we take ℑη = γ + ε_0/2.

The derivative ∂^N a(τ) of the symbol a(τ) ∈ Σ^m(δ, δ − l) belongs to the class Σ^{m+N} (δ, δ −N +ε) (see (5.4)), and we are going to show that v belongs to the space H^{s−m+N,δ+ε,γ+ε/2}(M). Let us estimate the norm ‖^v(η)‖_η in the space H^{s−m+N,δ+ε}(Y ). We have ‖^v(η)‖_η ≤ ∫ ℑτ =γ+ε_0 dτ ∫ ℑξ=γ O(⟨η − τ⟩^{−∞}) O(⟨ξ − τ⟩^{−∞}) ‖∂^N_τ a(τ)^u(ξ)‖_η dξ. But by Lemma 1.3 ‖∂^N_τ a(τ) ^u(ξ)‖_η ≤ C ‖∂^N_τ a(η) ^u(ξ)‖_τ ⟨η − τ⟩^q ≤ C ‖∂^N_τ a(τ)‖_τ ‖^u(ξ)‖_τ ⟨η − τ⟩^q ≤ C ⟨τ − ξ⟩^q ⟨η − τ⟩^q ‖^u(ξ)‖_ξ. Here ‖^u(ξ)‖_τ means the norm in H^{s,δ}(Y ). By the definition of the classes Σ^{m+N} (δ, δ − l + ε), the norm ‖∂^N_τ a(τ)‖_τ is bounded. So, we obtain finally ‖^v(η)‖_η ≤ C ∫ ℑτ =γ+ε_0 dτ ∫ ℑξ=γ O(⟨η − τ⟩^{−∞}) O(⟨ξ − τ⟩^{−∞}) ‖^u(ξ)‖_ξ dξ. But such an integral operator in L^2 is bounded, implying that A is bounded from H^{s,δ,γ}(M) to H^{s−m+N,δ+ε,γ+ε0/2}(M). This completes the proof of the lemma. □ 5.3 Regularized trace of a product

We again consider a neighborhood of a corner point t = +∞, so all functions u(t) and symbols a(t, τ) are supposed to vanish for t < 0. Thus, the corner weight γ_− at t = −∞ is inessential and we drop it from our notation, writing H^{s,δ,γ+} (M) instead of H^{s,δ,γ+,γ−} (M). We consider here a corner version of the theorem on the regularized trace of a product. In [FS96] and [FST98] the corresponding cone and edge versions were proved.

Consider two symbols a(t, τ), b(t, τ) vanishing for t < 0 and stabilizing to a(+∞, τ), b(+∞, τ) for large positive t. We assume that they are holomorphic in the strip |ℑτ − γ_+| < ε, and on each horizontal line within the strip we have a(t, τ) ∈ Σ^m(δ, δ − l), b(t, τ) ∈ Σ^{−m}(δ − l, δ) uniformly with respect to ℑτ in each smaller strip. The corresponding corner ΨDO A = Op^{γ+} (a) defined by (5.8) may be considered in any of the spaces H^{s,δ,γ}(M) with γ ∈ (γ_+ − ε, γ_+ + ε), since the integration line ℑτ = γ_+ in (5.8) may be shifted to ℑτ = γ. Thus, the operator A may be extended to a bounded operator A = Op^γ (a) : H^{s,δ,γ}(M) → H^{s−m,δ−l,γ}(M). Consider the operator

C_N = BA − Op^γ (b ∘ a |_N ) = Op^γ (b) Op^γ (a) − Op^γ (b ∘ a |_N ) in the spaces C_N : H^{s,δ,γ}(M) → H^{s,δ,γ}(M). Lemma 5.5 For N > n + 2, the operator C_N is of trace class.

Proof. We pass to the Fourier transform of symbols. Denote ^a(ξ, τ) = ∫_∞ −∞ e^{−iξt} a(t, τ) dt = 1 iξ ∫_∞ −∞ e^{−iξt} ∂_ta(t, τ) dt. (5.9) The integral is defined for ℑξ < 0, the last equality being obtained by integration by parts. The integrand in the last integral is a function with compact support because of the stabilization condition. Thus, ^a(ξ, τ) is a holomorphic function in ξ ∈ C except the only first-order pole ξ = 0. The operator A may be written as ^Au(ξ) = ∫ ℑτ =γ ^a(ξ − τ, τ) ^u(τ) dτ. Here we need to take ℑξ < γ since according to (5.9) ^a(ξ − τ, τ) is defined for ℑ(ξ − τ) < 0.

Similarly, for the operator BA we obtain ^ BAu (ξ) = ∫ ℑξ=γ_1 ∫ ℑτ =γ ^b(ζ − ξ, ξ) ^a(ξ − τ, τ) ^u(τ) dτ with γ_1 < γ and ℑζ < γ_1. Expanding by Taylor’s formula, we obtain ^b(ζ − ξ, ξ) = ∑ k<N ∂^k_τ ^b(ζ − ξ, τ) (ξ − τ)^k/k! + R_N (ζ − ξ, ξ, τ), with the remainder R_N (ζ − ξ, ξ, τ) = ∫_1 0 (1 − θ)^{N−1} (N − 1)! ^b^{(N)}(ζ − ξ, τ + θ(ξ − τ)) (ξ − τ)^N dθ

where ^b^{(N)} means the derivative with respect to the second argument. The regularized product C_N may be written in the form ^C_N u (ζ) = ∫ ℑξ=γ_1 dξ ∫ ℑξ=γ T_N (ζ − ξ, ξ, τ) ^a(ξ − τ, τ) dτ

= 1∫ 0 (1−θ)^{N−1} (N − 1)! dθ ∫ ℑξ=γ_1 dξ ∫ ℑτ =γ ^b^{(N)}(ζ −ξ, τ +θ(ξ−τ))(ξ−τ)^N ^a(ξ−τ, τ)^u(τ)dτ. (5.10)

For N > 0 the function (ξ − τ)^N ^a(ξ − τ, τ) has no pole in ξ − τ, so, the restriction γ_1 < γ is no longer needed. The only restriction remains ℑζ < γ_1. Thus, we can choose ℑζ = γ_2 with γ_1 > γ_2 ≥ γ.

Show that C_N is bounded in the spaces C_N : H^{s,δ,γ}(M) → H^{s+N,δ2,γ2} (M) (5.11) with N ≥ n + 2 and some δ_2 > δ, γ_2 > γ. The gain in corner weight follows since we can choose γ_2 = ℑζ > γ. The gain in the cone weight is a consequence of Proposition 5.1 because of the term ^b^{(N)} with N > 0 in (5.10). This term gives also a gain in smoothness by N and this is sufficient to prove (5.11).

More detailed estimates look as follows. Denote ^v(ζ) = ^C_N u (ζ), ^w(ξ, τ) = (ξ − τ)^N ^a(ξ − τ, τ) ^u(τ), σ = σ(ξ, τ, θ) = τ + θ(ξ − τ). (5.12)

Then (5.10) implies ‖^v(ζ)‖_ζ ≤ ∫_1 0 (1 − θ)^{N−1} (N − 1)! dθ ∫ ℑξ=γ_1 dξ ∫ ℑτ =γ ‖^b^{(N)}(ζ − ξ, σ) ^w(ξ, τ)‖_ζ dτ where ‖ · ‖_ζ means the norm in H^{s+N,δ2} (Y ) depending on a complex parameter ζ, cf. (1.12) (recall that ‖ · ‖_ζ := ‖ · ‖_{ℜζ} ).

We will apply Lemma 1.3 to estimate this norm. Thus, ‖^b^{(N)}(ζ − ξ, σ) ^w(ξ, τ)‖_ζ ≤ C ⟨ζ − σ⟩^q ‖^b^{(N)}(ζ − ξ, σ) ^w(ξ, τ)‖_σ. (5.13) To estimate the norm of ^b^{(N)}(ζ − ξ, σ), consider the symbol ^b^{(N)}(t, σ) ∈ Σ^{−m−N} (δ − l, δ_2), the gain δ_2 − δ in the cone weight is due to the derivation (N > 0) by Proposition 5.1. So, the norm of the operator b^{(N)}(t, σ) : H^{s−m,δ−l}(Y ) → H^{s+N,δ2} (Y ) is uniformly bounded in σ, both spaces being equipped with the family of norms ‖ · ‖_σ. It is also uniformly bounded in t since this symbol vanishes for t < 0 and stabilizes for large positive t. Its Fourier transform ^b(λ, σ) = ∫_∞ −∞ e^{−iλt}b^{(N)}(t, σ) dt being holomorphic in λ, ℑλ < 0, is rapidly decreasing on any fixed horizontal line in the lower half-plane, that is ‖^b^{(N)}(λ, σ)‖_σ = O(⟨λ⟩^{−∞}) uniformly in ℜσ if ℑλ < 0 and ℑσ are fixed. Thus, the estimate (5.13) may be continued to give C ⟨ζ − σ⟩^q O(⟨ζ − ξ⟩^{−∞}) ‖ ^w(ξ, τ)‖_σ. Similar arguments applied to (5.12) give ‖ ^w(ξ, τ)‖_σ ≤ C ⟨σ − τ⟩^q ‖ ^w(ξ, τ)‖_τ = C ⟨σ − τ⟩^q O(⟨ξ − τ⟩^{−∞}) ‖^u(τ)‖_τ where the norm ‖^u(τ)‖_τ is taken in the space H^{s,δ}(Y ). Note that (ξ − τ)^N ^a(ξ − τ, τ) is an entire function in ξ −τ rapidly decreasing on any horizontal line. Now, since ⟨σ − τ⟩^q = ⟨θ(ξ − τ)⟩^q ≤ ⟨ξ − τ⟩^q for q > 0, and ⟨ζ − σ⟩^q = ⟨ζ − ξ + (1 − θ)(ξ − τ)⟩^q ≤ C ⟨ζ − ξ⟩^q ⟨ξ − τ⟩^q by Peetre’s inequality, we come to the final estimate in (5.13) of the form O(⟨ζ − ξ⟩^{−∞}) O(⟨ξ − τ⟩^{−∞}) ‖^u(τ)‖_τ , because ⟨ζ − ξ⟩^q O(⟨ζ − ξ⟩^{−∞}) = O(⟨ζ − ξ⟩^{−∞}) for finite q. Integrating over θ ∈ [0, 1] and over the lines ℑξ = γ_1, ℑτ = γ, we obtain ‖~v(ζ)‖_ζ ≤ ∫ ℑξ=γ_1 dξ ∫ ℑτ =γ O(⟨ζ − ξ⟩^{−∞}) O(⟨ξ − τ⟩^{−∞}) ‖^u(τ)‖_τ dτ ≤ ∫ ℑτ =γ O(⟨ζ − τ⟩^{−∞}) ‖^u(τ)‖_τ dτ (5.14) for ℑζ = γ_2 > γ.

It remains to note that the norm of C_N u in H^{s+N,δ2,γ2} (M) is equal to the L^2 -norm of ‖^v(ζ)‖_ζ, and the norm of u in H^{s,δ,γ}(M) is equal to the L^2 -norm of ‖^u(τ)‖_τ . So, the boundedness of (5.11) follows from the boundedness of the integral operator (5.14) with the kernel O(⟨ζ − τ⟩^{−∞}) in L^2. □ Under the previous assumptions on A and B define a regularized trace of a product as Tr_N BA := Tr C_N for N ≥ n + 2. Similarly we define Tr_N AB = Tr (AB − Op(a ∘ b |_N )) .

Theorem 5.6 The regularized trace of a product does not depend on the order of factors, that is Tr_N BA = Tr_N AB.

Proof. We now put γ_1 > γ_2 = γ in (5.10). To calculate the trace of the integral operator (5.10) (which belongs to the trace class as we know) we integrate its kernel over the diagonal obtaining

Tr_N BA = 1∫ 0 (1−θ)^{N−1} (N − 1)! dθ ∫ ℑξ=γ_1 dξ ∫ ℑτ =γ tr^b^{(N)}(τ −ξ, τ +θ(ξ−τ))(ξ−τ)^N ^a(ξ−τ, τ)dτ

= 1∫ 0 (1−θ)^{N−1} (N − 1)! dθ ∫ ℑs=γ_1−γ ds ∫ ℑτ =γ tr^b^{(N)}(−s, τ + θs) s^N ^a(s, τ)dτ.

Here tr means the operator trace in H^{s,δ}(Y ) (that is, the fiberwise trace of the operator-valued symbol). In the last integral we have changed variables s = ξ − τ. Note that for N ≥ 2 there are no poles in s in the integrand. Indeed, ^a(s, τ) and ^b^{(N)}(−s, τ + θs) have first-order poles at s = 0, which disappear because of the factor s^N , N ≥ 2.

Therefore, we can shift the integration line ℑs = γ_1 − γ to the real axis ℑs = 0 obtaining the integral ∫_∞ −∞ ds ∫ ℑτ =γ tr^b^{(N)}_τ (−s, τ + θs) s^N ^a(s, τ) dτ. Integrating by parts in τ and changing variables s^′ = −s, τ^′ = τ + θs, we get ∫_∞ −∞ ds^′ ∫ ℑτ =γ tr^b(s^′, τ^′) (s^′)^N ^a^{(N)}_τ ′ (−s^′, τ^′ + θτ^′) dτ^′

which coincides with the corresponding expression for Tr_N AB. □

References

[APS75] M. F. Atiyah, V. K. Patodi, and I. M. Singer, Spectral asymmetry and Riemannian geometry. I, Math. Proc. Camb. Phil. Soc. 77 (1975), 43–69.

[ES97] Y. Egorov and B.- W. Schulze, Pseudo-Differential Operators, Singularities, Applications, Birkhäuser Verlag, Basel, 1997.

[Fed74] B. V. Fedosov, Analytic formulas for the index of elliptic operators, Trans. Moscow Math. Soc. 30 (1974), 159–241.

[Fed78] B. V. Fedosov, A periodicity theorem in the algebra of formal symbols, Mat. Sb. 105 (1978), 622–637.

[FS96] B. Fedosov and B.-W. Schulze, On the index of elliptic operators on a cone, In: M. Demuth, E. Schrohe, B.-W. Schulze, J. Sjöstrand (eds), Schrödinger Operators, Markov Semigroups, Wavelet Analysis, Operator Algebras, Advances in Partial Differential Equations, Vol. 3, Akademie-Verlag, Berlin, 1996, 347–372.

[FST98] B. Fedosov, B.-W. Schulze, and N. Tarkhanov, On the index of elliptic operators on a wedge, J. Funct. Anal. 156 (1998), 164–208.

[FST99] B. Fedosov, B.-W. Schulze, and N. Tarkhanov, The index of elliptic operators on manifolds with conical points, Sel. Math., New ser. 5 (1999), 467–506.

[GSS00] J.B. Gil, B.-W. Schulze, and J. Seiler, Cone Pseudodifferential Operators in the Edge Symbolic Calculus, Osaka J. Math. 37 (2000), 221–260.

[Hir90] T. Hirschmann, Functional analysis in cone and wedge Sobolev spaces, Ann. Global Anal. Geom. 8 (1990), 167–192.

[MN98] R.B. Melrose and V. Nistor, K-theory of C^∗-algebras of bpseudodifferential operators, Geom. and Funct. Anal. 8 (1998), 99–122.

[Roz00] G. Rozenblum, On Some Analytical Index Formulas Related to Operator-Valued Symbols, Preprint 2000/16, Univ. of Potsdam, 2000, 35 pp.

[Sch89] B.-W. Schulze, Corner Mellin operators and reductions of orders with parameters, Ann. Scuola Norm. Super. Pisa 16 (1989), no. 1, 1–81.

[Sch92] B.-W. Schulze, The Mellin pseudodifferential calculus on manifolds with corners, Symposium “Analysis on Manifolds with Singularities”, Breitenbrunn, 1990. Teubner-Texte zur Mathematik 131, Teubner-Verlag, Leipzig, 1992, pp. 208–289.

[Sch91] B.-W. Schulze, Pseudo-Differential Operators on Manifolds with Singularities, North-Holland, Amsterdam, 1991.

[Sch01] B.-W. Schulze, Operator algebras with symbol hierarchies on manifolds with singularities, In: Approaches to Singular Analysis, Advances in Partial Differential Equations, Birkhäser Verlag, Basel, 2001.

[ST99] B.-W. Schulze and N. Tarkhanov, Elliptic complexes of pseudodifferential operators on manifolds with edges, In: M. Demuth, E. Schrohe, B.-W. Schulze, J. Sjöstrand (eds), Evolution Equations, Feshbach Resonances, Singular Hodge Theory, Advances in Partial Differential Equations, Vol. 16, Wiley-VCH, Berlin et al., 1999, 287–431.

[ST00] B.-W. Schulze and N. Tarkhanov, Pseudodifferential Operators on Manifolds with Corners, Preprint 2000/13, Univ. of Potsdam, 2000, 95 pp.