Elliptic Theory on Manifolds with Nonisolated Singularities

IV. Obstructions to Elliptic Problems on Manifolds with Edges

Vladimir Nazaikinskii^∗ Institute for Problems in Mechanics, RAS e-mail: nazaik@math.uni-potsdam.de Anton Savin^∗ Independent University of Moscow, e-mail: antonsavin@mtu-net.ru Bert-Wolfgang Schulze^∗ Universität Potsdam e-mail: schulze@math.uni-potsdam.de Boris Sternin^∗ Independent University of Moscow e-mail: sternine@mtu-net.ru

∗Supported by the DFG via a project with the Arbeitsgruppe “Partielle Differentialgleichungen und Komplexe Analysis,” Institut für Mathematik, Universität Potsdam, by the DAAD via the International Quality Network “Kopplungsprozesse und ihre Strukturen in der Geo- und Biosphäre” in the framework of partnership between Moscow State University and Universität Potsdam, by RFBR grants Nos. 02- 01-00118, 02-01-06515 and 00-01-00161, and by the European Training Network Program “Geometric Analysis.”

Abstract

The obstruction to the existence of Fredholm problems for elliptic differential operators on manifolds with edges is a topological invariant of the operator. We give an explicit general formula for this invariant. As an application we compute this obstruction for geometric operators.

Keywords: manifolds with edges, edge-degenerate operators, elliptic families, edge symbol, Atiyah–Bott obstruction, parameter-dependent ellipticity.

2000 AMS classification: Primary 58J05, Secondary 58J30, 58J32, 19K56

Contents

Introduction 2

1 Statement of the problem 3

2 Main results 7 2.1 A formula for the obstruction . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3 Computation of the obstruction 13 3.1 Reduction of the index to the base of the cone . . . . . . . . . . . . . . . . 13 3.2 Reduction to the cotangent bundle . . . . . . . . . . . . . . . . . . . . . . 15 3.3 Families of parameter-elliptic operators . . . . . . . . . . . . . . . . . . . . 16 3.4 Index theorem for parameter-elliptic families . . . . . . . . . . . . . . . . . 17 3.5 Proof of the main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

Introduction

This paper is a continuation of the series of papers [1], [2], [3] on elliptic operators on manifolds with edges.

The program of the present part is to compute the obstruction to the existence of wellposed (Fredholm) problems for elliptic operators on such manifolds. This question is of similar relevance as an analogous question for boundary value problems, since there exist elliptic operators that have no (co)boundary conditions with the Fredholm property in Sobolev spaces. Some examples of such operators (together with an explicit computation of the obstruction for them) were presented in our previous paper [2].

In the general case, the obstruction is of topological nature; namely, it is determined by the principal symbol of the operator. The main result of this paper is a general formula expressing the obstruction in topological form. It represents the obstruction as an element of the group K^1(T^∗X) with compact supports, where X is the edge, in terms of the principal symbol. If the edge consists of a single point, i.e. the original manifold has an isolated conical singularity, then the obstruction vanishes. On the contrary, if the edge has codimension 1 (so that the manifold near an edge point looks like an open book with finitely many sheets), the obstruction coincides with that in the theory of nonlocal elliptic boundary value problems in the sense of [4]. In particular, if the edge manifold is actually a smooth manifold with boundary and the edge is the boundary, then the obstruction coincides with the Atiyah–Bott obstruction [5] to the existence of classical boundary value problems for elliptic operators on manifolds with boundary.

Note that the obstruction for an edge of an arbitrary dimension coincides with that computed in [6], which refers to the existence of Fredholm problems on manifolds with fibered boundary in the class of boundary conditions with discontinuous symbols.

Let us briefly describe the scheme used in the computation of the obstruction. Technically, the problem of finding the obstruction can be restated as an index problem for some operator family on an infinite cone. We prove that this index is equal to the index of a family of elliptic operators on a compact manifold but with a noncompact parameter space. It turns out that the latter family is actually a parameter-elliptic family in the sense of Agranovich–Vishik [7], and the computation of the obstruction is reduced to an index problem for parameter-elliptic families. The desired formula for the index of such families is obtained by a reduction to the Atiyah–Singer index theorem for families.

An index theorem (in a slightly different form) for parameter-elliptic families was proved earlier by Nistor [8]. Note that elliptic edge operators with non-vanishing obstruction can be regarded as elements in a Toeplitz analogue of the edge algebra from [9] with global projection conditions on the edge, cf. [10].

Let us describe the contents of the paper. To make the paper self-contained, the first section contains all necessary notions from elliptic theory on manifolds with edges. Then we state the main theorem of the paper, which gives a topological formula for the obstruction to the existence of elliptic edge problems. The next section contains examples. For geometric operators, we find conditions ensuring that the obstruction vanishes. The remaining part of the paper deals with the proof of the main theorem. To this end, we first represent the obstruction as the index of an operator family on a closed manifold with noncompact parameter space. Then we reduce this family to a parameter-elliptic family in the sense of Agranovich–Vishik and compute the index of the latter family.

1 Statement of the problem

Presently, there are several approaches to elliptic theory on manifolds with edges (e.g., see [11, 12, 9, 13]). We follow the approach developed in [9].

1. Manifolds with edges. Let M be a compact smooth manifold with boundary ∂M such that the boundary is the total space of a locally-trivial bundle π : ∂M → X with fiber Ω_x ≃ Ω over x ∈ X.

We consider the following equivalence relation on M: x ∼ y ⇐⇒ x = y or {x, y ∈ ∂M and π(x) = π(y)}. This relation identifies boundary points lying in the same fiber.

Definition 1.1. The topological space M = M^π of equivalence classes of points x ∈ M is called a manifold with edge X = ∂M^π ⊂ M^π, or simply an edge manifold.

One can readily see that the space M^π in a neighborhood of x ∈ X looks like a neighborhood of (0, α) in the product R^n × K_Ω, where K_Ω is the infinite cone

K_Ω = ( R_+ × Ω ) / ({0} × Ω) with base Ω and α = ({0} × Ω)/({0} × Ω) is the cone vertex.

Let us recall the definitions of the tangent and cotangent bundles of a manifold M with edge X (e.g., see [11]). Let D(M, π) be a linear space of C^∞ vector fields on M everywhere tangent to the fibers of π on ∂M. This space is a (locally free) C^∞(M)-module and hence is the space of sections of a vector bundle over M: D(M, π) = C^∞(M, E). The bundle E is denoted by T M and called the (compressed) tangent bundle of the manifold M (even though it is a bundle over M).

Let^∘M = M \ ∂M = M \ X be the smooth part of M. An arbitrary point x ∈^∘M has a neighborhood such that an arbitrary vector field defined in this neighborhood extends to an element of D(M, π). Therefore, T M| ∘_M = T^∘M. The dual bundle for T M is denoted by T^∗M and called the compressed cotangent bundle of the manifold M with edge X. Because of T^∗M| ∘_M = T^{∗ ∘}M. we obtain an embedding T^{∗ ∘}M ⊂ T^∗M of total spaces, and T^∗M \ T^{∗ ∘}M = ∂T^∗M. Let us describe this embedding in local coordinates. To this end, we choose a collar neighborhood U_{∂M} ⊂ M of ∂M and a diffeomorphism U_{∂M} ≃ ∂M × [0, 1). The normal coordinate to the boundary is denoted by r and local tangential coordinates (i.e., coordinates on ∂M) by (x, ω), where x is a coordinate on the base and ω is a coordinate along the fiber. The dual coordinates to (x, r, ω) on T^∗M are denoted by (ξ, p̃, q̃) and those on T^∗M by (η, p, q). Then the embedding T^{∗ ∘}M ⊂ T^∗M is given by the formulas η = rξ, p = rp̃, q = q̃. (1.1) For what follows, we choose some diffeomorphism U_{∂M} ≃ ∂M × [0, 1). Then for each ε ∈ (0, 1) we obtain a vector bundle isomorphism ∂T^∗M^{φε}≃ ∂T^∗M over the boundary ∂M. In local coordinates in the fiber over a point (x, 0, ω), this diffeomorphism is given by (1.1) with r replaced by ε. All these isomorphisms for various ε are homotopic to each other (and to isomorphisms associated with a different choice of the collar of the boundary and the trivialization). Thus, there is a well-defined isomorphism K(∂T^∗M) ≃ K(∂T^∗M) of K-groups with compact supports.

2. Operators on manifolds with edges. We consider differential operators

D : C^∞_0 (^∘M) −→ C^∞_0 (^∘M) with smooth coefficients that have edge degeneration in the sense of the following definition.

Definition 1.2. A differential operator D of order m is said to be edge degenerate if in some neighborhood U_{∂M} of the boundary it has the form D|_{U∂M} = r^{−m} ∑ k+|l|≤m a_{kl} ( x, r, ω, −i ∂ ∂ω ) ( ir ∂ ∂r )_k ( −ir ∂ ∂x )_l , where the multiindex l = (l_1, l_2, . . . , l_n) has n = dim X nonnegative components and the a_{kl} ( x, r, ω, −i ∂ ∂ω ) ∈ Diff^{m−k−|l|}(Ω_x) are families of differential operators on the bases of the cones K_{Ωx} smoothly depending on (x, r) ∈ X × [0, 1), i.e., remaining smooth up to r = 0. We denote the principal symbol of a_{kl} (x, r, ω, −i∂/∂ω) by a_{kl} (x, r, ω, q).

One can show that the principal symbol of an edge-degenerate operator of order m is r^{−m} times a homogeneous function of order m on the space T^∗M \ {0} smooth up to the boundary. Indeed, let ~σ(D) be the principal symbol of D on T^{∗ ∘}M. Then r^m~σ(D)(x, r, ω, ξ, p̃, q) = ∑ k+|l|≤m a_{kl}(x, r, ω, q)(rp̃)^k(rξ)^l = ∑ k+|l|≤m a_{kl}(x, r, ω, q)p^kη^l. Here we use the embedding (1.1).

We define the principal symbol σ(D) on T^∗M by the formula σ(D) = ψ(r)σ̃(D), where ψ(r) is a smooth function positive for r > 0 and such that ψ(r) = { r^m for small r, 1 for large r.

(Thus, ψ(r) is well-defined on M.)

Remark 1.3. The definition of edge-degenerate operators acting on sections of vector bundles over M is an obvious generalization.

3. The ellipticity condition on manifolds with edges. We assume that the operator D satisfies the following interior ellipticity condition:

the principal symbol σ(D) is invertible on the compressed cotangent bundle T^∗M without the zero section.

In addition to the principal symbol, edge-degenerate operators have a certain operatorvalued symbol.

Definition 1.4. The edge symbol σ_Λ(D) of operator D is the operator family σ_Λ(D)(x, ξ) = r^{−m} ∑ k+|l|≤m a_{kl} ( x, 0, ω, −i ∂ ∂ω ) ( ir ∂ ∂r )_k (rξ)^l , (x, ξ) ∈ T^∗X, parametrized by the cotangent bundle T^∗X of the edge X.

For given (x, ξ) ∈ T^∗X, the operator σ_Λ(D)(x, ξ) is defined on the infinite cone K_{Ωx} . Obviously, σ_Λ(D)(x, ξ) is cone degenerate for r = 0. For ξ ≠ 0, it is treated as a bounded operator in special weighted spaces: σ_Λ(D)(x, ξ) : K^{s,γ} (K_{Ωx} ) −→ K^{s−m,γ−m}(K_{Ωx} ), where s and γ are some real numbers. The definition of these spaces can be found in [9, 14] (see also [1]).

It is well known (e.g., see [9]) that σ_Λ (D) is a family of Fredholm operators over T^∗X \ {0} provided that the following two conditions are satisfied.

1. The principal symbol σ(D) satisfies the interior ellipticity condition.

2. The conormal symbol

σ_c (σ_Λ(D)) (x, p) = ∑ 0≤k≤m a_{k0} ( x, 0, ω, −i ∂ ∂ω ) p^k (1.2)

of the edge symbol σ_Λ(D)(x, ξ) at the conical point r = 0 is invertible for all x ∈ X and all p on the weight line L_γ = { p ∈ C | | Im p = γ} . 4. The obstruction to the existence of edge elliptic problems. Consider an operator D satisfying conditions 1) and 2). In this setting, it was proved in [9] that the obstruction to the existence of an elliptic problem for the operator D with boundary and coboundary conditions along the edge is equal to the index ind σ_Λ(D) of the edge symbol viewed as an element of the following quotient group: [ind σ_Λ (D)] ∈ K (S^∗X) /π^∗_0 K (X) . (1.3) (Here π_0 is the natural projection S^∗X −→ X). In other words, an elliptic operator D satisfying conditions 1) and 2) has an elliptic edge problem in the sense of [9] if and only if the element (1.3) is zero.

Remark 1.5. We shall show later on that the index of the edge symbol in K (S^∗X) /π^∗_0 K (X) , unlike the original index in K(S^∗X), is determined by the principal symbol of D and is a homotopy invariant of σ(D). In particular, it is independent of the choice of the weights.

2 Main results

2.1 A formula for the obstruction

As announced in the beginning, the main result of this paper is a formula expressing the obstruction [ind σ_Λ (D)] in topological terms, i.e. via the principal symbol of D.

By virtue of the isomorphisms ∂T^∗M ≃ ∂T^∗M ≃ T^∗∂M × R, the restriction σ(D)|_{∂M}^{def}= σ(D)|_{∂T} ∗_M of the principal symbol of D gives the well-defined difference element [σ (D)|_{∂M} ] ∈ K(T^∗∂M × R) in the K-group with compact supports.

Theorem 2.1. One has α [ind σ_Λ (D)] = π_! [σ (D)|_{∂M} ] ∈ K (T^∗X × R) , (2.1) where π_! : K (T^∗∂M × R) −→ K (T^∗X × R) is the direct image mapping induced by the projection π and α is the Atiyah–Patodi–Singer isomorphism [15] K(S^∗X)/π^∗_0 K(X)^α≃ K (T^∗X × R) . The proof will be given in Section 3.5, and in this section we consider some examples.

Remark 2.2. If the edge consists of a single point, i.e., π : ∂M −→ {pt}, then we arrive at cone-degenerate operators, where it is well known that the obstruction is zero.

On the contrary, for the identity projection π π = Id : ∂M −→ ∂M, the obstruction (2.1) coincides with the Atiyah–Bott obstruction to the existence of classical boundary value problems for elliptic operators on manifolds with boundary (see [5]).

There is an interesting special case in which the fiber bundle is a covering: π : ∂M −→ X, dim π^{−1}(x) = 0. Here the obstruction coincides with the obstruction to the existence of nonlocal boundary value problems in the sense of [4].

Finally, for a general projection π the obstruction coincides with the obstruction to the existence of boundary value problems on manifolds with fibered boundary in the sense of [6].

2.2 Examples

Let^vT (∂M) ∈ Vect(∂M) be the tangent bundle along the fibers of π, and let^vT^∗∂M ∈ Vect(∂M) be the dual bundle. Then the cotangent bundle of the total space ∂M has the direct sum decomposition T^∗∂M ≃ π^∗(T^∗X) ⊕^vT^∗∂M ∈ Vect(∂M), which enables one to define a product K^i(T^∗X) × K^j (^vT^∗∂M) −→ K^{i+j} (T^∗∂M) (2.2)

(e.g., see [16]) on K-groups as the composition

K^i(T^∗X) × K^j (^vT^∗∂M) → K^i(π^∗T^∗X) × K^j (^vT^∗∂M) → K^{i+j} (T^∗∂M). Proposition 2.3. Suppose that the element [σ (D)|_{∂M} ] ∈ K(T^∗∂M × R) = K^1(T^∗∂M) has the decomposition [σ (D)|_{∂M} ] = xy, x ∈ K^i(T^∗X), y ∈ K^{i+1} (^vT^∗∂M) . (2.3) Then π_! [σ (D)|_{∂M} ] = xπ^′_!(y), where the direct image mapping π^′_! on the right-hand side is the group homomorphism π^′_! : K^{i+1} (^vT^∗∂M) −→ K^{i+1}(X) induced by the family of projections π^′_x : Ω_x → {x} ⊂ X, x ∈ X. Proof. This is a restatement of the well-known property (e.g., see [17]) π_!(xy) = xπ^′_! (y) of direct images.

Example 2.4 (a trivial bundle). Consider the Cartesian product π : ∂M = X × Ω −→ X. The Künneth formula in K-theory gives the equality

K^1(T^∗∂M) = K^1(T^∗X) ⊗ K(T^∗Ω) ⊕ K(T^∗X) ⊗ K^1(T^∗Ω) (mod Tors) , modulo torsion. Let us represent [σ (D)|_{∂M} ] as a sum ab + cd in accordance with the above decomposition. Then the obstruction is π_! [σ (D)|_{∂M} ] = aπ^′_! (b) + cπ^′_!(d) = (ind b)a, modulo torsion, where ind b ∈ Z is the index of an elliptic operator with difference element b ∈ K(T^∗Ω).

Let us apply these results to geometric operators.

Example 2.5 (the Euler operator). Let M be an oriented even-dimensional Riemannian manifold with metric having the form π^∗ ( dx^2 ) + dr^2 + r^2dω^2(x) near the boundary, where dx^2 is a smooth metric on the edge X and dω^2(x) is a smooth family of metrics on the fibers of π. One can show that the Euler operator (e.g., see[18]) d + δ : Λ^{ev}(^∘M) −→ Λ^{odd}(^∘M), acting from even to odd forms is an edge-degenerate operator. On the other hand, even the Atiyah–Bott obstruction [σ(d + δ)|_{∂M} ] ∈ K^1(T^∗∂M) is zero. So much the more, the Euler operator has the trivial obstruction (2.1). Example 2.6 (the Hirzebruch (signature) operator). In addition to the assumptions of the previous example, we require that X be oriented. The bundle π must also be oriented, i.e. each fiber should be equipped with an orientation continuously depending on the point of the base. Moreover, the orientations must be compatible in the sense that the orientation of the boundary must be consistent with the orientations of the base and the fiber. In this case, the signature operator (e.g., see [18]) D_M = d + δ : Λ^+(^∘M) −→ Λ^−(^∘M), acting from self-dual to antiself-dual forms is also edge degenerate.^1 The Atiyah–Bott obstruction for the signature operator [σ(D_M )|_{∂M} ] ∈ K^1(T^∗∂M) is never zero. However, the obstruction (2.1) sometimes vanishes. Let us study this possibility.

Since the obstruction is independent of the metric chosen, we consider a product metric on the cylinder [0, 1) × ∂M, where the metric on ∂M is given by π^∗ ( dx^2 ) + dω^2(x).

It is well known (e.g., see [19]) that the signature operator on the Cartesian product [0, 1) × ∂M defines a K-theory element as in (2.3): [σ(D_M )|_{∂M} ] = [σ(D_X )][σ(D_{Ω×[0,1)})|_{r=ε}], where the factors are the difference elements [σ(D_X )] ∈ K^{dim X} (T^∗X), [σ(D_{Ω×[0,1)})|_{r=ε}] ∈ K^{dim Ω+1} (^vT^∗∂M) ,

1To show this, one has to extend the bundles Λ^±(^∘M) to vector bundles on M.

of the signature operator D_X on the base and the family D_{Ω×[0,1)} of signature operators on the fibers Ω_x × [0, 1) of the bundle ∂M × [0, 1) −→ X. Here we assume that the edge X is even-dimensional. For odd-dimensional edges, we consider the different product

[σ(D_{X×[0,1)})|_{r=ε}][σ(D_Ω)], [σ(D_{X×[0,1)})|_{r=ε}] ∈ K^{dim X+1}(T^∗X), [σ(D_Ω)] ∈ K^{dim Ω} (^vT^∗∂M)

of the signature operators D_{X×[0,1)} on the cylinder X × [0, 1] by the family of signature operators D_Ω on the fibers Ω_x. By Proposition 2.3, this gives

π_![σ(D_M )|_{∂M} ] = [σ(D_X )]π^′_![σ(D_{Ω×[0,1)})|_{r=ε}].

The signature operator D_X is a generator of the free K^∗(X)⊗Q -module K^{dim X+∗}(T^∗X)⊗ Q (see [18]). This leads to the following proposition.

Proposition 2.7. For the signature operator, the obstruction (2.1) rationally vanishes if and only if the index ind D_Ω ∈ K^{dim Ω}(X) ⊗ Q (2.4)

of the family of signature operators in the fibers is zero. Here D_{Ωx} in the case of odddimensional manifolds is the so-called odd signature operator; e.g., see [19]. In particular, the condition is always satisfied if the fibers are odd-dimensional, while for evendimensional fibers of dimension 2d it is satisfied under the additional assumption that the cohomology of the fiber in dimension d is trivial.

Proof. It suffices to apply Proposition 2.2. Indeed, by the Atiyah–Singer index theorem for families, π^′_![σ] is equal to the index of the corresponding operator family

π^′_! [σ(D_Ω)] = ind D_Ω.

Let us prove the last part of the statement dealing with the vanishing of the index for families of signature operators.

1. Even-dimensional fibers. It was shown in [20] that the signature operator, modulo invertible operators, is equivalent to the elliptic operator

dδ − δd : Λ^+(Ω) ∩ Λ^d(Ω) −→ Λ^−(Ω) ∩ Λ^d(Ω).

The kernel and cokernel of the latter operator are trivial as subspaces of the space of harmonic forms of degree d, since by the assumption the fiber has no dimension d cohomology. Thus, we arrive at the desired equality for the index: ind D_Ω = 0.

2. Odd-dimensional fibers. The desired vanishing follows from the fact that the kernel of the self-adjoint signature operator on an odd-dimensional manifold has a constant dimension (since it coincides with the space of harmonic forms), so that the index of this family of elliptic self-adjoint operators is trivial as an element of the group K^1(X) corresponding to the parameter space (see [21]).

Example 2.8 (the Dirac operator). In addition to the assumptions of the previous example, let as assume that M and X are equipped with spin structures (see [22]). We also assume that the fibers of π are equipped with a spin structure. The induced spin structure on the boundary must coincide with the structure induced by the spin structures of the base and the fibers. In this case, the Dirac operator

D : S^+(^∘M) −→ S^−(^∘M)

on M (e.g., see [22]) acting from even spinors to odd spinors is edge degenerate, and its difference element in K-theory is decomposed as before:

[σ(D_M )|_{∂M} ] = [σ(D_X )][σ(D_{Ω×[0,1)})|_{r=ε}],

where [σ(D_X )] ∈ K^{dim X} (T^∗X), [σ(D_{Ω×[0,1)})|_{r=ε}] ∈ K^{dim Ω+1} (^vT^∗∂M)

are the difference elements of the Dirac operator on the base and the family of Dirac operators in the fibers of π. Therefore, the obstruction is also the product

π_![σ(D_M )|_{∂M} ] = [σ(D_X )]π_![σ(D_{Ω×[0,1)})|_{r=ε}].

Since D_X is a generator of the free K^∗(X)-module K^{dim X+∗}(T^∗X), we arrive at the following proposition.

Proposition 2.9. For the Dirac operator, the obstruction (2.1) is trivial if and only if the index of the Dirac operators

ind D_Ω ∈ K^{dim Ω}(X)

in the fibers is zero. For example, this condition is satisfied if the fibers of π are equipped with a metric of positive scalar curvature continuously depending on the fiber.

Proof. The latter assertion follows from the fact that the Dirac operator on a manifold of positive scalar curvature metric is invertible (e.g., see [22]). Therefore, the index is trivial independent of the dimension.

Remark 2.10. The problem of finding the weight γ such that the edge symbols of the geometric operators in question are families of Fredholm operators will be considered elsewhere.

3 Computation of the obstruction

3.1 Reduction of the index to the base of the cone

Consider an elliptic edge-degenerate operator D of order m on an edge manifold M^π satisfying conditions 1) and 2) in Section 1.

We define the operator family

σ^′_Λ(D) ( x, rη, ω, −i ∂ ∂ω , p ) = ∑ k+|l|≤m a_{kl} ( x, 0, ω, −i ∂ ∂ω ) p^k (rη)^l , (3.1)

σ^′_Λ(D) (x, η, r, p) : C^∞(Ω_x) → C^∞(Ω_x),

obtained from the edge symbol by replacing ir∂/∂r by a new variable p. The family (3.1) is parametrized by the points (x, η, r, p) ∈ S^∗X × R_+ × L_γ . The pair η, r can be represented as a single point rη ∈ T^∗X \ {0} of the cotangent bundle of the edge minus the zero section; then the family σ^′_Λ(D) extends to a continuous family parametrized by the product T^∗X × L_γ .

Lemma 3.1. The family σ^′_Λ(D) is a family of Fredholm operators parametrized by T^∗X × L_γ . Moreover, the family is invertible in a neighborhood of the zero section X × L_γ ⊂ T^∗X × L_γ and outside some compact subset.

Proof. Indeed, (3.1) is a parameter-elliptic family with parameters (ξ, p), where ξ = rη. Therefore for |ξ| + |p| > R (for a sufficiently large R) the family is invertible (e.g., see [23]). On the other hand, on the zero section X × L_γ , i.e. for ξ = 0, the family coincides with the conormal symbol of the edge symbol and hence is invertible by virtue of 2). By continuity, the family is invertible in a neighborhood of the zero section.

By virtue of this lemma, σ^′_Λ(D) is invertible outside a compact set in S^∗X × R_+ × L_γ and has an index ind σ^′_Λ(D) ∈ K (S^∗X × R_+ × L_γ ) .

Theorem 3.2. One has

β (ind σ_Λ (D)) = ind σ^′_Λ(D) ∈ K (S^∗X × R_+ × L_γ ) , (3.2)

where β is the Bott periodicity isomorphism

β : K (S^∗X)^≃−→ K (S^∗X × R_+ × L_γ ) .

Proof. 1. Reduction to the conical spaces H^{s,γ} . Let us choose R large enough to ensure that for all r on the closure of (R, +∞) the family σ^′_Λ(D) is invertible on the weight line L_γ for all (x, η) ∈ S^∗X. After a small deformation of σ^′_Λ(D), we can assume that in a neighborhood of the point r = R this family is independent of r. By

~σ_Λ(D)(x, η, r, p) : C^∞_0 (R_+ × Ω_x) −→ C^∞_0 (R_+ × Ω_x)

we denote a differential operator on K_{Ωx} that coincides with σ_Λ(D) for r < R and is the restriction of r^{−m}σ^′_Λ(D) ( x, η, R, ir ∂ ∂r )

for r > R. This operator family is continuous in the weighted Sobolev spaces ~σ_Λ(D) : H^{s,γ,γ}(K_Ω) −→ H^{s−m,γ−m,γ−m}(K_Ω) on the infinite cone and is Fredholm. To make the paper self-contained, we recall the definition of the weighted Sobolev spaces H^{s,γ1,γ2} on the cone (see [24]). The cone K_Ω is viewed as a manifold with two conical points, at zero and infinity. The radial variable near infinity is r^′ = 1/r. Then the space H^{s,γ1,γ2} (K_Ω) is the weighted Sobolev space of order s, weight γ_1 at r = 0, and weight (−γ_2) at r^′ = 0. We proved in [2] that the following assertion holds.

Lemma 3.3. One has ind σ_Λ(D) = ind ~σ_Λ(D).

2. Computation of the index on an infinite cone in the weighted Sobolev spaces H^{s,γ}. It is well known that the index in weighted spaces can be expressed in terms of the spectral flow. In a special case, this was used in computations with geometric operators in [2]. In the general case, we shall use the results of [3].

By virtue of Lemma 3.3, it suffices to prove that

β(ind ~σ) = ind σ^′ ∈ K(S^∗X × R_+ × L_γ ), (3.3)

where on the left-hand side there is an arbitrary family ~σ = ~σ(x, η) : H^{s,γ,γ}(K_{Ωx} ) −→ H^{s−m,γ−m,γ−m}(K_{Ωx} ) of elliptic operators on the bundle K_Ω of infinite cones. The operators are cone degenerate at r = 0 and r = ∞. Just this relation was proved in [3] (Theorem 3.2).

This completes the proof of Theorem 3.2.

Remark 3.4. The simpler formula β (ind P ) = ind_{p∈R,r∈R+} ( P ( r, ω, −i ∂ ∂ω , p )) ∈ K (R × R_+ ) ≃ Z holds for a cone-degenerate operator P on an infinite cone. This formula is obtained from the above formula by forgetting the parameter ξ. This formula gives an equality (up to the periodicity isomorphism) of the index of an operator P on a noncompact manifold and the index of an operator family on a smooth closed manifold.

Remark 3.5. In terms of the family σ^′_Λ(D), one can give an alternative form of the ellipticity condition. For the ellipticity, it is necessary that this family have a well-defined index as an element of the group K (S^∗X × R × R_+ ); i.e., σ^′_Λ(D) must be Fredholm everywhere and invertible outside a compact set.

Remark 3.6. The family (3.1) is formed by operators on a closed manifold, but the parameter space S^∗X × L_γ × R_+ is noncompact. Thus, the Atiyah–Singer formula [25] for families with a compact parameter space cannot be applied in this case. On the other hand, one can show that the formula nevertheless remains valid if we consider families of elliptic operators {P_x}_{x∈X} with noncompact parameter space X such that the operators are vector bundle isomorphisms for x outside a compact set K ⊂ X. In our case, this condition is not satisfied. Thus, the index must be computed by a different method.

3.2 Reduction to the cotangent bundle

Let us now compute the obstruction

[ind σ_Λ (D)] ∈ K (S^∗X) /π^∗_0 K (X) .

Quite remarkably, the projection to the quotient group K (S^∗X) /π^∗_0 K (X) admits an alternative description. Namely, we realize S^∗X × R_+ as the subspace S^∗X × R_+ ≃ T^∗X\{0}^i⊂ T^∗X in T^∗X. Here R_+ corresponds to the radius. This embedding enables us to define the diagram K (S^∗X)^β−→ K (S^∗X × R × R_+ ) ↓ ↓ i_! K (S^∗X) /π^∗_0 K (X)^≃−→ K (T^∗X × R) . (3.4)

Here i_! is induced by the embedding, and the bottom map is the Atiyah–Patodi–Singer isomorphism [15]. Note that this isomorphism is induced by the composition i_!β; i.e., the diagram is commutative.

Diagram (3.4) shows that the index [ind σ_Λ (D)] in the quotient group is represented as α [ind σ_Λ (D)] = ind σ^′_Λ(D) ∈ K (T^∗X × R) . (3.5)

Let us consider the family σ^′_Λ(D) in more detail. For given x, we obtain a family of operators on a closed manifold Ω_x that is parameter-elliptic with parameters (η, p) ∈

T^∗_x X × R [7]. Thus, to compute the obstruction it suffices to obtain an index formula for families of parameter-elliptic operators. We obtain this formula in the next section (in a slightly more general setting).

3.3 Families of parameter-elliptic operators

1. Parameter-elliptic symbols. Consider a real vector bundle V and a locally trivial bundle π : E → X with fiber Ω on some manifold X. By T E ∈ Vect(E) we denote the tangent vector bundle along the fibers. The dual bundle is denoted by T^∗E. Let us also consider two vector bundles E_1, E_2 ∈ Vect(E).

Definition 3.7. A family of symbols of order m with parameters in a vector bundle V is a smooth bundle homomorphism

σ = σ(x, v, ω, q) : π^∗_1 E_1 −→ π^∗_1 E_2,

homogeneous of degree m in the variables (q, v) ∈ {T^∗_{x,ω}E ⊕ V_x} \ {0}, where π_1 : {π^∗V ⊕ T^∗E} \ {0} −→ E is the natural projection on the base.

Remark 3.8. For the special case in which X is a point, we obtain the usual definition of a homogeneous symbol with parameters; e.g., see [23].

The linear space of symbols of order m in bundles E_1, E_2 is denoted by Smbl^m(E_1, E_2).

2. Families of parameter-dependent operators. The quantization mapping taking each family of symbols to a family of operators with these symbols is constructed as usual in the theory of families (see [25]).

To this end, we take some quantization of symbols on the fiber Ω. Consider a cover {U_i}_{i∈I} of the base X of both bundles E and V such that both bundles are trivial on the elements of the cover and the bundles E_{1,2} are constant along the base. Thus, we choose some trivializations

q_i : E_{Ui} ≃ U_i × Ω, r_i : V_{Ui} ≃ U_i × R^n , e_{1,2} : (E_{1,2})_{Ui} ≃ q^∗_i (E^′_{1,2})_i, (E^′_{1,2})_i ∈ Vect(Ω).

We denote the induced mapping for q_i by q^′_i : (T^∗E)_{Ui} ≃ U_i ×T^∗Ω. On U_i the symbol σ(x, v, ω, q) can be equivalently represented as a family σ_i(x, v_0, ω_0, q_0) of parameter-elliptic symbols on Ω with parameter v_0 ∈ R^n , which also depend on an additional variable x ∈ U_i. More precisely, the family σ_i(x, v_0) : π^∗_0 E^′_{1,i} −→ π^∗_0E^′_{2,i}, π_0 : U_i × R^n × T^∗Ω → Ω,

on U_i is represented via the original symbol as σ_i = I_{2,i}σI^{−1}_{1,i} , for the isomorphisms I_{j,i} : π^∗_0E^′_{2,i} → π^∗_1(E_j )_{Ui} defined by the composition

π^∗_1 E_j ≃ π^∗_1q^∗_i E^′_{j,i} ≃ U_i × R^n × π^∗_0 E^′_{j,i}.

Then the symbol σ_i in U_i can be quantized as usual. The corresponding operator is denoted by ^σ_i. A global family can be obtained by means of a partition of unity χ_i subordinate to the cover {U_i}_{i∈I} of the base by the formula Q(σ) = ∑ i I^{−1}_{2,i} ( ^ χ_iσ_i) I_{1,i}.

Thus, we have a quantization mapping

Q : Smbl^m(E_1, E_2) −→ Γ(V, π^∗_2 L(H^s(E_1), H^{s−m}(E_2))), π_2 : V → X,

where the H^s(E_i) are the Hilbert space bundles over X with fiber over a point x being the Sobolev space H^s(Ω_x, (E_i)_{Ωx} ) on the corresponding fiber of π (see [25]) and the fiber of the Hilbert space bundle L(H^s(E_1), H^s(E_2)) over a point (x, v) ∈ V is the space of bounded operators acting between the corresponding Sobolev spaces; finally, Γ stands for the functor of global sections.

3. Parameter-elliptic symbols and operators.

Definition 3.9. A family of parameter-dependent symbols σ ∈ Smbl^m(E_1, E_2) is said to be parameter-elliptic if the corresponding bundle homomorphism is invertible for |v|+|q| > 0. The operator family Q(σ) corresponding to an elliptic family of symbols consists of Fredholm operators invertible outside some compact set in V . This follows from the compactness of the base X and the fact that locally we deal with a family of usual parameter-elliptic operators for which the statement is well known. Thus, the family has a well-defined index indQ(σ) ∈ K(V ) that is an element of the K-group with compact supports. One can readily show that the index is determined by the principal symbol σ, is homotopy invariant (within the class of elliptic families), and is independent of the choice of the quantization mapping Q.

3.4 Index theorem for parameter-elliptic families

Theorem 3.10. Let σ be a parameter-elliptic symbol with parameters in a vector bundle V . Then indQ(σ) = (π_3)_![σ], (3.6) where [σ] ∈ K(T^∗E ⊕ π^∗V ) is the difference element of the elliptic symbol and

(π_3)_! : K(T^∗E ⊕ π^∗V ) −→ K(V )

is the direct image mapping in K-theory induced by the projection π_3 : T^∗E ⊕ π^∗V → V. Proof. 1. First, note that it suffices to prove the formula only for zero-order families. Indeed, consider the invertible family ( 1 + |v|^2 − Δ_Ω )_{−m/2} of order −m in the fibers of π. Here Δ_Ω stands for a family of nonpositive Laplacians. Obviously, the difference element of the symbol of this family is zero in the K-group. Thus, taking the product of a family of order m by this family changes neither the analytical index (3.6) nor the topological index.

2. By virtue of the parameter ellipticity, the family Q(σ)(x, v) is invertible for all v of sufficiently large absolute value. Let V_R ⊂ V be the subbundle of balls of radius R. Let us show that for R sufficiently large the restriction of Q(σ)(x, v) to the boundary of V_R is homotopic in the class of invertible families to a family of vector bundle isomorphisms.

Let S(V ) be the unit sphere bundle in V with respect to some metric in V . For each point (x, v_1) ∈ S(V ), consider the bundle

S^+(T^∗Ω_x ⊕ V_x) = {(ω, q, v) ∈ S(T^∗Ω_x ⊕ V_x) | (v_1, v) ≥ 0} ,

over Ω_x. Its fibers are hemispheres consisting of unit vectors having an acute angle with the fixed vector (ω, 0, v_1). Obviously, this space retracts to the subspace consisting of the points (ω, 0, v_1). A retraction can be given by the expression

γ_t(x, v_1) : S^+(T^∗Ω_x ⊕ V_x) −→ S^+(T^∗Ω_x ⊕ V_x), t ∈ [0, 1], γ_t(x, v_1)(ω, q, v) = 1 ((1 − t)v + tv_1)^2 + ((1 − t)q)^2

((1 − t)q, (1 − t)v + tv_1) .

For given (x, ω, v_1), this family of mappings is a smooth deformation of the identity mapping (for t = 0) to the mapping to the point (0, v_1) (for t = 1).

Now for a family of parameter-elliptic symbols σ = σ(x, v, ω, q) with parameter v we define the following family of symbols: σ(γ_t(x, v_1)(ω, q, v)). (3.7) This family of symbols with parameter v is elliptic in a conical neighborhood of the ray v = αv_1, α > 0 for all parameter values t ∈ [0, 1] and (x, v_1) ∈ S(V ). Thus, for sufficiently large R the corresponding family Q(σ(γ_t(x, v_1, v))) of parameter-elliptic operators with parameter v is invertible on the ray {v = αv_1, α ≥ R} for all (t, x, v_1) ∈ [0, 1] × S(V ).

Now the desired homotopy of the family Q(σ)(x, v) on the spheres of radius R is defined as Q_t(x, v) = Q ( σ ( γ_t ( x, v |v| , v ))) , t ∈ [0, 1]. For t = 1, this family is induced by a vector bundle isomorphism.

3. The original family together with the homotopy thus constructed can be viewed as a new family defined on the ball bundle of radius R + 1: Q^′(x, v) = Q(σ)(x, v), if |v| ≤ R, Q ( σ ( γ_{|v|−R} ( x,^v_{|v|} , v ))) , if |v| > R. To the remaining part of V , this family is extended constantly in the radial directions. The obtained family Q^′ is a continuous family of elliptic pseudodifferential operators which are invertible outside the compact subset V_R. On the other hand, on the subspace V_R the new family coincides with the original one. Therefore, by the definition of the index for families we obtain indQ(σ) = indQ^′ ∈ K(V ). (3.8) Thus, to prove the theorem it suffices to compute the latter index.

4. The family Q^′ consists of elliptic operators induced by a vector bundle isomorphism for parameter values outside a compact subset. The index of such families is computed by the Atiyah–Singer index formula for families. This formula gives

indQ^′ = (π_3)_![smblQ^′],

where [smblQ^′] ∈ K(T^∗E ⊕ π^∗V ) is the difference element determined by the principal symbol of the family Q^′.

The proof of the index formula is finished once we note the equality

[smblQ^′] = [σ]

of the difference elements of the family Q^′ and of the family of parameter-elliptic symbols σ. 3.5 Proof of the main theorem

Proof of Theorem 2.1. Let us replace the index of the parameter-elliptic family in Eq. (3.5) by its topological expression given by Theorem 3.10. As a result we obtain the desired equality α[ind σ_Λ(D)] = ind σ^′_Λ(D) = π_![σ(D)|_{∂M} ].

References

[1] V. Nazaikinskii, A. Savin, B.-W. Schulze, and B. Sternin. Elliptic Theory on Manifolds with Nonisolated Singularities. I. The Index of Families of Cone-degenerate Operators. Univ. Potsdam, Institut für Mathematik, Potsdam, Juni 2002. Preprint N 2002/14.

[2] V. Nazaikinskii, A. Savin, B.-W. Schulze, and B. Sternin. Elliptic Theory on Manifolds with Nonisolated Singularities. II. Products in Elliptic Theory on Manifolds with Edges. Univ. Potsdam, Institut für Mathematik, Potsdam, 2002. Preprint N 2002/15.

[3] V. Nazaikinskii, A. Savin, B.-W. Schulze, and B. Sternin. Elliptic Theory on Manifolds with Nonisolated Singularities. III. Spectral Flow for Families of Conormal Symbols. Univ. Potsdam, Institut für Mathematik, Potsdam, 2002. Preprint N 2002/??

[4] A. Savin and B. Sternin. Index Defects in the Theory of Nonlocal Boundary Value Problems and the η-invariant. Univ. Potsdam, Institut für Mathematik, Potsdam, November 2001. Preprint 01/31, arXiv: math/0108107.

[5] M.F. Atiyah and R. Bott. The index problem for manifolds with boundary. In Bombay Colloquium on Differential Analysis, 1964, pages 175–186, Oxford. Oxford University Press.

[6] A. Savin and B. Sternin. Boundary Value Problems on Manifolds with Fibered Boundary. Chalmers Institute of Technology, Göteborg, December 2001. Preprint 75, available at http://www.md.chalmers.se/Math/Research/Preprints/2001/75.ps.gz.

[7] M. Agranovich and M. Vishik. Elliptic problems with parameter and parabolic problems of general type. Uspekhi Mat. Nauk, 19, No. 3, 1964, 53–161. English transl.: Russ. Math. Surv. 19 (1964), N 3, p. 53–157.

[8] V. Nistor. An index theorem for gauge-invariant families: The case of solvable groups.

preprint math.KT/0201196, 2001.

[9] B.-W. Schulze. Pseudodifferential Operators on Manifolds with Singularities. North– Holland, Amsterdam, 1991.

[10] B.-W. Schulze and J. Seiler. Edge Operators with Conditions of Toeplitz Type. Univ.

Potsdam, Institut für Mathematik, Potsdam, 2002. Preprint N 02/13.

[11] R.R. Mazzeo and R.B. Melrose. Pseudodifferential operators on manifolds with fibred boundaries. Asian J. Math., 4, 1998, 833–866.

[12] B.A. Plamenevskij and V.N. Senichkin. On a class of pseudodifferential operators on R^m and on stratified manifolds. Sb. Math., 191, No. 5–6, 2000, 725–757.

[13] B. Vaillant. Index and Spectral Theory on Manifolds with Generalized Fibred Cusps.

Preprint math.DG/0102072, 2001.

[14] Yu. Egorov and B.-W. Schulze. Pseudo-Differential Operators, Singularities, Applications. Birkhäuser, Boston, Basel, Berlin, 1997.

[15] M. Atiyah, V. Patodi, and I. Singer. Spectral asymmetry and Riemannian geometry III. Math. Proc. Cambridge Philos. Soc., 79, 1976, 71–99.

[16] M.F. Atiyah. K-Theory. The Advanced Book Program. Addison–Wesley, Inc., second edition, 1989.

[17] G. Luke and A.S. Mishchenko. Vector bundles and their applications, volume 447 of Mathematics and its Applications. Kluwer Academic Publishers, Dordrecht, 1998.

[18] R.S. Palais. Seminar on the Atiyah–Singer index theorem. Princeton Univ. Press, Princeton, NJ, 1965.

[19] X. Dai. Adiabatic limits, non-multiplicativity of signature and the Leray spectral sequence. J.A.M.S., 4, 1991, 265–321.

[20] A. Connes, D. Sullivan, and N. Teleman. Quasiconformal mappings, operators on Hilbert space, and local formulae for characteristic classes. Topology, 33, No. 4, 1994, 663–681.

[21] X. Dai and W. Zhang. Higher spectral flow. J. Funct. Anal., 157, No. 2, 1998, 432–469.

[22] H.B. Lawson and M.L. Michelsohn. Spin geometry. Princeton Univ. Press, Princeton, 1989.

[23] M.A. Shubin. Pseudodifferential Operators and Spectral Theory. Springer–Verlag, Berlin–Heidelberg, 1985.

[24] B.-W. Schulze, B. Sternin, and V. Shatalov. On the index of differential operators on manifolds with conical singularities. Annals of Global Analysis and Geometry, 16, No. 2, 1998, 141–172.

[25] M.F. Atiyah and I.M. Singer. The index of elliptic operators IV. Ann. Math., 93, 1971, 119–138.