A spin-conformal lower bound of the first positive Dirac eigenvalue

Bernd Ammann^∗

October 2000

Abstract

Let D be the Dirac operator on a compact spin manifold M. Assume that 0 is in the spectrum of D. We prove the existence of a lower bound on the first positive eigenvalue of D depending only on the spin structure and the conformal type.

Keywords: Dirac operator, first positive eigenvalue, conformal metrics, conformally invariant operators, eigenvalue estimates

Mathematics Classification: 58J50 (Primary), 53C27, 58C40 (Secondary)

1 Introduction

A central problem in spectral geometry is to find estimates for small eigenvalues of the classical differential operators. In this paper we are interested in estimates for small eigenvalues of the Dirac operator that only depend on the conformal structure and the spin structure. Let us fix a spin structure σ and a conformal class [g] on a connected closed oriented spin manifold M of dimension n ≥ 2. Define g_f := f^2 · g for a smooth function f : M → R^+ . The corresponding Dirac operator is called D_f .

We write Q_k(M, [g], σ) := inf_{f∈C∞(M,R+)} { λ_k(g_f , σ) · vol(M, g_f )^{2/n} }

where λ_k(g_f , σ) is the k-th eigenvalue of D^2_f .

∗Partially supported by The European Contract Human Potential Programme, Research Training Networks HPRN-CT-2000-00101 and HPRN-CT-1999-00118

The dimension of the kernel of the Dirac operator is conformally invariant, say h = dim ker D_f . John Lott [Lot86] proved that if the kernel is trivial (h = 0), then Q_1(M, [g], σ) > 0.

For n ≥ 3 and under the condition that the Yamabe number μ(M, [g]) := inf_{f∈C}∞_{(M,R}+_) ∫ M scal_{gf} dvol_{gf} (vol(M, g_f ))^{(n−2)/n}

is positive, Oussama Hijazi [Hij86, Hij91] was able to prove an explicit bound Q_1(M, [g], σ) ≥ n 4(n − 1) μ(M, [g]). (1.1)

For the sphere S^n with its standard conformal structure we have equality in equation (1.1) and the infimum in the definition of Q_1 is attained for constant sectional curvature metrics on S^n.

Inequality (1.1) has been extended by Christian Bär [Bär92] to the case n = 2, i. e. he proved Q_1(S^2) = 4π for the unique spin structure and the unique conformal class on S^2 and equality holds for the spheres of constant Gauss curvature.

In this article we extend Lott’s result to the case h > 0, i.e. we prove (Theorem 2.5) Q_{h+1}(M, [g], σ) > 0. However, it is still an open problem to find explicit bounds for Q_{h+1} for the case h > 0 and for the case μ(M, [g]) ≤ 0.

In Section 3 we construct a conformal blow-up of a sphere in a small neighborhood of a given point. With the help of this construction we obtain an upper bound for Q_{h+1} if n ≥ 3 or if n = 2 and h = 0.

Ackowledgement. The present paper was written while the author enjoyed the hopsitality of the Graduate School of the City University New York. Many thanks to Edgar Feldman for many stimulating discussions about the subject and several ideas for future work. The author also wants to thank Christian Bär and Jozef Dodziuk.

2 The estimate

Let (M, g) be a compact connected oriented Riemannian manifold with a fixed spin structure σ.

For any smooth function f : M → R^+ we set g_f := f^2 · g. Let D_f be the Dirac operator associated to the metric g_f and the spin structure σ. The spectrum of D^2_f is discrete and non-negative and will be written as λ_1(g_f , σ) ≤ λ_2(g_f , σ) ≤ · · · , where each eigenvalue appears with the right multiplicity.

The following transformation formula describes how the Dirac operators for conformally equivalent metrics are related. Σ(M, g, σ) denotes the spinor bundle of (M, g, σ). PROPOSITION 2.1 ([Hit74, Hij86]). There is an isomorphism of vector bundles F : Σ(M, g, σ) → Σ(M, g_f , σ) which is a fiberwise isometry such that D_f (F (Ψ)) = F ( f^{− n+12} D_1f^{n−12} Ψ ) . As a corollary the dimension h := dim ker D_f of the kernel of the Dirac operator is constant under conformal changes of the metric. However, it does depend on the choice of spin structure. More explicitly COROLLARY 2.2.

Ψ ∈ ker D_1 ⇔ f^{− n−12} F (Ψ) ∈ ker D_f .

Now let C_f be the orthogonal complement to ker D_f ⊂ L^2(M, g_f , ΣM). Set C^∗_f := C_f − {0}. This orthogonal complement also transforms naturally, but clearly with another power of f. COROLLARY 2.3.

Ψ ∈ C_1 ⇔ f^{− n+12} F (Ψ) ∈ C_f .

In order to shorten our notation we write Q_k(M, [g], σ) := inf_{gf ∈[g]} { λ_k(g_f , σ) · vol(M, g_f )^{2/n} } . THEOREM 2.4 ([Lot86, Prop. 1]). If dim ker D_1 = 0, then Q_1(M, [g], σ) > 0. We will generalize this theorem to THEOREM 2.5. Let (M, g, σ) be any compact Riemannian spin manifold and h := dim ker D_1. Then Q_{h+1}(M, [g], σ) > 0.

In other words: the theorem states that the first positive eigenvalue of the Dirac operator is uniformly bounded from below in the set of all metrics g_f ∈ [g] with vol(M, g_f ) = 1.

Remark. The corresponding statement for the Laplacian on functions is false. There is a sequence of metrics (g_i) in [g], vol(M, g_i) = 1 such that the first positive eigenvalue λ^Δ_1 (g_i) of the Laplacian on functions with respect to g_i tends to zero.

Let ‖φ‖_p be the L^p-norm of the spinor φ on (M, g, σ). The proof of Theorem 2.5 splits into two propositions.

PROPOSITION 2.6. The first positive eigenvalue is bounded from below via the following formula: Q_{h+1}(M, [g], σ) = inf_{φ∈C∗1} ‖φ‖^4_{2n/(n+1)} | ∫ ⟨φ, |D_1|^{−1}φ⟩ dvol_1|^2 . PROPOSITION 2.7. The right hand side of the above formula is positive. inf_{φ∈C∗1} ‖φ‖^4_{2n/(n+1)} | ∫ ⟨φ, |D_1|^{−1}φ⟩ dvol_1|^2 > 0. Proof of Proposition 2.6. We transform, substituting ψ = f^{− n+1}2 F (φ) λ^{−(1/2)} h+1 (g_f , σ) = sup_{ψ∈C∗} f

| | ∫ ⟨ψ, D^{−1}_f ψ⟩ dvol_f | | ∫ ⟨ψ, ψ⟩ dvol_f = sup_{φ∈C∗} 1

| | | ∫ ⟨f^{− n+1}2 F (φ), D^{−1}_f f^{− n+1}2 F (φ)⟩ dvol_f | | | ∫ ⟨f^{− n+1}2 F (φ), f^{− n+1}2 F (φ)⟩ dvol_f = sup_{φ∈C∗} 1

| | | ∫ ⟨f^{− n+1}2 F (φ), f^{− n−1}2 F (D^{−1}_1 φ)⟩ dvol_f | | | ∫ ⟨f^{− n+1}2 F (φ), f^{− n+1}2 F (φ)⟩ dvol_f = sup_{φ∈C∗} 1

| | | ∫ ⟨φ, D^{−1}_1 φ⟩ dvol_1 | | | ∫ f^{−1}⟨φ, φ⟩ dvol_1 = sup_{φ∈C∗} 1 | ∫ ⟨φ, |D_1|^{−1}φ⟩ dvol_1| ∫ f^{−1}⟨φ, φ⟩ dvol_1 . The Hölder inequality yields ∫ |φ|^{2nn+1} dvol_1 = ∫ ( |φ|^{2nn+1} f^{− nn+1} ) f^{nn+1} dvol_1 ≤ (∫ |φ|^2f^{−1} dvol_1 ) n_{n+1} (∫ f^n dvol_1

) 1_{n+1}

= (∫ |φ|^2f^{−1} dvol_1 ) n_{n+1} vol(M, g_f )^{1n+1} .

with equality if and only f = c · |φ|^{2n+1} or φ ≡ 0. Therefore inf f∈C^∞(M,R^+) ( vol(M, g_f )^{1/n} · ∫ f^{−1}⟨φ, φ⟩ dvol_1 ) ≥ ‖φ‖^2_{n/(n+1)} (2.8)

for any spinor φ.

Combining these two expressions we obtain Q_{h+1}(M, [g], σ) = inf_{f∈C∞(M,R+)} inf_{φ∈C∗1} vol(M, g_f )^{2/n} · ( ∫ f^{−1}⟨φ, φ⟩ dvol_1)^2 | ∫ ⟨φ, |D_1|^{−1}φ⟩ dvol_1|^2 = inf_{φ∈C∗1} inf f∈C^∞(M,R^+) vol(M, g_f )^{2/n} · ( ∫ f^{−1}⟨φ, φ⟩ dvol_1)^2 | ∫ ⟨φ, |D_1|^{−1}φ⟩ dvol_1|^2 ≥ inf_{φ∈C∗1} ‖φ‖^4_{2n/(n+1)} | ∫ ⟨φ, |D_1|^{−1}φ⟩ dvol_1|^2

. (2.9)

It remains to show that we have equality in (2.9). It will be sufficient to prove equality in (2.8).

If φ is nowhere vanishing, we can evaluate the integral in (2.8) for f = |φ|^{2/(n+1)} and we see that (2.8) is actually an equality. For the case that φ vanishes somewhere this argument has to be slightly modified: Choose smooth functions f_k : M → R^+ such that ‖ ‖ ‖f_k − max{1/k, |φ|^{2/(n+1)}} ‖ ‖_{C0} < e^{−k}. We conclude vol(M, g_{fk} )^{1/n}· ∫ f^{−1}_k ⟨φ, φ⟩ dvol_1 → (∫ |φ|^{2n/(n+1)} )_{1/n} · (∫ |φ|^{2n/(n+1)} ) = ‖φ‖^2_{n/(n+1)}, and therefore we have equality in (2.8) which implies equality in (2.9). □

Proof of Proposition 2.7. We have to prove the boundedness of the map H : C_1 → L^2(ΣM) (2.10) φ → |D_1|^{−1/2}φ, where C_1 carries the L^{2n/(n+1)}-topology.

Let P_H be the projection operator from L^2(ΣM) to the kernel of D_1. Clearly P_H is an infinitely smoothing operator. Hence D_1 + P_H is an invertible operator on L^2(ΣM). Trivially (D_1 + P_H )^{−1}|_C∗_1 = ( D_1|_C∗_1 )_{−1} . The symbols of D_1 and D_1 + P_H are equal, therefore D_1 + P_H is an elliptic pseudodifferential operator of order 1. According to

Seeley [See67] |D_1 + P_H |^{−1/2} = ( (D_1 + P_H )^2 )_{−1/4} is a pseudodifferential operator of order −1/2.

Denote the connection Laplacian on ΣM by ∇^∗∇. Then (∇^∗∇+Id)^{1/4} |D_1 + P_H |^{−1/2} is a zero order pseudodifferential operator, and hence [Tay81, XI, Theorem 2.2] a bounded operator L^p(ΣM) → L^p(ΣM) for any p ∈ ]1, ∞[, in particular for p = 2n/(n + 1).

In other words, the map A : L^{2n/(n+1)}(ΣM) → W^{1/2}_{2n/(n+1)}(ΣM) (2.11) φ → |D_1 + P_H |^{−1/2}φ, is a bounded operator. Here W^k_p (ΣM) is the Sobolev space of sections which are L^p and whose derivatives up to order k are also L^p. The Sobolev embedding theorem states that W^{1/2}_{2n/(n+1)}(ΣM) embeds into L^2(ΣM). Thus A is a bounded operator L^{2n/(n+1)}(ΣM) → L^2(ΣM) extending H. □

Note that we are in the boundary case of the Sobolev embedding theorem, therefore the embedding is not compact.

Remark. A variation of Proposition 2.6 is still valid if we replace the Dirac operator D_f by another elliptic differential operator T_f of order j ∈ N with the following transformation formula T_f = f^{− n+j2} T_1f^{n−j2} .

In this case we obtain in an analogous way: Q_{h+1}(M, [g], T ) = inf_{φ∈C∗1} ‖φ‖^4_{2n/(n+j)} | ∫ ⟨φ, |T_1|^{−1}φ⟩ dvol_1|^2 . This transformation formula is satisfied for the Yamabe operator with j = 2. In the case dim M = 2 the Yamabe operator coincides with the Laplacian on functions. On the other hand Proposition 2.7 is valid for j = 1, . . . , n − 1, hence Theorem 2.5 is also true for j = 1, . . . , n − 1.

In contrast to this, for j = n the analogue of Proposition 2.7 is false. This can be easily seen by studying the Laplacian on surfaces.

3 An upper bound for Q_{h+1}

THEOREM 3.1. Let g_0 be the standard metric on S^n, n = dim M ≥ 3. Then

Q_{h+1}(M, [g], σ) ≤ Q_1(S^n, [g_0]) = n^2 4 ω^{2/n}_n with ω_n := vol(S^n, g_0) =

(_{2π(n+1)/2}

Γ((n+1)/2) ) . THEOREM 3.2. Let M be a compact surface. Let g_0 be the standard metric on S^2. Then Q_1(M, [g], σ) ≤ Q_1(S^2, [g_0]) = 4π.

Remark. If M is a compact surface of genus ≥ 1, then (M, g, σ) may have harmonic spinors, i. e. h ≥ 1. In this case it is still unclear whether Q_{h+1}(M, [g], σ) ≤ 4π.

The theorems use the following proposition.

PROPOSITION 3.3. Let S^n carry the standard metric g_0. Fix a point p on the sphere S^n. For any α > 0 there is a nontrivial spinor Ψ on the sphere S^n vanishing on a small neigborhood U of p and satisfying ‖DΨ‖_L2 ≤ ( n 2 + α) ‖Ψ‖_L2 . (3.4)

Proof of the proposition. Recall that the spinor bundle of S^n is trivialized by 2^{[n/2]} Killing spinors with the Killing constant 1/2. It is also trivialized by 2^{[n/2]} Killing spinors with the Killing constant −1/2. Killing spinors with Killing constant ±1/2 are eigenspinors with eigenvalue ±n/2.

Pick Ψ^+_σ and Ψ^−_σ a pair of Killing spinors with Killing constants 1/2 and −1/2 respectively and assume that for a given p ∈ S^n and for a given σ ≠ 0, σ ∈ Σ_p(S^n), we have Ψ^+_σ (p) = Ψ^−_σ (p) = σ. Define Ψ_0 := Ψ^+_σ − Ψ^−_σ .

Let ρ : [0, 1] → [0, 1] be a smooth function with ρ ≡ 0 in a neighborhood of 0, ρ ≡ 1 in a neighborhood of 1 and 0 ≤ ρ^′ ≤ 2. For 0 ≤ δ < ε we set ρ_{δ,ε}(t) = ρ ( t − δ ε − δ ) . Then |gradρ_{δ,ε}| ≤^2_{ε−δ} . Ψ(x) := ρ_{δ,ε}(d(x, p)) Ψ_0(x)

∇_X Ψ = ρ_{δ,ε} · (∇_X Ψ_0) + X(ρ_{δ,ε}) · Ψ_0 DΨ = ρ_{δ,ε} · (DΨ_0) + γ(grad(ρ_{δ,ε}))Ψ_0.

Here γ denotes Clifford multiplication. For the L^2-norms we have the triangle inequality. ‖DΨ‖ ≤ ‖ρ_{δ,ε}DΨ_0‖ + ‖γ(gradρ_{δ,ε})Ψ_0‖. (3.5)

We use ∫ M ⟨Ψ^+_σ , Ψ^−_σ ⟩ = 0 which implies that DΨ_0 = (n/2)Ψ^+_σ + (n/2)Ψ^−_σ has the same L^2-norm as (n/2)Ψ_0 = (n/2)Ψ^+_σ − (n/2)Ψ^−_σ . Hence, the first term of (3.5) is bounded as follows. ‖ρ_{δ,ε}DΨ_0‖ ≤ ‖DΨ_0‖ = n 2 ‖Ψ_0‖ ≤ ( n 2 + α 2 ) ‖Ψ‖ for sufficiently small ε > 0. We set C_ε := max{|∇Ψ_0(y)| | | d(y, p) ≤ ε}. Then |Ψ_0(x)| ≤ C_ε·d(x, p) for d(x, p) ≤ ε. Obviously C_ε is an increasing function in ε.

Using |gradρ_{δ,ε}| ≤^2_{ε−δ} we obtain an upper bound for the second term of (3.5).

‖γ(gradρ_{δ,ε})Ψ_0‖ ≤ 2ε ε − δ C_ε vol(B_ε(p)) ≤ α 2 ‖Ψ‖ for sufficiently small ε > 0 and δ < ε/2. □

COROLLARY 3.6. For any α > 0 there is ρ > 0 such that the following holds: If a closed Riemannian spin manifold (N, h) contains an open subset Ω such that (Ω, g) is isometric to (S^n − B_ρ(p), g_0), then (N, h) carries a spinor Ψ supported in Ω satisfying ‖DΨ‖_L2 ≤ ( n 2 + α) ‖Ψ‖_L2 .

Note that this corollary holds for any spin structure on N. The restriction of any spin structure to the contractible set Ω is unique.

For the proof of the corollary we simply take the spinor Ψ on S^n provided by Proposition 3.3, pull it back to Ω and extend it by zero to a spinor on (N, h). This spinor clearly satisfies the above properties.

COROLLARY 3.7. For any α > 0 there are ρ, κ > 0 such that the following holds: If a closed Riemannian spin manifold (N, h) contains an open subset Ω diffeomorphic to the open disk S^n − B_ρ(p) and if the distance of the metric h|_Ω to the standard metric on the sphere g_0 is bounded by κ in the C^1(S^n − B_ρ(p), g_0)-topology, then (N, h) carries a spinor Ψ supported in Ω satisfying ‖DΨ‖_L2 ≤ ( n 2 + α) ‖Ψ‖_L2 .

Proof. We identify Ω with S^n − B_ρ(p). The metrics on Ω satisfy ‖h − g_0‖_C1_{(Ω,g0)} ≤ κ. If κ is sufficiently small, then there is an isomorphism S : Σ(Ω, h) → Σ(Ω, g_0) between the spinor bundles which is fiberwise an isometry such that for any spinor φ ∈ Γ(Σ(Ω, h)) we have pointwise |S(D_hφ) − D_{g0} S(φ)| ≤ κC|φ| where C only depends on the dimension n (see for example the claim in the proof of Proposition 7.1 in [Bär96]). Hence the corollary immediately follows from the previous one. □

PROPOSITION 3.8. For any spin manifold (M, g, σ) and any κ, ρ, ν, δ > 0 there is a metric ĝ conformal to g satisfying

(1) (M, ĝ) contains an open subset Ω such that (Ω, ĝ) is C^1-close to (S^n −B_ρ(p), g_0).

More precisely, there is a diffeomorphisms i : S^n − B_ρ(p) → Ω such that ‖i^∗ĝ − g_0‖_C1_{(S}n_{−Bρ(p),g0)} ≤ κ. (2) vol(M, ĝ) ≤ vol(Ω, ĝ) + ν.

(3) If n := dim M ≥ 3, then any harmonic spinor φ̂ on (M, ĝ, σ) satisfies ‖φ̂|_Ω‖_L2_{(Ω,ĝ)} ≤ δ‖φ̂‖_L2_{(M,ĝ)} Proof of the Proposition. At first, in (A), we will prove the theorem under the additional assumption that the metric g is euclidean in the neighborhood of a point q ∈ M. Later on, in (B), we will show that the proposition remains true even if we drop this condition.

We fix the following notation: B_r(q) is the ball about q of radius r in M with respect to the metric g. Similarly for p ∈ S^n we denote by B_r(p) the ball of radius r about p with respect to the standard metric g_0 on S^n.

(A) We assume that B_r(q) is flat for a small r > 0. We will define a suitable smooth function f and we define ĝ := f^2g. This conformal change of metric will have the following properties:

(i) On M_1 := M − B_r(q) we have ĝ|_{M1} = ζ^2g|_{M1} , where ζ is a small positive constant, (ii) (Ω := B_{r/2}(q), ĝ|_Ω) is isometric to (S^n − B_{rζ} (p), g_0), p ∈ S^n. (iii) On the annular region (our connecting tube) T := B_r(q) − B_{r/2}(q), we define f^2 by a simple smooth interpolation of the two boundary factors.

We want to choose f such that its restriction to the ball B_r(q) only depends on d(x, q)^2.

On B_{r/2}(q) we define f_η(x) := η 1 + η^2 (_{d(x,q)} 2 )_2 .

M_1 T Ω

(B_{r/2}(q), f^2_η g) has constant sectional curvature 1. Thus rotational symmetry implies that (B_{r/2}(q), f^2_η g) is isometric to a truncated sphere. For sufficiently small r, ζ > 0, let η > 0 be the largest solution of the following quadratic equation in η: η 1 + η^2 (_r 4 )_2 = 2

sin(rζ) r . Hence (B_{r/2}(q), f^2_η g) is isometric to S^n − B_{rζ} (p), in particular f|_{∂Br/2(q)} ≡ 2^{sin(rζ)}_r < 2.

We set f := f_η on B_{r/2}(q) and f := ζ on M_1 = M − B_r(q). We then interpolate f smoothly on T with ζ ≤ f|_T ≤ 2ζ. Obviously η = max f ≤ 8 r sin(rζ) < 9 r^2ζ for small r, ζ > 0.

If we choose r and ζ to be sufficiently small, we see that properties (1) and (2) of the proposition hold. In order to prove (3) let

K := sup { |φ(x)| | | x ∈ M, φ ∈ ker D_1, ‖φ‖_L2_{(M,g)} = 1 } . K is finite. Let φ̂ = f^{− n−1}2 F (φ) be a harmonic spinor.

‖φ̂|_Ω‖_L2_{(Ω,ĝ)} = | | | ∫ Ω f^{−n+1}|F (φ)|^2 f^n dvol_g | | |^{1/2} = ‖ √ fφ|_Ω‖_L2_{(Ω,g)} ≤ √ max fK‖φ‖_L2_{(M,g)} √ vol(Ω, g)

≤ √ max f min f K‖φ̂‖_L2_{(M,ĝ)} √ vol(Ω, g) ≤ 3 rζ K √ ω_{n−1} n ( r 2 ) n_2 ‖φ̂‖_L2_{(M,ĝ)} ≤ K^′ r^n2^{−1} ζ ‖φ̂‖_L2_{(M,ĝ)} for K^′ := 3·2^{−n/2} K √ ω_{n−1}/n. Therefore for n ≥ 3 and any ζ > 0 we can choose a small r > 0 such that (3) of the proposition holds. Hence we have proven the theorem under the assumption that g is euclidean in the neighborhood of a point q ∈ M.

(B) Now we prove the general case. We write the metric g in Gaussian normal coordinates centered in q defined on B_r(q)

g_{ij}(x) = δ_{ij} + 1 3 ∑ kl R_{ikjl}(0)x^kx^l + O(‖x‖^3). (3.9)

Let χ : M → [0, 1] be a C^∞-function with supp χ ⊂ B_r(q) and χ|_U ≡ 1 in a small neighborhood U of q. The arguments in (A) show that for the metric g̃ given by g^χ_{ij} = χδ_{ij} + (1 − χ)g_{ij} on B_r(p) g_χ = g otherwise there is a blow-up function f_χ : M → R^+ such that (1) and (2) hold for ^g^χ := f^2_χg^χ. We define ĝ^{(χ)} := f^2_χg. It can be checked that for a suitable choice of χ properties (1) and (2) also hold for ĝ^{(χ)} with κ, ρ and ν replaced by 2κ, 2ρ and 2ν.

The proof of (3) in (A) carries over to the general case with some minor modifications and a slightly bigger constant K^′. □ Proof of Theorem 3.1. We will prove that the inequality

λ_{h+1}(M, ĝ, σ) vol(M, ĝ)^{2/n} ≤ λ_1(S^n, g_0)

n^2/4

ω^{2/n}_n + ε (3.10)

holds for the metric ĝ given by Proposition 3.8, where ε ≥ 0 is a small term depending on κ, ρ, ν and δ.

Corollary 3.7 states that there is a spinor Ψ on (M, ĝ, σ) satisfying ‖DΨ‖_L2 ≤ ( n 2 + α) ‖Ψ‖_L2 .

Because Ψ has support in Ω we obtain the following inequality for any harmonic spinor φ̂.

(Ψ, φ̂)_{M,ĝ} ≤ ‖Ψ‖_L2_{(Ω,ĝ)}‖φ̂‖_L2_{(Ω,ĝ)} ≤ δ‖Ψ‖_L2_{(M,ĝ)}‖φ̂‖_L2_{(M,ĝ)} We apply the following trivial lemma for A = D^2, λ = (_n 2 + α

)_2

and v = Ψ.

LEMMA 3.11. Let A be a nonnegative self-adjoint operator on a Hilbert space H with pure point spectrum. Assume that a vector v ∈ H satisfies ⟨Av, v⟩ ≤ λ⟨v, v⟩ and ⟨v, w⟩ ≤ δ‖v‖‖w‖ for any w ∈ ker A. Then there is a positive eigenvalue λ_1 of A satisfying λ_1 ≤ λ 1 − δ^2 . Hence, the first positive eigenvalue of D^2 on (M, ĝ) satisfies

λ_{h+1}(ĝ, σ) ≤ (_n 2 + α

)_2

1 − δ^2 . Because vol(M, ĝ) is bounded by ω_n = vol(S^n, g_0) plus a small constant ν we obtain equation (3.10). According to [Hij91]

Q_1(S^n, [g_0]) = λ_1(S^n, g_0) ω^{2/n}_n = n^2 4 ω^{2/n}_n . □ The proof of Theorem 3.2 runs similarly. However, the argument showing that the test spinor is almost orthogonal to the space of harmonic spinors does not hold. Therefore we obtain the weaker result for dim M = 2.

References

[Bär92] Christian Bär. Lower eigenvalue estimates for Dirac operators. Math. Ann., 293:39–46, 1992.

[Bär96] Christian Bär. Metrics with harmonic spinors. Geom. Funct. Anal., 6:899– 942, 1996.

[Hij86] Oussama Hijazi. A conformal lower bound for the smallest eigenvalue of the Dirac operator and Killing spinors. Comm. Math. Phys., 104:151–162, 1986.

[Hij91] Oussama Hijazi. Première valeur propre de l’opérateur de Dirac et nombre de Yamabe. C. R. Acad. Sci. Paris, t. 313, Série I:865–868, 1991.

[Hit74] Nigel Hitchin. Harmonic spinors. Adv. Math., 14:1–55, 1974.

[Lot86] John Lott. Eigenvalue bounds for the Dirac operator. Pacific J. of Math., 125(1):117–126, 1986.

[See67] R. T. Seeley. Complex powers of an elliptic operator. In Singular Integrals (Proc. Sympos. Pure Math., Chicago, Ill., 1966), pages 288–307. Amer. Math. Soc., Providence, R.I., 1967.

[Tay81] Michael E. Taylor. Pseudodifferential operators. Princeton University Press, Princeton, N.J., 1981.

Author’s address:

Bernd Ammann Mathematisches Seminar Universität Hamburg Bundesstraße 55 20 146 Hamburg Germany

E-Mail: ammann@math.uni-hamburg.de WWW: http://www.math.uni-hamburg.de/home/ammann