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Systems of Allen Cahn type equations

Consider the system studied in [ABG97]

(S) —Au(x,y) + VW(u(x,y)) =0, (x,y) € R?

where W € C2(R% R) is a double well potential:
(W1) 0= W(=£1,0) < W(&) forany £ € R?\{(+1,0)}, D*W/(+1,0) > 0,
(W2) liminfi¢|_ 400 W(E) >0,
(W3) W(—x,y) = W(x,).

Problem: find bidimensional solutions u satisfying

X_IQOO u(x,y) = (£1,0) unif. w.rt. y € R.
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Associated ODE System: heteroclinic solutions

—g(x)+VW(g(x)) =0, x€R
q(+o0) = (£1,0).

We look for the minima of the Action

v = [ b+ wigax

— 00

over the space

F={g-veH R}/ al)=—-a(-x)}

1 fixed such that ¢(x) = (1,0) for x > 1 and ¥(x) = (—1,0) for x < —1.
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The renormalized Action functional: bidimensional solutions are searched
as minima on the space X’ of the functional

o6) = [ 310,69 ey + (V6 = )

Main estimates:

Y2
1) fu(,y1) — “('7Y2)||%2(R)2 <(r- y1)/ Hay“('v)’)H%Z(R)z dy
i

In particular, if ¢(u) < +oo then the mapy € R = u(-,y) €T is
continuous with respect to the L? metric.

2) if y1 < y» and u € M then

1/2

o) > (25255 [Vt =) laten) - ol

By 1) and 2) we have control of the transition time from K_ to Ky and

so concentration in the y variable. Together with the symmetry in the x
variable this allows to get existence.
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1
Eu(y) = 510y u( )llzry = V(u(,¥))
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0= —0xxudyu— 0y, udyu+VW(u)o,u
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The Variational setting.

We look for —c-Energy connecting solutions looking for minima of the
Functional

- 1
30) = [ 310,09 ey + (V(u) =)
on the space

X = {ue M| liminfdist;2(u(-,y),V+) =0
y—too
and V(u(-,y)) > cforae. y € R}
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The above concentration arguments work even in this setting and the
(suitable y-translated) minimizing sequences weakly converges to
functions o € M (not a priori in X).

Set

— suply € R/distia(a(-, ), V_) < dy and V(a(-,y)) < ¢}
inf{y >5/V(a(-,y)) <c}

~l Gl
|
N—

then
» —00<5<t< o0
> if [y1,y2] C (5,t) then inf,¢cp, ) V(T(-,y)) > €
> limy 5+ dist;2(a(-, y), V=) = lim,_z dist;2(a(-, y),V4+) =0
» If h € C§°(R?)? and supp(h) C R x (5, t) then

(b + th) — ¢(u) > 0 for t small.

This shows that & is a solution of (S) on R x (5, %) and so, by regularity,
V(u(-,y)) — € whenever y — 5% or y — 1.



E; = —€: Indeed if (0,7) C (5, ) then

T 1 B T B B
| S10atoizd = [ Vi) -z,

Proof Assume o = 0 and for s > 0 we have

P(0,sm (@,

n <

D = [ SIBBCPIE (V@) - dy

1 /71 N o N
= [ Slat I d s [ Vi) - edy
0 0

Then observe that, setting

= J; 4110,a(.y) | dy and B = J7 V(a(-.y)) — 2 dy,

the function s — f(s) = LA+ sB has minimum value for 1 =s = /4
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Last Remarks. If 3 > —oo (resp. t < 400) then it is a contact time.

If 3= —oc0 (resp. t = +00) then the a-limit (resp. w-limit) of & is
constituted by critical points of V at level ¢.

If € is a regular level of V then —co < 3 <t < 400 and & is of the brake
orbit type.
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