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General Assumptions

We assume that g : Q x RV*" — R satisfies the following

Hypotheses

Forsome2<p<ewand0 <A <L<e
Q F—g(x,F)is ¢

Q A(1+[F[)P?|€P < dgg(x.F)- £ @& < L(1+|F|)P2(¢?
Q [s(x,F)—g(y.F)| <Lo(jx—y|)(1+F|)

o . g(x,F)
o captures the continuity properties of x — W.
@ o is continuous and w(0) =0

@ o is nondecreasing

@ o is concave.

e.g. If o(r) <¢7, then x — g(x,F) is Holder continuous with exponent 7.



A Scalar Result

In the scalar setting (with N = 1), we have the following

Theorem (Giaquinta & Giusti (1983))
Ifu e Wh1(Q) is a local minimizer for

I = / 2(x, Du(x)) dx,
Q

and w(t) < 1" for some 0 < y < 1, thenu € CL.7*(Q).

loc




Counterexamples

Everywhere continuity cannot be expected in the vectorial setting

De Giorgi (1968) produced the first counterexample to everywhere
continuity. (Problem was measurable with respect to x.)

Sverak & Yan (2002) produced a g € €= (R"*") such that for some
A,L > 0 the function g satisfies

Mg < Ofg(F)- €€ <L|¢f forall F & e RV,
and the unique minimizer (satisfying boundary conditions) for

Ju] = /g(Du(x))dx
B

is unbounded (n =5 and N = 14).



A Vectorial Result

Everywhere regularity cannot be expected in the vectorial setting
(when N > 1), but it is possible to establish partial regularity

Theorem (Giaquinta & Modica (1979))
Ifuc Wh(Q;RN) is a local minimizer for

Ju] = /g(x,Du(x))dx,
Q

and w(r) <t" forsome 0 <y < 1, thenu e CI]O’Z/ *(Qo) for some open
Qo C Q satisfying |Q\Qo| = 0.

Argument involves making comparisons to solutions of appropriate
linear constant coefficient elliptic systems.



Another Scalar Result
In the scalar setting (when N = 1), Hoélder continuity of x — g(x,F)
leads to Holder continuity for the gradient of the minimizer.
What happens if x — g(x,F) is only assumed to be continuous?

Theorem (Manfredi (1988))
Ifu e Wh1(Q) is a local minimizer for

J[u] = /g(X,Du(x))dx,
Q

and o(r) is
@ continuous with ©(0) =0
© non-decreasing
© concave,
then for each 0 < y < 1 we have u € C)(Q).




Vectorial Analogues

Question
If N > 1 and u e WH(Q;R") is a local minimizer for

Ju] = /g(x,Du(x))dx7
Q
and just continuity of x — g(x,F) is assumed,

must there be an open Q C Q such that |Q\Qy|=0and u € ‘512’07’(90)
for some y€(0,1)?

@ Campanato: if dimension is small: n < p+2

@ Acerbi & Fusco; Marcellini; Uhlenbeck: g has additional structure
(e.9. g(x,F) =g(|F|))



Partial Continuity

Theorem (p > 2: Foss & Mingione (2008))
Ifuc Wh(Q;RN) is a local minimizer for

Ju] = /g(x,Du(x))dx,
Q

and o(t) is

@ continuous with ©(0) =0

@ non-decreasing

© concave,
then for each y € (0,1) there is an open Qo C Q such that |Q\Qy| =0
andu e C7(Q).

loc

Beck: subquadratic analouge
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Partial Continuity for Elliptic Systems
We assume the field a : Q x RV*" — RV*" gatisfies

Hypotheses

Forsome2<p<ewand0 <A <L<

Q@ F— a(x,F)is ¢?

Q A (1+F|)"* (¢ < dpa(x,F) - £ @& < L(1+|F|)" 2 |¢]?
Q |a(x,F)—a(y,F)| < Lo(jx—y|) (1+[F|)"""

Theorem (Foss & Mingione (2008))
Ifuec w'r(Q;RN) satisfies

/ a(x,Du(x))-Dp(x)dx =0  for all p € €=(Q;RY)
Q

then for each y € (0,1) there is an open Q C Q such that |Q\Qy| =0
andu e CY(Q).

loc




Partial €!**-Continuity for an Elliptic System

Hypotheses

For some 0 < A < L < o, the field a: Q x RV*" — RN satisfies
Q@ F— a(x,F)is ¢?
Q L¢P <dra(x.F)-£@E& <LIEP
Q |a(x,F) —a(y,F)| < Lo(|x—y|)(1 + [F])




Partial €!**-Continuity for an Elliptic System

Hypotheses

For some 0 < A < L < o, the field a: Q x RV*" — RY satisfies
Q@ F— a(x,F)is ¢?
Q L¢P <dra(x.F)-£@E& <LIEP
Q |a(x,F)—a(y,F)| < Lo(|x—y[)(1 +F])

Theorem

Ifuec wWh2(Q;RN) satisfies
/ a(x,Du(x))-Dp(x)dx =0  forall p € E=(Q;RY)
Q

and o(t) <t" forsome0 < y< 1, thenu e Cl’Wz(QO) for some open

loc
Qo C Q satisfying |Q\Qo| = 0.




Partial €!**-Continuity for an Elliptic System

Hypotheses

For some 0 < A < L < o, the field a: Q x RV*" — RY satisfies
Q@ F— a(x,F)is ¢?
Q L¢P <dra(x.F)-£@E& <LIEP
Q |a(x,F)—a(y,F)| < Lo(|x—y[)(1 +F])

Theorem

Ifuec wWh2(Q;RN) satisfies
/ a(x,Du(x))-Dp(x)dx =0  forall p € E=(Q;RY)
Q

and o(t) <t" forsome0 < y< 1, thenu € Cl’Wz(QO) for some open

loc
Qo C Q satisfying |Q\Qo| = 0.




Partial €!**-Continuity for an Elliptic System

Hypotheses

For some 0 < A < L < oo, the field a: Q x RV*" — RN satisfies
Q@ F— a(x,F)is ¢?
Q L¢P <dra(x.F)-£@E& <LIEP
Q |a(x,F)—a(y,F)| < Lo(|x—y[)(1 +F])

Theorem

Ifuec wWh2(Q;RN) satisfies
/ a(x,Du(x))-Dp(x)dx =0  forall p € E=(Q;RY)
Q

and o(t) <t" forsome0 < y< 1, thenu e CIIO’Z/ 2(Qo) for some open
Qo C Q satisfying |Q\Qo| = 0.

Will outline an argument used by Duzaar & Grotowski (2000):
The A-harmonic Approximation Method.



Campanato’s Embedding Theorem

Theorem
Iff € L*(Bg) and there is a constant C and an 0 < o < 1 such that

][ If (%) = (f)ay|*dx < CP?* for each B,, C Bg
By

thenf € €% (Bg).

loc

Notation: B, , is the ball of radius r centered at z.

(h)gr = ][ h(x)dx is the mean-value of i over By ,.
Bz,r
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Campanato’s Embedding Theorem

Theorem
Iff € L*(Bg) and there is a constant C and an 0 < o < 1 such that

][ If (%) = (f)ay|*dx < CP?* for each B,, C Bg

thenfe%o‘”( Bg).

loc

Suppose that u € W'2(Q;RV) satisfies
/ a(x,Du(x)-Dp(x)dx  forall ¢ € €=(Q:RY)
Q

Objective

At a given Lebesgue point xq of Du, show there is By, k C Q and a
constant C such that

Du(x) — (Du),,,|*dx < Cr" for each B,, C By r
) 05
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We ultimately make comparisons to A-harmonic mappings.
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A-Harmonic Mappings

We ultimately make comparisons to A-harmonic mappings.
Suppose that A € RWxn*(Vxn) s positive definite.
Definition

A map h € W'2(By, z;RY) is called A-harmonic if

/ A-Dh(x)®Do(x)dx=0  forall o € W'2(By, z:RY).

on R

If h is A-harmonic on By, r, then for each 0 < 6 < 1/2

sup |h(x)—h(xo)—Dh(xo)(x—xo)]2§C94R2][ |Dh|? dx.
XEBXO,GR By &
X()»
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Freezing the Coefficients

For each ¢ € W, (Q;R"), we have
/a(x,Du(x)) -Dp(x)dx = 0.
Q

Let xo € Q is a point where

a(x,F)
1+|F|’
fundamental theorem of calculus.

Put

We use the continuity of x —

the divergence theorem and the

FXO,R = (Dll)me
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Freezing the Coefficients
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on‘R on‘R
= /{a(xo,Du) —a(x0, F, 1) } - Dpdx = 0
BxO,R

1
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By, R0
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Freezing the Coefficients

/a(X,Du) -Dpdx=0= /a(xo,Du) ‘Dpdx ~ 0

on‘R on‘R
= /{a(xo,Du) —a(x0, F, 1) } - Dpdx = 0
BxO,R

1
:>//{8Fa(x0,FX07R+s(Du—FX0,R))(Du—FXOVR)}-Dgodsdx%O

on‘RO
= /{8Fa(xo,FX07R)(Du - FXO’R)} -Dpdx ~ 0
on.R

= /A- [Du—Fy, g] ® D dx ~ 0

BXo,R
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Linearization

We have the following estimate: for each ¢ € Wé’“’(BXmR;RN)

][ A - [Du—Fy, g] @ Dpdx

BxO,R

<C(L) ][ |Du —Fy, g* dx+ 0(R)(1+ [Fy,&]) ¢ D]l
Bxy.r
Here
A := dra(x¢,Fx, r)
a(x,F)
1+ |F|

and o is the modulus of continuity for x —



Linearization

Here Wi u— (u)x, g — Fx, r(X—Xp)
o

Du—F
and Dw= 0 "%R

with

D=

= ][ |Du —Fy, z]dx + @(R)(1 + [Fx, &)’

BX01R



Linearization

This yields

][ A-Dw® Dpdx
BXOK

1

2

1
<c){ | f Du—FyaPdx| +o®? b IDp]-.

on‘R

(S]]

Here Wi— u— (u)x, g — Fx, r(X—Xp)
o

Du—F
and Dw= 0 _"%R

with

D=

o = ][ |Du — Fy, g2 dx + 0(R)(1 + [Fy, £|)?

BX01R



Linearization

This yields

][A~DW®D¢dx

BXOK
1
2
1
<c){ | f Du—FyaPdx| +o®? b IDp]-.
on‘R
Here W= u— (u)XQ,R - FX(),R(X —XO) and Dw = Du — FXO>R
o
Observe that
][ IDw|*dx < 1.

BXO,R



Linearization

This yields

][A~DW®D¢dx

BXOK
1
2
1
< | F Du—FyaPdx| +o®? b IDp]-.
on‘R
=0
Here W::u—(u)XO,R—FXO,R(X—XO) and DW:DU—FXO,R
o
Observe that
][ IDw|*dx < 1.

BXO,R



Linearization

This yields

][A~Dw®Dcpdx

BXOK
1
2
1
< | F Du—FyaPdx| +o®? b IDp]-.
on‘R
=6
Here . u— (g —ano,R(X—XO) and  Dw— 20 Fxor

We can make 6 > 0 as small as required throughout an open neigh-
borhood of a given Lebesgue point.



A-Harmonic Approximation

w is not necessarily A-harmonic.

It is, however, “almost” A-harmonic provided

1

2

§=c(L) ][ Du—Fy zdx | + o)

on,R

is small enough.



A-Harmonic Approximation

Lemma (A-Harmonic Approximation Lemma)

If A e RWxm)*x(Nxn) js g positive definite, then for each € > 0 there is a
6 > 0 with the following property:

Ifw e W'2(By, ;RY) satisfies

][ Dw?dx<1 and ][A-Dw®Dcpdx < 8||Deo||z-

on R on R

for all p € Wy (Bx, r;RY),




A-Harmonic Approximation

Lemma (A-Harmonic Approximation Lemma)

If A e RWxm)*x(Nxn) js g positive definite, then for each € > 0 there is a
6 > 0 with the following property:

Ifw e W'2(By, ;RY) satisfies

][ Dw?dx<1 and ][A-Dw®Dcpdx < 8||Deo||z-

on,R on‘R

for all ¢ € W, (Bx, r;RY), then there is an A-harmonic mapping
h € W'2(By, r;RN) such that

1
][th|2<1>;§1 and ﬁ][ lh—w|*dx <e.

on R Bx() R




A-Harmonic Comparison

Since h is A-harmonic on By, z and f |Dh|?dx < 1, for each
on,R

0<0<1/2

sup  [h(x) — h(xo) — Dh(xo) (x — x0)|* < c94R2][ IDh|?dx < CO*R?.
XEBXOA,GR Bo &
X0



A-Harmonic Comparison

Since h is A-harmonic on By, z and f |Dh|?dx < 1, for each
BXO,R

0<0<1/2
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XEBxOA,GR Bo &
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foreach0< 6 <1/2

1
(6R)?
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A-Harmonic Comparison

Since h is A-harmonic on By, z and f |Dh|?dx < 1, for each
BXO,R

0<0<1/2

sup  [h(x) — h(xo) — Dh(xo) (x — x0)|* < C94R2][ IDh|?dx < CO*R?.

XEBxOA,GR

BXO,R
Since
1 2
—][ lh—w|"dx <&,
R2
BXO,R
foreach0< 6 <1/2
2
Grrf [ Wr— P e alh(s) —Dhtxo)(x—xo)] | dx

XO ,OR

2
<c{m+erfa?



A-Harmonic Comparison

Since h is A-harmonic on By, z and f |Dh|?dx < 1, for each
BXO,R

0<0<1/2

sup  [h(x) — h(xo) — Dh(xo) (x — x0)|* < c94R2][ IDh|?dx < CO*R?.
XEBxOA,GR Bo &
X0

Since |
—][ lh—w|?dx < ¢,
RZ
on,R

foreach0< 6 <1/2

t
][ IDu—Fy, on dx < C{ 575 + 62} @2+ Ca(R) (1+ [Fuyal)”

BXO‘SR



Decay Estimate

Thus

][ |Du — Fxong\z dx

BXO,GR

< {grs+ 67} IDu—Fyaldx+CoR) (14 [Frx)’.
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Decay Estimate

Thus

][ |Du — Fxong\z dx

on,GR

< {grs+ 67} IDu—Fyaldx+CoR) (14 [Frx)’.

on R

We select 0 < 6 < 1 and & > 0 so that

} |Du-FyonPax < 67 [DuFyalPdx+ Co(R) (1 + [Fr,a)’

By .6k Byxy.r



Decay Estimate
With
®(p) = ][ Du—Fy,Pdx  and  Fyp:= (Du)yp.
Bxyp
the decay estimate

][ |Du—FXO,9R|2dxg9Y][ |Du — Fy, > dx + Cox(R) (1 + |Fx, z])

By.6r By.r



Decay Estimate
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cp(p);:][ Du—Fy,Pdx  and  Fyp:= (Du)yp.
Byyp
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®(6R) < 7®(R) + Co(R) (1+ |Fy, &])*
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Decay Estimate
With

cp(p);:][ Du—Fy,Pdx  and  Fyp:= (Du)yp.

Byyp
the decay estimate can be rewritten as

®(6R) < 7®(R) + Co(R) (1+ |Fy, &])*

We want to argue by induction that
®(6**'R) < 7®(6*R) + Cw(6*R) (1+ [Fy, gig])’

An iteration argument, the continuity of xo — f 5, , |Du—Fx, p|*dx

and Campanato’s embedding theorem then yields the partial Hélder
continuity of Du.



Decay Estimate

Recall
][A-Dw®D<,odx <c(L) {¢(R)%+w(R)%}||D<,oHLw.
Bk
with
woo U (0)xy,8 — Fxy r(X—X0)
a
and

o 1= {B(R) + (R)(1 + [Fy, £)?}



Decay Estimate

The same linearization argument yields

][ A-DweDedx| < C(L) {®(0R)! +0(0R)* } D] 1=
BXOAQR
with
u — (u)x,,0r — Fx,,0r(X —Xo)
o

W=

and

=

o= {@(GR) +o(6R)(1+ ’FXO,GRD2}



Decay Estimate

In general, for each k € N

][ A-DweDpdx| < C(L) {®(6°R)! +0(6°R)! } D]l
BXO.GkR
with
u— (u)Xo,ekR - FXo,ekR(X - XO)
o

W=

and 1
o= {(I)(ekR) + w(OkR)(l + |Fx079kR|)2}§



Decay Estimate

Since

][ A-DweDpdx| < C(L) {B(6°R)! +0(6°R)! } D=,

on‘SkR

the A-harmonic approximation lemma can be used to conclude that
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Decay Estimate
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Decay Estimate

Assume, for inductive purposes, that
D(6*R) < 07D(6X'R) + Cw (6" 'R) (1+ [Fy, gr-1zl)”
If there were an M < « such that
(14 [Fyg 0-17])" < M (14 [y, 2)°,
then

k 2
P(O'R) < 3

under the additional inductive assumption

1
4C(L)?

D(OF1R) < 52

and the assumption that w(6*~'R) < w(R) is small enough.



The Crux

The argument relies on inductively establishing that there is an M < o
such that )
(1+ Py, gigl)” < M (1+[Fyzl)°,
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We have
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Estimate of |(Du)
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We have
[P o6l < Bl +Du—Fy el x
By, 0r
C 1
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Assuming
®(6R) < 07®(R) + Ca(R) (1 + |Fx, &|)*
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C 1
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Estimate of [(Du)y gk, |

Assuming
®(6R) < 07®(OR) + Cw(6R) (1+ |Fx,0r)*,
we continue with

€ ®(67R)}
02

c
< <1+ (R + S
02 02

|FX0,93R| S |FX0,92R‘ +

w(eR)%> |Fy,.x| + | Other Positive Stuff]
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Continuing

ck2
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Estimate of [(Du)y gk, |

Continuing

k=2
Fyy.0tr] < [Fxo.l {C ) a)(ef'R)é} + | Other Positive Stuff|.
: et &

If w(z) \, 0 fast enough as ¢\, 0, then a uniform bound on |F_ gl
can be established.

In general, the decay estimate
D(*R) < 67D(6F'R) + Ca (6 'R) (1 + [Fy, g1 12l)” -

alone is insufficient to bound [Fy gcg| uniformly.

Not enough to just assume  is continuous.



A Modified Excess Function

Instead of defining the excess as

(p)i= f [Du—Fy,pldx

BX(),P

define )
Du—F
(p) := 1Du=Fsopl” 4
2
on,p (1 + ’FX0¢p|)
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Linearization Reviewed

Recall: for each ¢ € W, (By, z: RY)

][ A - [Du —Fy, g] @ D dx

onﬁR
Du—F 2
<cw{ f P Erl gy bRy (14 Fsl) b D0
1+|FX07R|
on.R
This implies
Dll FX R]
A-— 2 @ Dpdx
][ I+ [For| O F
|Du FX07R|

<c() f ot o®) D¢



Linearization Reviewed

This yields

][ A-Dw® Dpdx
BXO,R %
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Linearization Reviewed

This yields

][A-Dw®Dgodx <cw){@®? +o(R)}}IDe||-.

BXO‘R —6
where )
Du—F
®(R) := M dx
5] (1 Fg)
Here
L u- (u)X(),R —Fxr (x —xXo)
W=
o (14 [Fx,rl)
with

a:={®R)+ o(R)}



A Modified “Decay” Estimate

With ,
Du—F
d(p) = % dx,
B"oﬁ (1 + ‘FXO‘,PD
the decay estimate takes the form
®(6R) < 6PD(R) + Co(R).

Here 0 < B < 1 is fixed.



A Modified “Decay” Estimate

With )
Du—F
d(p) = de’
2
Bxyp (1 + ‘FX()‘,PD

the decay estimate takes the form
®(6R) < 6PD(R) + Co(R).

Here 0 < 8 < 1 is fixed.

New Objective

Instead of showing that ®(p) decreases with p, we only show that if
®(R) is small enough, then ®(p) remains small for 0 < p <R.




An Induction Argument

Suppose that Co(R) < (1 - 6F) & and
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An Induction Argument

Suppose that Co(R) < (1 - 6F) & and
®(6R) < .
Then
@ (0 'R) < 6P D(6R) + Cw(6*R)
< 6Pe+ (1-6%) e

=&.

As long as g > 0 is selected small enough, the A-harmonic
approximation lemma can be used, and the estimate

@ (0" 'R) < 6PD(6R) + Cw(6*R)

is established by induction.



A Morrey Estimate

We now show that a Morrey-type estimate holds for |Du| at xo. We
have
®(6*R) < & for all k € N.

Thus

/ IDul?dx < 2|Bgisi | [Foigl? +2 / Du — Fyip|? dx
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A Morrey Estimate

We now show that a Morrey-type estimate holds for |Du| at xo. We
have
®(6°R) < g for all k € N.

Thus

/|Du|2dxg2|Bek+lR||F9kR|2+2 / Du — Fyip|? dx

Boktig Bok+1p

|Du — Fgig|?
(14 [Foug])?

0kR
< 2|Bgesil[Four|* +2(Boir| (1+[Foug|)* P(6°R)
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A Morrey Estimate
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A Morrey Estimate

Assuming & < 6", given 0 < a < n we may select 0 < 6 < 1 so that
g g 2

/ |Du*dx < 0% / \Du?dx+C (6*R)".

Bok+1g B R

A standard iteration argument yields

C o
Duzdng Du|>dx + Cr* forall0 <r<R
R(x
B, Br



A Campanato Estimate

Using Poincaré’s inequality

C (04
/|Du|2dx < R—2/|Du\2dx+Cr°‘ forallo<r<p
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A Campanato Estimate

Using Poincaré’s inequality

C (04
/|Du|2dx < R—2/|Du\2dx+Cr°‘ forallo<r<p

implies
oc+2
/|u )Pdx < Cr? /|Du\2dx < /|Du|2dx—i—Cr°”r2
r R
forall0 <r<R.
Thus
CrOHrZ n
][|u )P dx < ——— /|Du\2dx—|—Cro‘+2 "forall 0 <r<R.
Br

Recall that 0 < oo < n was arbitrary.



A Campanato Estimate

Given 0 < y< 1, we select a =n—2(1—7), then

2 Cr(Hz i 2 a+2—n
][\u Pax< & /\Du| dx+Cr forall 0 < r<R.

Br
implies
][]u— (u),)?dx < Cr¥Y forall0 <r<R.
B,



A Campanato Estimate

Given 0 < y< 1, we select a =n—2(1—7), then

Croc+2 n
][\u )P dx < /\Du|2dx+Cr°‘+2 " forall0<r<R.
Br
implies
][]u )r|?dx < Cr?Y forall0 <r<R.

This estimate can be established in an open neighborhood of each
Lebesgue point of Du.



Partial Continuity for Elliptic Systems: p =2

Assume the field a: Q x RV>*" — RNx gatisfies

Hypotheses

Forsome 0 <A <L <

Q@ F— a(x,F)is ¢?

Q Ll¢P <dra(x.F)-£@E& <LIEP

Q |a(x.F)—a(y,F)| < Lo(x—y[)(1 + [F|)

Theorem
Ifuc W'2(Q;RN) satisfies

/ a(x,Du(x))-Dp(x)dx =0  for all ¢ € €=(Q;RY)
Q

then for each y € (0,1) there is an open Q C Q such that |Q\Qy| =0
andu e CY(Q).

loc




Partial Continuity for Elliptic Systems: p > 2

Assume the field a: Q x RN x RV _ RNx" gatisfies

Hypotheses

Forsome0<A<L<wand2<p <o

Q@ F— a(x,u,F)is ¢

Q A(1+[F[)" 2 < dra(x,u,F)-£®@& < L(1+|F|)P*[¢?
Q |a(x,u.F)—a(y,v.F)| < Lo(|x —y|+[u—v[)(1 +[F|)”

Theorem
Ifuc W»(Q;RN) satisfies

/ a(x,u(x),Du(x))-Dp(x)dx =0  forall € €=(Q;RY)
Q

then for each y € (0,1) there is an open Q C Q such that |Q\Qy| =0
andu € C21(Q).

loc




Partial Continuity for Elliptic Systems: p > 2

Assume the field a: Q x RN x RV _ RNx" gatisfies

Hypotheses

Forsome0<A<L<wand2<p<oo

Q@ F—a(x,u,F)is ¢

Q A(1+[F[)P2€]* < dra(x,u,F)-£®& < L(1+|F|))P2€
Q |a(x,u,F) —a(y,v.F)| < Lo(|x —y|+u—v[)(1 +[F[)}”~'

Theorem
Ifuc W»(Q;RN) satisfies

/ a(x,u(x),Du(x))-Dp(x)dx =0  forall € €=(Q;RY)
Q

then for each y € (0,1) there is an open Q C Q such that |Q\Qy| =0
andu € C21(Q).

loc




Partial Continuity for Minimizers

Assume that g : Q x RN x RV*" 5 R satisfies

Hypotheses
Forsome0<A<L<wand2<p<o
Q@ F— g(x,u,F)is ¢
@ A[FP < g(x,u,F) < L(1+|F|)
© ¢ is uniformly strictly quasiconvex
Q [s(x,u,F) —g(y,v.F)| < Lo(|x—y|+ [u—v|[)(1+[F])?

Theorem
Ifuc W'»(Q;RN) is a local minimizer for
Ju) := /g(x,u(x),Du(x)) dx
Q
then for each y € (0,1) there is an open Qy C Q such that |Q\Qy| =0
andu e C)Y(Q).

ocC




Partial Continuity for Parabolic Systems
Assume the field a: (—7,0) x Q x RY x RV*" — RNV>" gatisfies

Hypotheses

Forsome0<A<L<wand2<p<oo

Q@ F—a(1,x,u,F)is €

Q A(1+|F)P2|€P < dpa(t,x,u,F) - £ @& < L(1+[F|)P 3¢

Q |a(s,x,u,F)—a(t,y,v,F)| <Lo(\/|s —t| +|x—y|+ [u—v|)(1+[F|)?!

Theorem (Bégelein, Foss & Mingione (2011))
Ifuec?((—T,0); W'?(Q:RY))NE°((—~T,0); L>(Q;RN)) satisfies

/ {u(t,x) : aatcp(t,x) —a(t,x,u(t,x),Du(t,x)) -Dcp(t,x)} d(z,x)=0
(=T,0)xQ

for all p € €((—T,0) x Q;RYN), then for each y € (0,1) there is an
open Qy C (—T,0) x Q with full measure such thatu € C21?(Qy).

loc
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