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SUMMARY. In this paper the analysis of self-excited structures under turbulent wind, taking into
account the possible occurrence of multiple Hopf bifurcations, is carried out. In particular, a two
d.o.f. nonlinear system, describing the dynamics of two poles, exposed to turbulent wind flow and
linked by a strongly nonlinear viscous device, is considered. The stationary wind is responsible of
self-excitation, while the turbulent part provides both parametric and external excitations. Thus the
simultaneous presence of those excitations is taken into account, in a specific resonance condition.
The periodic and quasi-periodic solutions are studied after the application of a perturbation scheme
and the possible interaction between the two different d.o.f. is highlighted.

1 INTRODUCTION
Nonlinear dynamical systems can experience a variety of bifurcation and instability phenom-

ena, which can be related to different kind of excitations. Multi-parameter families of self-excited
autonomous systems, under a suitable combination of parameters, undergo, for instance, multiple
Hopf bifurcations, in which several degrees of freedom are involved in the post-critical dynamics.
Multi-modal responses can also been triggered by internal resonances occurring between unstable
and stable modes. This is the case, for example, of internally-resonant cables subjected to steady
wind [1] where, in addition to uni-modal steady solutions, multi-modal stable oscillations appear.
On the other hand, when dealing with non-autonomous systems, the parametric and external excita-
tions also lead to interesting behaviors, such as, for example, Neimark bifurcations, fold bifurcations
and jump phenomena [2].

Depending on the nature of the loads, the three kinds of excitation can interact, as in the case of
structures exposed to turbulent wind. In particular, the steady part of the flow is responsible for the
self-excitation, while the unsteady flow brings on parametric and external forces.

In the framework of the cable dynamics, a first attempt of analysis of the interaction between self
and external excitations was done by Paolone [3], where the oscillations of a cable in a turbulent flow
were investigated through a one d.o.f. system. It was shown the existence of Neimark bifurcations
from the stationary mono-periodic solution, conveying to stable quasi-periodic oscillations.

In this framework, Abdel-Rohman [4] considered a one d.o.f.self-excited system, descending
from a Galerkin projection of a continuous model, to study the galloping phenomena of tall cantilever
structures. There, the Multiple Scales Method (MSM) was used to analyze the response of the system
to a mono-frequentunsteady wind flow, bearing the simultaneous presence of the self, parametric and
external excitations, in case of primary and secondary resonances. It was shown that the unsteady
component can cause a significant decrease in the critical wind speed at which galloping occurs;
moreover, the contribution of the unsteady component is less prominent at high wind velocities,
where the amplitude of galloping oscillations is very similar to the case of steady wind flow.
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This paper aims to extend the analysis of self-excited structures under turbulent wind, taking into
account the possible occurrence of multiple Hopf bifurcations and, more generally, the interaction of
the different degrees of freedom. To this end, a two d.o.f. nonlinear system, under the simultaneous
presence of the self, parametric and external excitations,is considered. That is figured to describe the
dynamical behavior of a structure constituted by two poles,linked by a strongly nonlinear viscous
device, subjected to wind flow. The combined effect of the fluctuating component of wind and the
(nonlinear) motion of the structure leads to the appearanceof time-varying coefficients (parametric
excitation) and known terms (external excitation).

The Multiple Scale Method [2] is applied, considering a specific resonance condition. A set of
coupled Amplitude Modulation Equations (AME) is obtained,describing the slow dynamics of the
system in terms of amplitudes and phase-differences. The equilibrium solutions, representing steady
oscillations, are analyzed, although not exhaustively, inthe space of the bifurcation parameters.
Their stability is discussed, highlighting the influence onthe response of the three components of
the excitations in different regions of the parameter space.

2 THE MODEL
Two slender clamped-clamped poles of non-circular cross-sections, linked on the mid-span by

a strongly nonlinear viscous device, are opened to unsteadywind. The two sub-structures lie in a
plane, the wind blows orthogonally to (see Fig. 1). The out-of-plane stiffness of the poles is assumed
much larger than the one in the in-plane direction.

U(t)

v1

v2

s1

s2

ℓ1

ℓ1

ℓ2

ℓ2

Figure 1: The two poles opened to the wind

The structure is symmetric with respect to the axis passing through the mid-span of the poles,
therefore half structure is considered (by accounting for half of the mechanical characteristics of
the device). If{v1(s1, t), v2(s1, t)} are the in-plane transverse displacements of the two poles,re-
spectively, wheres1, s2 are the local abscissas andt the time, the approximate continuous nonlinear
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model of the system is the following (see [5]):


















ρ1v̈1 + EI1v
′′′′

1 +
EA1

2ℓ1
v′′1

∫ ℓ1

0

v′21 (ζ)dζ = b1

ρ2v̈2 + EI1v
′′′′

2 +
EA2

2ℓ2
v′′2

∫ ℓ2

0

v′22 (ζ)dζ = b2

(1)

whereρi the mass density,EIi the bending stiffness,EAi the axial stiffness,ℓi the length andbi

the aerodynamic forces, the prime denoting differentiation with respect tos1 or s2 and the dot with
respect to the time. The boundary conditions are



















v1(0) = v2(0) = 0

v′1(0) = v′2(0) = 0

v′′1 (ℓ1) = v′′2 (ℓ2) = 0

EI1v
′′′

1 (ℓ1) = −EI2v
′′′

2 (ℓ2) = f(v̇1(ℓ1) − v̇2(ℓ2))

(2)

wheref represents the force exerted by the viscous device. The viscous device is figured to get a
constitutive law of typef(∆) = κ1∆̇ + κ3∆̇

3, where∆ := v̇1(ℓ1) − v̇2(ℓ2), with κ3 ≫ κ1. It
provides coupling terms between the two poles in the boundary conditions.

The wind applies on thei-th pole (i = 1, 2) a lift force, lying on the plane of the structure, of type
bi = b̄i(U(t))+ci1(U(t))v̇i +ci2(U(t))v̇2

i +ci3(U(t))v̇3
i , wherecij are the linear (j = 1), quadratic

(j = 2) and cubic (i = 3) aerodynamic coefficients, respectively, which depend on the relative wind
velocityU(t) (and on its powers) and on the shape of the cross-section of the pole. The wind velocity
can be decomposed asU(t) = Ū+u(t), whereŪ is a constant (average) part, representing the steady
component, andu(t) is a periodically time-dependent part, representing the turbulence. Therefore,
the aerodynamic forces provide, by means of its steady part,constant-coefficient velocity-dependent
terms, which can be responsible for galloping; moreover they furnish periodic time-dependent terms,
responsible for both external and parametric excitations (see [4]). In this work, the turbulent part is
just considered in its fundamental frequency, asu(t) = sin(Ωt).

The system (1)-(2) is discretized via the Galerkin method, by assuming one in-plane mode for
each poles, evaluated in absence of the wind and viscous device. The two resulting second-order,
non-homogeneous, time-periodic, ordinary differential equations are coupled in the linear and non-
linear velocities, containing quadratic (in the velocity)and cubic (in the velocity and displacement)
nonlinearity:























ẍ − (µ + b0u(t))ẋ + ω2
1x + (b11 + b12u(t))ẋ2 + (b21 + b22u(t))ẋ3+

+b3(ẋ − ẏ) + b4(ẋ − ẏ)3 + c1x
3 = η1u(t)

ÿ − (ν + b5u(t))ẏ + ω2
2y + (b61 + b62u(t))ẏ2 + (b71 + b72u(t))ẏ3+

−b3(ẋ − ẏ) − b4(ẋ − ẏ)3 + c2y
3 = η2u(t)

(3)

wherex(t), y(t), are the unknown amplitudes of the tips of the two poles, respectively. The co-
efficientsµ andν are the aerodynamic plus structural modal damping of the poles, respectively:
µ = 2ξs1ω1 + ξa1Ū , ν = 2ξs2ω2 + ξa2Ū , whereξsi are the structural modal damping ratios andξai

the aerodynamic damping ratios.
The two sub-structures independently undergo (atµ = µc andν = νc respectively) a Hopf bifur-

cation when the turbolent wind is absent and the small linearcoupling due to the viscous device is
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neglected. The quantitiesµ andν are taken as bifurcation parameters (a further bifurcationparame-
terσ, accounting for resonance detuning, will be introduced later). They are linear combinations of
two physical parameters, e.g. the wind velocityŪ and one of the two structural damping coefficients
ξsi, the remaing parameters being kept fixed. Thus, by varyingµ andν, a family of physical systems
is spanned, in which each member posseses different mechanical properties and undergoes different
wind loads. The termsbi, ci, ηi are auxiliary (fixed) parameters. The natural frequenciesω1, ω2 are
assumed to be incommensurable, representing a case of different stiffness of the two poles.

3 THE MULTIPLE SCALES
To apply the Multiple Scales Method, a dimensionless small parameterǫ is introduced and the

dependent variables{x, y} are expanded as
{

x
y

}

= ǫ
1

2

{

x1

y1

}

+ ǫ
3

2

{

x2

y2

}

(4)

The linear damping terms are assumed small; the coefficientsof the external and parametric
excitation, as well as the nonlinearity, are ordered so thatthey appear at the last order perturbation
equations. Therefore the coefficients{µ, ν, b0, b3, b5} are of orderǫ, the coefficients of{η1, η2} of
orderǫ

3

2 and the coefficients{b11, b12, b61, b62} of orderǫ
1

2 . The other coefficients are of order1.
After introducing two independent time scalest0 := t and t1 := ǫt, the derivative with respect
to the time assumes the expressiond/dt = d0 + ǫd1, wheredi := ∂/∂ti. As a consequence, the
perturbation equations, multiplied byǫ

1

2 , read:

O(ǫ) :

{

d2
0x1 + ω2

1x1 =0

d2
0y1 + ω2

2y1 =0

O(ǫ3) :











































d2
0x2 + ω2

1x2 = − b12 sin(Ωt0)d0x
2
1 + b0 sin(Ωt0)d0x1 − b22 sin(Ωt0)d0x

3
1+

+ 3b4d0x
2
1d0y1 − 3b4d0x1d0y

2
1 − b4d0x

3
1 − b21d0x

3
1 − b11d0x

2
1+

− b3d0x1 + b3d0y1 + b4d0y
3
1 + µd0x1 − 2d0d1x1 − c1x

3
1 + η1 sin(Ωt0)

d2
0y2 + ω2

2y2 = − b62 sin(Ωt0)d0y
2
1 − b72 sin(Ωt0)d0y

3
1 − 3b4d0x

2
1d0y1+

+ 3b4d0x1d0y
2
1 + b4d0x

3
1 + b3d0x1 − b3d0y1 − b4d0y

3
1+

− b61d0y
2
1 − b71d0y

3
1 + νd0y1 − 2d0d1y1 − c2y

3
1 + η2 sin(Ωt0)

(5)

Equation (5)1 admits the following solution:
{

x1

y1

}

=

{

A1(t1) exp(iω1t0)
A2(t1) exp(iω2t0)

}

+ cc (6)

wherecc denotes the complex conjugate,i is the imaginary unit andA1, A2 are unknown complex
amplitudes. By substituting Eq. (6) in Eq. (5)2 and by zeroing the secular terms which arise in the
right hand side, a set of differential equations inA1, A2 is obtained:

d1A1 = f1(A1, A2)

d1A2 = f2(A1, A2)
(7)
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Hence, by coming back to the true timet, Eq. (7) provides the Amplitude Modulation Equations
(AME). In case of external resonance of type 1:1 with the firstfrequency, namelyΩ = ω1 + ǫσ (σ
is the detuning parameter), the AME read:

Ȧ1 =
µ − b3

2
A1 −

η1

4ω1
eiσt +

b12ω1

2
A1Ā1e

iσt +
b12ω1

2
A2

1e
−iσt + β1A

2
1Ā1 − 3b4ω

2
2A1A2Ā2

Ȧ2 =
ν − b3

2
A2 − 3b4ω

2
1A1A2Ā1 + β2A

2
2Ā2

(8)

whereβ1 = − 3
2ω2

1(b21 + b4) + i 3c1

2ω1
andβ2 = − 3

2ω2
2(b4 + b71) + i 3c2

2ω2
.

It is worth noticing how, among the parametric terms, just the quadratic ones are resonant when
Ω ≃ ω1; moreover the coupling between the two d.o.f. is due to the cubic nonlinearity of the damping
device, while the linear part is responsible for a shift of the critical condition for galloping.

The polar form of the (8), obtained posingA1 :=
1

2
a1e

iϑ1 , A2 :=
1

2
a2e

iϑ2 andϕ1 := σt − ϑ1,

and referred as Reduced Amplitude Modulation Equations (RAME), is:

ȧ1 =
1

2
(µ − b3)a1 −

3

4
b4ω

2
2a1a

2
2 −

3

8
ω2

1a
3
1(b4 + b21) +

3

8
b12ω1a

2
1 cosϕ1 −

η1 cosϕ1

2ω1

ȧ2 =
1

2
(ν − b3)a2 −

3

4
b4ω

2
1a

2
1a2 −

3

8
ω2

2a
3
2(b4 + b71)

a1ϕ̇1 =σa1 −
3c1

8ω1
a3
1 −

1

8
b12ω1a

2
1 sin ϕ1 +

η1 sin ϕ1

2ω1

(9)

3.1 Fixed points
Fixed points of Eq. (9), obtained posingȧ1 = ȧ2 = ϕ̇1 = 0, represent stationary oscillations of

the poles. Is this Subsection, analytical expressions of them are sought.
In case of absence of turbulence (b12 = η1 = 0), the case of non-resonant double Hopf bifur-

cation is obtained [6]. Just Eq. (9)1,2 are interesting, being the phaseϕ1, as well asϑ2, a slave
variable. In this case, besides the trivial solutiona1 = a2 = 0, indicated as O, the self-excitation is
responsible for galloping, and the classical mono-modal solutions occur. One of them, indicated as

I, is the following:{a1e = 2
√

µ−b3
ω2

1
(b21+b4)

, a2e = 0} which occurs whenµ ≥ b3, ∀ν. Its stability is

ruled by the sign of the real part of the eigenvalues of the Jacobian matrix, that read:

λ1,2 =
1

16

(

−3 (5b4 + 3b21)ω2
1a

2
1e − 8b3 + 4(µ + ν) ±

√

(3 (b4 + 3b21)ω2
1a

2
1e − 4(µ − ν))

2
)

(10)

A second mono-modal solution, indicated as II, is{a1e = 0, a2e = 2
√

ν−b3
ω2

1
(b71+b4)

} and occurs

whenν ≥ b3, ∀µ. Its stability is governed by the following eigenvalues of the Jacobian matrix:

λ1,2 =
1

16

(

−3 (5b4 + 3b71)ω2
2a

2
2e − 8b3 + 4(µ + ν) ±

√

(3 (b4 + 3b71)ω2
2a

2
2e + 4(µ − ν))

2
)

(11)
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A bi-modal solution, indicated as III, is

a1e =

[

−

(

µ
2 − b3

2

) (

− 3
8b4ω

2
2 − 3

8b71ω
2
2

)

+ 3
4b4ω

2
2

(

ν
2 − b3

2

)

(

− 3
8b4ω2

1 − 3
8b21ω2

1

) (

− 3
8b4ω2

2 − 3
8 b71ω2

2

)

− 9
16b2

4ω
2
1ω

2
2

]
1

2

a2e =

[

−
3
4b4ω

2
1

(

µ
2 − b3

2

)

+
(

ν
2 − b3

2

) (

− 3
8b4ω

2
1 − 3

8b21ω
2
1

)

(

− 3
8b4ω2

1 − 3
8b21ω2

1

) (

− 3
8b4ω2

2 − 3
8 b71ω2

2

)

− 9
16b2

4ω
2
1ω

2
2

]
1

2

(12)

Both solutions I and II indicate periodic oscillations of one poles, while the other one is at rest, at
this order. The solution III represents quasi-periodic oscillations of the two poles.

In case of presence of turbulence, two nonlinear algebraic equations can be drawn in the fol-
lowing way: cosϕ1 is obtained by zeroing the right-hand side of Eq. (9)1, sin ϕ1 is obtained by
zeroing the right-hand side of Eq. (9)3, and then the variableϕ1 is condensed by the relation
cos2 ϕ1 + sin2 ϕ1 = 1. The resulting equation, where onlya1 anda2 appear and valid whenη1

or b12 is different fro zero, is the following:

ω2
1

(

6b4ω
2
2a1a

2
2 + 3b4ω

2
1a

3
1 + 3b21ω

2
1a

3
1 + 4b3a1 − 4µa1

)2

(4η1 − 3b12ω2
1a

2
1)

2
+

(

8σω1a1 − 3c1a
3
1

)2

(b12ω2
1a

2
1 − 4η1)

2 = 1 (13)

It is sided by the equation obtained taking the right-hand-side of Eq. (9)2 equal to zero. Solutions of
that system are sought by numerical procedures and are discussed in the following Section.

4 NUMERICAL RESULTS
4.1 Absence of turbulent wind
In case of absence of turbulence, the behavior chart of the system is shown in Fig. 2, when

ω1 = 1, ω2 = 1.7, b4 = − 1
2 , b21 = 1, b71 = 1, b3 = 0.1. The solution O exists in the whole plane

{µ, ν}. The lines indicated as I and II are the boundary limits of themono-modal solutions I and II,
respectively. The line indicated as III represents the boundary limit of the solution III. The line 1 is
the path of the section reported in Fig. 3.

Figure 31 shows the variablea1, while Fig. 32 shows the amplitudea2 varying µ, along the
section 1. In particular, the trivial solution O loses stability at the bifurcation point B1, where the
stable galloping solution I appears. Whenµ is further increased, a secondary bifurcation occurs
(B2), the solution I loses stability and the bi-modal, unstable, branch III appears.

4.2 Presence of turbulent wind
The turbulent wind produces, in case of resonanceΩ ≃ ω1, two kind of excitations: external,

of amplitudeη1, and parametric, of amplitudeb12. For the same values of the auxiliary parameters
assumed in the case of absence of turbulent wind and forν = 0, c1 = 1, the effects on the response
are evaluated here.

The case where the external excitation prevails against theparametric one is shown in Fig. 4.
There, a mono-modal branch of stable equilibria ina1 (referred as I) is present; it corresponds to
a branch of periodic oscillations in the variablex(t), of amplitudea1. When the parameterµ is
increased, a divergence occurs at B1, corresponding to a Hopf bifurcation forx(t). At B1, a bi-
modal branch of equilibria (referred as III) starts and the branch I becomes unstable. The bi-modal
solution is initially stable, but it loses stability on a secondary bifurcation referred as B3. Then,
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Figure 2: Stability diagram in absence of turbulent wind
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(a)

µ

a1
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III
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0.1
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0.4

0.5

0.6
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(b)

µ

a2

III

B2

Figure 3: Equilibrium branches in absence of turbulent windfor ν = 0 (section 1). (a) amplitude
a1; (b) amplitudea2.

increasingµ, the branch III dies on the branch I when the divergence pointB2 is reached. A Hopf
bifurcation occurs at B4 on the branch I, but any periodic solutions branching off this point are not
sought in this paper. It is worth noticing how the backbone ofthese two branches (I and III) are
the corresponding branches obtained in absence of turbulence (dotted lines in Fig. 4). For the same
values of Fig. 4, a section in the planes{σ, a1} and{σ, a2} is shown in Fig. 5 whenµ = 0.06.

When the parametric excitation is prevailing against the external one, the sections are shown in
Figs. 6 and 7, for different values ofσ. Whenσ = 0 (see Fig. 6), the equilibrium branch I exist for
all the values ofµ, and near the valueµ = 0.1 a loop and change in stability occur. The backbone
curve is again the corresponding branch I obtained in absence of turbulence (dotted line). When
σ = 0.06 (see Fig. 7), the behavior is more complicated, since the branch I is divided into two parts,
one of them is an island. On the lower part, instability occurs when the Hopf bifurcation point B4 is
reached (any periodic soultions branching off this point are not sought in this paper). On the island,
the two divergence points B1 and B2 represent the limits of existence on the bi-modal branch III.
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Figure 4: Equilibrium branches forη1 = 0.06, b12 = 0.005, σ = 0. Continuous line: stable; dashed
line: unstable; dotted line: backbone (absence of turbulent wind). (a) amplitudea1; (b) amplitude
a2.
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Figure 5: Equilibrium branches forη1 = 0.06, b12 = 0.005, µ = 0.06. (a) amplitudea1; (b)
amplitudea2.

The backbone is again highlighted. In case ofµ = 0.099, a section in the planes{σ, a1} and{σ, a2}
is shown in Fig. 8, where the two parts of branch I and the bi-modal branch III are evident.

5 CONCLUSIONS
In this paper a 2 d.o.f. nonlinear dynamical system, drawn bya Galerkin projection of a continu-

ous structure, constituted by two poles and a viscous nonlinear device, opened to turbulent wind, is
considered. The system is subjected to simultaneous self-excitation, external and parametric excita-
tions, the first due to the steady part of the aerodynamic force, the last two due to the turbulent part
of the wind. The Multiple Scales are used to obtain AmplitudeModulation Equations, under the 1:1
resonance condition between the fundamental component of the turbulent wind and the first d.o.f.,
and in absence of internal resonance. For fixed values of the auxiliary parameters, the dynamical
behavior of the system is studied and comparison among casesof preponderance of different kind
of excitations are analyzed, in terms of equilibrium branches of the amplitudes. In particular, when
the turbulence is present, both mono-modal and bi-modal branches occur, and they are drawn on the
backbones constituted by the corresponding branches obtained without turbulence. The parametric
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Figure 6: Equilibrium branches forη1 = 0.003, b12 = 0.51, σ = 0. Continuous line: stable; dashed
line: unstable; dotted line: backbone (absence of turbulent wind). (a) amplitudea1; (b) amplitude
a2.
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Figure 7: Equilibrium branches forη1 = 0.003, b12 = 0.51, σ = 0.06. Continuous line: stable;
dashed line: unstable; dotted line: backbone (absence of turbulent wind). (a) amplitudea1; (b)
amplitudea2.

excitation is also responsible for the separation of the mono-modal branch in two parts, one of them
is an island.
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