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SUMMARY. We prove sharp uniqueness theorems for the contact problem of homo-
geneous and isotropic linear elastostatics in domains exterior to convex and regular
regions of R3, provided the elasticity tensor is strongly elliptic.

1 INTRODUCTION
It is well-known that the existence and uniqueness theorem for the displacement
problem of homogeneous and isotropic linear elastostatics requires the elasticity ten-
sor to be only strongly elliptic [3], [6]:

p>0, A+ 2u >0, (1)

where )\ and p are the constant Lamé moduli. For the traction problem (1) is not longer
sufficient for the uniqueness of a solution modulo an arbitrary additive infinitesimal
rigid displacement, as can be showed by classical counter—examples of W.S. Edelstein
and R.I. Fosdick [2], and has to be replaced by the more restrictive assumption

>0, 3\ + 24 > 0. )

In a recent paper, R. Fosdick, M.D. Piccioni and G. Puglisi [5] proved that (1) is also
sufficient to the uniqueness of a solution of a mixed boundary value problem in a
bounded domain which is a combination of the displacement, contact and its dual
problems. Precisely, one decomposes 92 in three portions {9;2},=1 2 3 and assigns
the displacement on 0 {2, the tangential component of the displacement and the nor-
mal component of the traction on J52, the normal component of the displacement and
the tangential component of the traction on 05§2. Denoted by

X(§) = =Von(§) 3)

the Weingarten tensor on 0f), where V, stands for the gradient over 02 and n is
the exterior (with respect to §2) unit normal to 952, they need one of the following
hypotheses:

(a) trX is positive on 02 and X is positive definite over 03€2;



(b) Q is simply connected, tr X is nonnegative on 05£2, X is positive semi—definite
over J5€).

The above assumptions require a particular “geometry” to 922 and 952 (see Sec-
tion 4 of [5]). In particular, for the contact problem in which 950 = 99 [6] €2 cannot
be convex. We observe that this restriction is not present for domains exterior to con-
vex regions, where nevertheless other problems appear, as for instance the choice of a
condition at infinity assuring uniqueness in sharp function classes.

The purpose of this note is to prove that under hypothesis (1) the contact problem
and its dual in domains exterior to convex bounded and regular regions admit sharp
uniqueness theorems.

2 THE MODEL
Let B be a homogeneous and isotropic linearly elastic body identified with the

exterior domain o
Q=R3\ 4)

which it occupies in a reference configuration. In (4) Q' is a bounded domain, we as-
sume for simplicity of class C'°° and with connected boundary. The elastic properties
of B are expressed by the elasticity tensor’

C[E] =2usymE + A(trE)1, VE € Lin,

with A\ and p constant Lamé moduli.
As is well-known [6],

C is positive definite < >0, 3A+2u >0

and
C is strongly elliptic < p > 0, A+ 2u > 0.

Let
s, a € C*™(09Q)

'We use a standard vector notation as, e.g., in [6]. Moreover, = and ¢ denote generic points of §2 and of
09, respectively; r = |x—o|, where o € R3 \ﬁ is the origin of the reference frame in R?; e, = (x—o)/r;
Sr(xo) is the ball of radius R centered at xo; Qr(z0) = QN Sr(z0); Sk = Sr(x0); Qr = Qr(0).
We denote by m the exterior (with respect to €2) unit normal to 02. If w is a vector field on 02, we set
w; = w — (w - n)n. The symbol ¢ stands for a positive constant whose numerical value is not essential
to our purposes.



be assigned fields on OS2 and let ug be a constant vector. The contact problem of linear
elastostatics? is to find a solution of the equations (see [6] p. 129)

divC[Vu] =0 inQ,

u-n=a onod),

[C[Vuln], =s on o, ©)
lim w = uop.
r—+00

Itis well-known that, if C is positive definite, then system (5) has a unique solution
u € C(Q) [7]. As far as we are aware, if C is strongly elliptic not too much is known
about existence and uniqueness of solutions of problem (5).

- SIE] = (A +2u)(tr E)1 + 2pskw E, VE € Lin
and
@[Vu] = (A + 2u)(divau)? + plcurl u|?,
Y[V = A(divaw)? + 2u|sym Vul?.
Of course,

C[E] = S[E] + 2u[E" — (r E)1]. (6)
Observe that w is a solution of (5); if and only if
divS[Vu] =0 inQ (7)
and the following vector identity holds
Au = Vdivu — curl curl u. )

Let X be the Weingarten tensor defined by (3). We say that X is positive definite
if
w - Kw] >0

for all nonzero vectors w and positive semi—definite if
w - K[w] >0

for all vectors w.
Starting from (6) and recalling that K is defined by (3), one can prove the following
three lemmas.

2 Also known as the third problem of elastostatics [7].



Lemma 1. [4] If u is a solution of equations (5)1, then

olu] = C[Vuln = S[Vuln. 9
o9 o9

Lemma 2. [5] If @ and u are fields on OS2 such that u - n = @ - n = 0, then

| esiun= [ o {(€Vuln), - 2uxlu.]}.
o0 o0

Lemma 3. [5] If ¢ and u are fields on 0N) such that ¢.. = u, = 0, then

/ (p-S[Vu]n:/ (¢-n){n ClVuln — 2utrK(u-n)}.
a9 o9

The following two lemmas are well-known (see, e.g., [1], [10]).
Lemma 4. [1] Let © be a harmonic function in . If3
Ve =o(1),

then there is a constant @y and a regular function v such that for all © € ()

1
= . an ;
o@) =+ o [ O+ vio)
with
Vitp(z) = O(r—27")
for every nonnegative integer k.

Lemma 5. [1] Let u be a solution of equations (5)1. If
u = o(r), (10)
then there is a constant vector k and a regular function 1 such that for all x € )
u(z) =k + U(z)olu] + P(2), (11)
where olu) is defined by (9),

Ul(x)

v=MA2(A+ p) and

1
- = [(3—4)1 A
167u(1l — v)r (-4l te ®el],

Vi (z) = O(r~>7")

for every nonnegative integer k.

3If f is a scalar, vector or tensor field on Q f = o(g) and f = O(g) mean respectively that
limy 400 | f(2z)|/g(r) = 0 and |f(z)] < cg(r) for some positive c. Moreover, we set Vi f =
V...V f.

k times



The dual of the contact problem of elastostatics* is to find a solution of the equa-

tions
divC[Vu] =0 in{,

u; =a onJf),
n - [C[Vu]n]=s on0dQ,

lim w = ug,
r——4o00

12)

where a and s are assigned fields on 0f2.
Let u = o(1) be a solution to system (5); such that w - n = 0 on 9€). Multiplying
(5)1 scalarly by w and integrating on Q2 z, we get

/ w[Vu] + 2;;/ ur - Ku,] — / [(A+ 2p)(div u)u + pu x curlu] - e
Qr a9 aSr

= /QR'y[Vu] — /(%Ru- [2usym Vu + A(divu)l]er = /fmu -ClVuln.

Hence, letting R — +o0 and taking into account Lemma 5, it follows

/QV[VU] = /QW[VU] + 2,u/89 ur - Klu,] = /mu .C[Vuln. (13)

Likewise, if u = o(1) is a solution to (5); such that w, = 0, it holds

/Qv[Vu] :/Qw[Vu} —&-QM/BQ(u-n)QtrﬂC: mu-(C[Vu]n (14)

Relations (13), (14) are the starting point for our analysis on the uniqueness of a
solution to problems (5) and (12). Also, as it will be clear from the argument we use
in Section 3, if € is simply connected and X is positive semi—definite®, then strong
ellipticity implies that the strain energy U[u], corresponding to a deformation of B
such that w - n = 0 on 012, is positive. Moreover, if € is simply connected, tr X > 0
and u, = 0, then U[u] > 0.

We shall need the following existence theorems that are proved in [9], by making
use of (13), (14) and well-known techniques of functional analysis.

Theorem 1. If C is strongly elliptic and X is positive definite, then system (5) has a
solution u € C*(2).

Theorem 2. If C is strongly elliptic and tr X is positive, then system (12) has a solu-

tionu € C*(Q).

4Also known as the fourth problem of elastostatics [7].
5This occurs for instance if ’ is convex.



3 UNIQUENESS THEOREMS
Denote by € the linear space of all solutions of the system

divC[Vu] =0 inQ,
u-n=0 ond,

15)
[C[Vuln], =0 onodQ,
u(x) = o(r).
Lemma 6. If C is strongly elliptic and X is positive definite, then
dim¢€ = 3. (16)

PROOF - If u (# 0) € €, then o[u] # 0. Otherwise, an integration by parts yields

/ w[Vu] :/ (u—K) ~S[Vu]n+/ (u — K) - S[Vuleg,

Qr a0 dSr

for large R. Hence, letting R — +o0 and taking into account that by Lemma 5
(u— k) -S[Vuler = O(R™?),

it follows

/Qw[Vu] = /aQu-S[Vu]n. (17)

Using Lemma 2 in (17) we have

curlu =0 in ),
divu=0 inQ, (18)
ur =0 ondf.

Therefore, by (8) u is a solution of the system

Au=0 1in{,
u=0 ondQ, (19)
u(z) = o(r).

Since by (18)1 2

0=olu] = / [210nu + pm x curlu + A(divu)n| = 2u Onu,
o9 a0



an integration by parts gives

/QR|VU|2Z/m(u—&)-8nu+/88R(u_,g).3ru:/E)SR(H_H).&U.

Hence, letting R — +o0, it follows that Vu = 0. Therefore, since €2 is connected
and u vanishes on 9€) we have the absurd u = 0.

Let {u; },=1,....4 C €. Of course, the system {o[w;]},=1,... 4 is linearly dependent.
Therefore, there are nonzero scalars «; such that

olau;] = a;ou;] = 0.
Then, repeating the steps in the above argument we see that
;U = 0

_____ 4 is linearly dependent. Hence dim @ < 3. On the other hand, if
{€;}i=1,2,3 is the canonical basis of R3, Theorem 1 assures that the problem

divC[Vu] =0 inQ,
u-n=0 onodf,
[C[Vu|n]; =0 on 01,

u(z) — €; = o(1),

(20)

has a unique variational solution u;. Hence the desired result follows, taking into
account that the system {u; };—1 2,3 is linearly independent. O

We are in a position to prove the following uniqueness theorems.

Theorem 3. Let ) be an exterior domain of R3, let C be strongly elliptic and let K
be positive definite. If wy and ug are two solutions of (5)1,2,3 such that

uy(z) — uz(z) = o(r),
then w1 = us modulo a field in €. Moreover, if

uy(2) — uz(x) = o(1), @21
then w1 = us.

PROOF — The field u = u; — wu satisfies equations (15). Then the first part of the
theorem follows from Lemma 6. If w satisfies (21), then in virtue of (17) and the
positive definiteness of K, w is a solution of the system

Au=0 in{,
u =0 ondf, (22)
u = o(1).



Hence it follows that u = 0. O

Theorem 4. Let ) be a simply connected exterior domain of R3, let C be strongly
elliptic and let X be positive semi—definite. If wy and ug are two solutions of (5)1,2.3
such that

u1(z) — uz(z) = o(1),
then u, = us.

PROOF — Setting u = w1 — uo, from (18); it follows that there is a regular function
@ such that u = Vi in 2. Moreover, (18)2, (15)2 and (21) imply that ¢ is a solution
of the Neumann problem

Ap =0 1inQ,
One =0 ondf, (23)
Ve =o(1).

Integrating by parts, we get

/ Vof? = / (6 = w0)Oh.
QR aSR

Hence, letting R — +o0 and taking into account Lemma 4, it follows that w = 0. [

Let us pass to consider the uniqueness of a solution of problem (12). Denote by
N the linear space of all solutions of the system

divC[Vu] =0 inQ,
ur =0 on0f,
n-C[Vuln =0 on 01,
u(z) = o(r).

It is not difficult to see that the reasoning we used to prove Lemma 6 works as well to
show that
dim 9 = 3.

Therefore, we can state

Theorem 5. Let 2 be an exterior domain of R3, let C be strongly elliptic and let tr X
be positive. If uy and wsy are two solutions of system (12)1 o 3 such that

uy(7) — uz(x) = o(r),
then w1 = us modulo a field in M. Moreover, if
u1(z) — uz(z) = o(1), 24)

then uy = us.



Moreover, we have

Theorem 6. Let Q) be a simply connected exterior domain of R3, let C be strongly
elliptic and let tr X be nonnegative. If wy and us are two solutions of (12)17273 such
that

uy(x) —ua(x) = o(1),
then uy = us.

PROOF — Setting u = w1 — us and using Lemma 3 in (17) we have

culu =0 in €,
divu =0 in€.

Hence, taking into account that €2 is simply connected, it follows that there are a
function ¢ and a vector field h such that

u =V =curlh. (25)

The function ¢ is a solution of the system

Ap =0 in Q,
@ = const. on 0f), (26)
Vo =o0(1).

Moreover by Stokes’ theorem (25) implies

/ Orp = / e,-curlh = 0. 27
dSr dSr

Integrating by parts, taking into account (27) and that ¢ is constant on 02, we have

/ IVol* = / (0 = ©0)Onp +/ (o = ©0)0rp = / (¥ = ©0)0rp.
Qr o0 OSr OSRr

Hence, letting R — +o0 and using Lemma 4, it follows that ¢ is constant in €2 so that
u=0. (]

We aim at concluding by observing that in virtue of Theorem 1, 2, our results are
sharp in the sense that small o cannot be replaced by capital O.
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