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In this work a new automatic procedure to optimize the cdmattern of a hypoid gear drive under
misalignment perturbations is presented. It provides treégher with a systematic tool to perform
the robust optimization of a hypoid transmission in a fewrs@nd without requiring deep insight on
the enveloping and meshing processes. The presented predsas been tested on several hypoid
drives for aeronautical applications.

1 INTRODUCTION

In the aerospace industry, the demand of ever increasingpmaweight ratios leads to light-
weight designs where the flexibility of the rims and the m@umsupports must be accounted for in
order to avoid premature failure caused by edge contactiefdre, in aerospace transmissions the
optimization of the contact pattern with misalignmentsivitprescribed boundaries is of paramount
importance and it is the very motivation of this work.

Several approaches have been proposed to optimize thectpattern but only at nominal con-
ditions, that is with fixed misalignments. Optimal machieétiag corrections can be directly found
through sensitivity analysis [1] or, alternatively, thgtua pinion ease-off topography identifica-
tion [2]. These methods usually require a trial-and-erppraach and the aid of a skilled operator.

In this work we extend the procedure developedin [3], whiaheal at obtaining a “good” contact
pattern while avoiding edge contacts, to cope with robisstiesues caused by uncertain misalign-
ments. While in[[8] the misalignments had fixed values, hiaeg imay vary within known ranges,
thus making the optimization much more demanding.

The proposed method provides the designer with the follguwienefits: (i) no particular insight
in the enveloping and cutting processes is required; (ily bigh-level specifications on the contact
pattern shape is requested; (iii) the typical trial-anaxeprocedure is avoided; (iv) different sets of
machine settings can be selected to obtain the same desifed foth surface.

Taking advantage of the low computational cost of the geomedntact pattern estimation pro-
cedure presented in/[4], the total computational time obaisboptimization is about four hours on a
1.8 GHz computer, thus dramatically reducing the design tinth véspect to traditional approaches.

2 HYPOID TOOTH MODEL

In the present work, face-milled hypoid teeth are considlefEhe cutting/grinding process is
performed according to the Gleason face-milling, fixedisgtmethod. The mathematical model is
obtained through thmvariant approacHb, [6].

2.1 Tooth Surface Sampling

Using the same notation of/[6] we denoteiy(§, 0, ¢) the position vector of a generic point of
the family of surfaces with motion paramet&rwheref andf are the Gaussian coordinates of the
tool surface. Due to the complexity of the enveloping prec#ise mathematical expression of the



hypoid surface is not available in closed form. For this ogai$ is typically sampled over a given
nxm grid whose generic pointis identified by the two valggandd; (: = 1,...,n;j =1,...,m).

The position vectop,; of a generic sampled poirt;; is obtained through the solution of the
following system

i = i,0j, bij

f(&i:0j,9i5) =0

where the last one is thegjuation of meshing

2.2 B-spline Tooth Surface Interpolation
For practical reasons it is better to deal with a closed foanfage. To this end a B-spline
interpolation of the sampling poinf3; is performed yielding the following benefits:

e an approximate closed form tooth surface is obtained;
e a B-spline surface can be easily implemented since it isrsaaly defined;
e the B-spline domai/ € R? is rectangular and it can be choserj@d] x [0, 1] € R?;

o if the original tooth surface is sampled on a sufficienthglanumber of points, then the B-
spline approximation gives an accurate representatior{4f i

2.3 Ease-Off Topography Definition

In the literature the ease-off is commonly defined as theadievi of the pinion and gear from
their conjugate surface (see for instarice [7]). In this wéok simplicity, the ease-off is defined as
the flank surface modification with respect to the basic desig

The ease-off topography can be easily defined by a scalatidarigu, v; ¢) as follows

N
h(u,v; ) = kUi (u,v) 2
k=1

where¥ (u, v) are polynomial basis functions; are given coefficients anll the number of basis
functions.

Denoting bys(u, v) the position vector of a generic point on the original B-selsurface, and
by s(u, v; ¢) the position vector of its corresponding point on the modiferface, the ease-off
topography is such that the following relation holds

s(u,v;e) = s(u,v) + h(u,v; c)n(u,v) (3)

wheren(u, v) is the inward unit normal vector of the original B-splinefawe. The definition{3)
implies that a positive ease-off stands for material rerhova

3 GEOMETRIC CONTACT PATTERN ESTIMATION

The optimization process presented in this paper (seesét}iinvolves a very large amount of
contact pattern calculations. In order to bound the comjmutal time to an acceptable value, a fast
contact pattern estimation procedure is required.

In this section the recently introduced [4] geometric ajpgioto contact pattern estimation is
briefly described.



3.1 Tooth Contact Analysis

Denote bys 1 (u1, v1, ¢1) ands a2 (us, v2, p2) the pinion and gear B-spline interpolated surfaces
expressed into a fixed reference frame. The two variablesnd - represent the pinion and gear
rotation about their respective axis ande; as shown in Figurgl1. It is worth remarking here that

Figure 1: System set up. The assembly error positive doestare red highlighted.

the relative position between the pinion and the gear dependhemisalignmentsZ, P, G anda,
also known asissembly errorand defined as in Figuié 1.

Assuming that pinion as the driving member, the meshing itimmds given by the solution of
the following system for all; :

Sf1(u17017<%71) = 3f2(U2,112, ©2) 4)
myi(u, v1,91) = Amypa(ug, va, P2)

wherem p1 (u1,v1, ¢1), M2 (ug, v2, @2) are the normal vectors 1 (u1, v1, 1), 8 r2(u2, v, P2),

and)\ is a scalar value. For a given , the system[{4) consists of six equations in the six unknowns

(u1,v1,u2,v2, 2, A) and hence it can be solved numerically. The solutionlbf (8fipces then the
following functions

(u1(p1), v1(p1), ua(p1), va(1), p2(p1), A(wr)) (5)

and it is worthwhile to remark that these take into accouatttisalignments.
Denoting byN; and N, the pinion and gear tooth number, the transmission ek (1) is
defined as follows

Aga(o1) = @a(er) — %wl (6)

The graphical representation bf (6) is knowmastion graphand Figuré 2 shows a sample of it.

3.2 Instantaneous Contact Area Estimation

In order to estimate the instantaneous contact aneler load the so calledolling-testis simu-
lated. To this end a virtual uniforrmarking compounds superimposed over the gear surface. The
resulting surface is denoted By, (us, v2, p2) and it is defined as follows

552(u2, v2, P2) = sfa(ug, v2, @2) + tMpa(uz, va, P2) (7)
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Figure 2: Motion graph of three consecutive tooth pairs. fEaehighlighted line indicates the range
of contact of the-th tooth pair

wheret is the marking compound thickness amgh (u2, v2, ¢2) is the unit outward normal to the in-
terpolated gear surface. Then, for each value of the pimtation angleyy, the following nonlinear
system is solved:

Sfl(ulvvb(Pl) :‘§f2(u23v23(p2(901)) (8)

A tooth pair composed by a pinion and a gear tooth is congiderdoein contactif system [8)
admits solutions. Since, for a given, system[(B) involves three equations and four unknowns
(u1,v1,us2,v2), then the obtained solution is a spatial cuFf{e ).

Itis importantto stress here that the valuegfy; ) depends on the tooth pair that, for a given
produces the largest value Afp, (unilateral contact): with reference to Figlile 2, iffetooth pair
determines the rigid rotation of the two mating members heafgveeny,,, andy,, . . However,
due to the presence of the marking compound;th&ooth pair is in contact for a larger range which
is highlighted in Figurél2.

3.3 Contact Pattern Estimation

Denoting byr; z;-domain the cylindrical projection plane with respect tedth mating member
(seel[8], then for each, the intersection curvB(y; ) is mapped into; z; andrazo thus delimiting
a typical elliptically-shaped area. The estimated conpattern on both members is then given by
the convex hull of such areas, as depicted in Figlre 3.

The result of the geometric contact pattern estimationgmtape strongly depends on the marking
compound thickness A tuning process is thus required in order to match a refarenntact pattern
obtained, e.g., with a FEM analysis tool (sek [4]). Fidurbaves the comparison between the output
of the commercial softwarklypoidFaceMilled[9] and the result of the geometric contact pattern
procedure after tuning the marking compound.

3.4 Perturbed Contact Pattern Estimation

The previous procedure for contact pattern estimationiders only a given set of misalign-
ments, i.e., the so-callatbminal conditions Nonetheless, especially in aeronautical applications,
the compliance of the transmission components may sereilglyt the relative position between the
pinion and the gear in operating conditions. Therefore tisalignments may vary within a bounded



Figure 3: Instantaneous contact areas (thin and dashes);|lesimated contact pattern (red shaded
with thick line). The two highlighted areas are obtainedwtito different values of; .

Figure 4: HFM results (shaded); estimated contact patt#ack dashed line).

range as expressed below

Ey — Ag,,, Eo + Ag,,]
Py — AP ,Po+ Ap,,]
€ |Gy — . Go+ AGM]

Qg — amaaO+AaM]

€l

€l
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€l
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whereEy, Py, Gy, «p are the nominal misalignments add, , A, ,, identify the lower and upper

deviation of the misalignment The goal now is to estimate the contact pattern in all theupleed

conditions, and then estimate a precautionaoyst-casecontact pattern. To this end the variation

range of each misalignment is divided into a given numberasfqiVg, Np, Ng and N,, and the

contact pattern is estimated for all the misalignment corations. Thevorst-casecontact pattern
is thus given by the convex envelope of all the estimatedamtipatterns, as it is shown in Figlie 5.

4 CONTACT PATTERN OPTIMIZATION

The goal of the contact pattern optimization is to modify piveon ease-off topography in order
to match a prescribed contact pattern in both nominal antliferd conditions. The coefficients
c that define the ease-off shapé (3) are thus unknown and tivaingtion process seeks for the
optimal values ot such that a given objective functiof{c) is minimized. The optimal solutioa*
is thus defined as follows

¢" = argmin J(c) (10)



Figure 5: Contact patterns estimated with different migatients (red shaded with thin black line);
perturbed contact pattern (thick green line).

After extensive tests thidelder-Meadsimplex minimization algorithm that does not require dariv
tives, was found suitable for the solution bf{10).

4.1 Target Definition

The target contact pattern is established according tbésign Manual for Bevel Geaf&NSI-
AGMA 2005-D03 [10]): an optimal contact pattern shouldiaglvirtually the total tooth length and
should be sufficiently far from the tooth bounds to prevegiggdorner contact situations. A realistic
target contact pattern has a typical elliptical shape astigeshown in Figurgl 6.

4.2 Objective Function Definition

For a givenc, denote byA;(c) the area of the current contact pattern, anddhy(c) the inter-
section area between the target contact pattern and thentwme. The objective functiof(c) to
be minimized is defined as follows

2
J(C) = Z (wdi d; (C) + waiAni (C) + We, ei(c)) (11)
=1
where
e i = 1,2 stands for the pinion and gear respectively;
e d;(c) is the distance between the centroids of the current andtbettcontact patterns;
e A,.(c)is thenon-overlaparea defined as

_ Ati + A (C) - 2Ali (C)

and represented as a shaded area in Figure 6;

e ¢;(c) is a penalty function that has a large value if the currentatirpattern is close to the
tooth edge, and zero elsewhere;

® wq,, W,, andw,, are tunable weights.

Therefore the minimization of (11) according fo(10) agneith the above specifications.



Figure 6: Target contact pattern (green); current contaitem (blue); non-overlap area (shaded).

4.3 Nominal and Robust Optimization

The goal of thenominal optimizatioris to find the optimal ease-off shape defineddiysuch
that the nominal contact pattern (Figlile 3) matches thestamge. However, in order to check the
robustness of the resulting contact pattern a sensitivilysis must be performed considering the
misalignment perturbations.

Extensive simulations have shown that, although the ndmargact pattern matches closely the
target one, one or more perturbed contact patterns may sthgevadntact situations (see secfion 6).
For this reason the misalignment perturbations must bentadte accounturing the optimization
process.

The goal of theobust optimizationtherefore, is to assure that all the perturbed contace festt
(Figure[®) do not present edge contact situations. Thisddmgtimization, though computationally
more demanding than the nominal one, has the following adgas

e the misalignment perturbations are considered during ptien@zation process;
e edge/corner contact situations of one or more perturbethcopatterns are avoided,;

e a posteriorisensitivity analysis is not required since robustnessssiesd by the optimization
process itself.

5 MACHINE SETTINGS IDENTIFICATION

The optimal ease-off obtained through the solution of pEob[10) is, until now, airtual surface
to be superimposed over the pinion tooth accordinglto (3)decto match a desired contact pattern.
The resulting surfac€]3) has to be physically realizeduhoan enveloping process.

The goal is then to obtain such surface via machine settindjfinations. Themachine settings
are the set of parameters that define the hypoid tooth gepmaredrcontain

e the geometric parameters to define the tool surface;
¢ the parameters that define the machine kinematics.

This problem is formulated asrenlinear least squareninimization (NLS) that involves a chosen
subsete of all the machine settingsl[3, 11].

With h(u,v; c*), the target surfac€l(3) is sampled over a given grid, yigldiset of target points
p;,. Then, for a givere themisfit f (x) between the target and the current surfage) is estimated
by

f(@) = 5h(e) h() (13)



where the generic componehf (x) of the vectorh(x) represents the distance betwganand
I'(x). The machine settings* that identify the optimal ease-off are found as

x* = argminf(x) (14)

The solution of [T4) is obtained by employing thevenberg-Marquardalgorithm with atrust
region approachl[[12] that guarantees convergence to a local mimjnamd deals efficiently with
ill-conditioned problems.

6 TEST-CASE

The capabilities of the optimization procedure presentethis paper are now demonstrated
through a numerical test. The results presented here aameltwith a software package developed
by the authof The full optimization process is composed by the followseguential steps:

e marking compound thickness tuning;
e target contact pattern definition;
e optimization at the design point:

— nominal ease-off optimization;
— identification of the nominal-optimal ease-off;
— robustness analysis;

e robust optimization:

— robust ease-off optimization;
— identification of the robust-optimal ease-off;
— robustness check.

Each of the previous steps is performed with a single functadl of the developed software. In ad-
dition, the full optimization process may be executed wilirggle command via a batch procedure.
It is worthwhile to remark here that the full optimizatiorogess takes only five hours o & GHz
computer.

6.1 Basic Design

Some basic settings of the considered transmission amcgadl in Tabl€]1l. The contact pattern
calculated by HFM at the design point shows an undesiralge edntact on the gear tip. After the
marking compound tuning process, the geometric contatgnpgprocedure detects the same edge
contact, as shown in Figulré 7. The hypoid drive has theraobe optimized.

1The software has been developed in C++ with more than 60i0€9 of code. Several executable files have been created
to perform the full hypoid transmission optimization andlgsis.



Pinion tooth number 31
Gear tooth number 50
Shaft angle| 105.5 deg
Mean spiral anglel 35.0 deg
Pinion hand| RH
Face width| 33.0 mm
Outer cone distance¢ 100.36 mm
Pinion torque| 504.4Nm
Nominal misalignmenty FEy=0.245 mm
Po=0.608 mm
Go=—0.009 mm
ao = —0.087 deg

Table 1: Some basic design data of the transmission.

(a) pinion tooth (concave side) (b) gear tooth (convex side)

Figure 7: Basic loaded patterns: (color areas) HFM pattdiriack dashed curves) geometrically
estimated.

6.2 Nominal Optimization at the Design Point

The target contact pattern is defined as an ellipse over thédeth in theirrz-domain, as it is
shown in Figuré®. The optimal coefficients of the polynomial basis functions that define the
ease-off are obtained with about 250 iterations of the Neldiead algorithm, in less than one hour
of computational time.

The machine settings identification has been performedjusia different sets of parameters:
(i) the former (STD) contains 13 parameters that are typyieshployed by Gleason for tooth topog-
raphy optimization; (ii) the latter (CUSTOM) contains 14 ameters that are slightly different from
the previous ones. Both sets give good results in term ofdhielwal error and the final ease-off
obtained with the CUSTOM set is shown in Figlite 8. The new rimechettings are collected in
Table[2, while the obtained contact pattern at the desigmtjgshown in Figurg]9.

A robustness analysis is then performed over the nomirmgdtimized transmission with respect
to the following misalignment perturbations:

Ap, =Ap, =01, Ap. =Ap, =02, Ag, =Ag, =0.1 (15)

The result of this analysis shows that in some perturbeditondgn edge contact situation occurs.
This condition is confirmed by the correspondent analysidfiM as shown in Figure_10. A ro-
bust optimization is thus required in this case, since th@pation at the design point does not
guarantees no edge contact situation under all the pededraitions.
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Figure 8: Target ease-off (blue); obtained ease-off (red).

NOMINAL ROBUST
Parameter BASIC STD CUSTOM STD CUSTOM
Cutter p. rad. (mm)| 79.01 81.56 77.10 82.19 74.57
Blade angle (deg) 17.42 9.97 — 8.67 —
Spherical rad. (mm) 350.89 46.83 117.54 35.77 63.49
Rad. sett. (mm) 72.14 113.23 108.27 90.37 116.55
Blank off. (mm) —5.08 —27.76 26.15 7.66 36.00
MCTB (mm) 2.71 28.51 27.00 14.62 30.30
Sliding base (mm) | —1.51 —15.82 —14.98 -8.11 -16.82
Cradle angle (deg) | 59.73 59.59 58.03 59.82 58.48
Ratio of roll 1.7066 2.7109 2.5791 2.1631 2.5791
2C 0.0226 0.1892 0.3230 0.0667 0.4392
6D -0.0329|| —3.4663 | -2.4215 -1.625 -4.2203
24E 0.0 —15.6035| 14.2764 1.7878 37.8946
120F 0.0 —409.385| -295.1172|| —58.214| -520.366
H; (mm/rad) 0.0 — 0.0522 — -0.00838
H, (mmirad) 0.0 — 0.2474 — 0.03669

Table 2: Basic and optimal settings for the contact pattptimization at the design point and under
perturbed conditions.

6.3 Robust Optimization

The robust optimization is then performed considering #@es misalignment tolerancés [15)
and the coefficients of the robust-optimal ease-off areinbthwith 300 iterations of the Nelder-
Mead algorithm in about four hours of computational time.

The robust-optimal ease-off is then identified with the samesets of machine parameters that
has been used for the nominal optimization. As for the previtase, both sets produce good result
in terms of the residual error, and the final ease-off obthingh the CUSTOM set is shown in
Figure[11. The resulting machine parameters are collentédble 2.

As a final step the robustness of the modified transmissiohdsked: for each misalignment
combination the contact pattern estimated via the geooapproach is compared with the contact
pattern calculated with HFM. The results of the robustnesdyais are shown in Figute12. quite
remarkably in this case no edge contact situations occlg alidating the robust optimization

procedure.
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(a) pinion tooth (concave side) (b) gear tooth (convex side)

Figure 9: Contact patterns: basic (blue dashed line); tdggeen shaded); optimized (purple dash-
dotted line); after identification (green solid line).

7 CONCLUSION

In this paper a fully automatic procedure to optimize thetaohpattern of a hypoid gear drive
under misalignment perturbations has been presented. pfbéedure does not require a skilled
operator and it allows to robustly optimize a hypoid trarssian in a few hours.

The systematic nature of the presented methodology allovesldress other indices of perfor-
mance of a hypoid drive, such as the transmission error ifomcand to deal with the robustness
with respect to topography errors.
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Figure 12: Perturbed contact patterns for differentP andG and ease-off topography optimized
under perturbed conditions.

13



	INTRODUCTION
	HYPOID TOOTH MODEL
	Tooth Surface Sampling
	B-spline Tooth Surface Interpolation
	Ease-Off Topography Definition

	GEOMETRIC CONTACT PATTERN ESTIMATION
	Tooth Contact Analysis
	Instantaneous Contact Area Estimation
	Contact Pattern Estimation
	Perturbed Contact Pattern Estimation

	CONTACT PATTERN OPTIMIZATION
	Target Definition
	Objective Function Definition
	Nominal and Robust Optimization

	MACHINE SETTINGS IDENTIFICATION
	TEST-CASE
	Basic Design
	Nominal Optimization at the Design Point
	Robust Optimization

	CONCLUSION
	ACKNOWLEDGEMENT

