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SUMMARY. From [1] we present a uniqueness theorem for the solutions to the initial boundary va-
lue problem, a generalized Hamilton principle, and a theorem of reciprocity of work for incremental
thermoelectroelasticity with initial fields.

1 INTRODUCTION

The increasing wide use in sensing and actuation has attracted much attention towards theories
about materials exhibiting couplings between elastic, electric, magnetic and thermal fields.

Nowacki [2, 3] proved a uniqueness theorem for the solutions of the initial boundary value pro-
blems, a generalized Hamilton principle and a theorem of reciprocity of work, in linear thermopie-
zoelectricity referred to a natural state, i.e., with no initial fields.

Li [4] generalized the uniqueness and reciprocity theorems for linear thermo-electro-magneto-
elasticity referred to a natural state.

Aouadi [5] established a reciprocal theorem for a linear generalized theory of thermo-magnetoelectroelasticity,
referred to a natural configuration,with a thermal relaxation time.

Iesan [6] uses the Green-Naghdi theory of continuum thermomechanics to derive a linear theory
of thermoelasticity with internal structure where in particular a uniqueness result holds.

Related works on thermoelasticity and thermoelectromagnetism can be found e.g. [7] to [11].

The classical linear theory of thermopiezoelectricity assumes infinitesimal deviations of the field
variables from a reference state, where there are no initial mechanical and electric fields. In order
to describe the response of thermoelectroelastic materials in the presence of initial fields one needs
the theory for infinitesimal fields superposed on initial fields, and this can only be derived from the
fully nonlinear theory of thermoelectroelasticity. Yang [13] derived, from the equations of nonlinear
thermoelectroelasticity given in Tiersten [12], the equations for infinitesimal incremental fields su-
perposed on finite biasing fields in a thermoelectroelastic body with no assumption on the biasing
fields.

Here we present the results of Montanaro [1], where the aforementioned three Nowacki’s theo-
rems [2], [3] are extended to incremental thermoelectroelasticity with initial fields.

The incremental theory [13] is used here, and we rewrite from this paper, with the same notations,
some formulae and results on constitutive equations of incremental thermoelectroelasticity.

In the uniqueness theorem below we assume that in the initial state entropy does not depend on
time and temperature is uniform. For the theorem of reciprocity of work below we assume that in
the initial state both entropy and temperature fields do not depend on time.



2 EQUATIONS OF NONLINEAR THERMOELECTROELASTICITY

2.1 Balance laws and constitutive equations

The thermoelectroelastic body under consideration in the reference configuration occupies a re-
gion V with boundary surface S. Its motion is described by

Yi = yi(XLa t) ’

where y; denotes the present coordinates and Xy, the reference coordinates of material points with
respect to the same Cartesian coordinate system.

Let Krj, po, fj, Ar, pe, 8, n, Qr and 7 respectively denote the first Piola-Kirchoff
stress tensor, the mass density in the reference configuration, the body force per unit mass, the
reference electric displacement vector, the free charge density per unit undeformed volume, the
absolute temperature, the entropy per unit mass, the reference heat flux vector, and the body heat
source per unit mass. Then we have the following equations of motion, electrostatics, and heat
conduction written in material form with respect to the reference configuration:

Krir + pofi = poli , (D
Ar L =pE, 2
pPoli) = —Qr.1 + pov, 3)

The above equations are adjoined by constitutive relations defined by the specification of the free
energy 1 and heat flux Qp:

Y =vEun, Wi, 0), Qr =Qr(Eun, War, 0, Op) €]

where
Eun = (yj, mYj, N —un)/2, Wy =—¢,m, Opu =0 u (5)

are the finite strain tensor, the reference electric potential gradient, and the reference temperature
gradient; of course, ;v is the Kronecker delta, and ¢ is the electric potential. Hence, by using 1)
the constitutive relations (4) of [13] are deduced for Kp;, Ay, n; here we rewrite them from [13]:

oY 1
Kri =Yi,aApompm— + X1 jeo(EjEi — S EiEidji),
Li = Yi, AP, aEAL+J L,j€ ( g T J,)

o o
A =eoJ X1 B} — pomer =——, 6
L 3 L,jtvj P 8WL n 90 ( )

with E; = —¢ ;. Recall that the heat-flux constitutive relation (4), is restricted by
QrOr <0. (7N
Note that, in particular, (4)2 includes the case in which @p; is linear in ©p, that is,

Qnm = —kmr(0, Wa)Or . 8



2.2 The initial boundary value problem for a thermoelectroelastic body

To describe the corresponding boundary conditions to add to the field equations (1)-(3), three
partitions (S;1,S;2), @ = 1, 2, 3, of the boundary surface S = 9B can be assigned. For mechani-
cal boundary conditions, deformation §; and traction #; per unit undeformed area are prescribed,
respectively, on S1; and Sis; for electric boundary conditions, electric potential ¢ and surface-
free charge A per unit undeformed area are prescribed, respectively, on Sz; and Saz; while for
thermic boundary conditions, temperature  and normal heat flux Q per unit undeformed area are
prescribed, respectively,on S3; and Ss2. Hence, we can write

Yi = gz on 511 5 KLiNL = Kz on 512 (’mechanical’) 5 (9)
d=¢ on So, ALNL =—A on So, ("electric’) (10)
0= é on 531 5 QLNL = Q on 532 (’thermic’) s (1 1)

where N = (NN,) is the unit exterior normal on S and
Si1USp =5, Si1tNSix =10 (i:1, 2, 3) (12)

Let <, b, A, 0, Q
A= (fi7 PE: Y, Ui Kiy ¢, A0, Q) ' -

The initial boundary value problem is then stated as: given an external action A4, to find the
solution (¢, 0, y;) in B to the constitutive relations (6) and field equations (1)-(3), which satisfies
the boundary conditions (9)-(11) and assigned initial conditions.

3 INITIAL AND INCREMENTAL FIELDS

In incremental theories three configurations are distinguished: the reference, initial and present
configuration.

In the reference state the body is undeformed and free of all fields. A generic point at this state
is denoted by X with rectangular coordinates X . The mass density in the reference configuration
is denoted by p,.

In the initial state the body is deformed finitely under the action of a prescribed initial action.
The position of the material point associated with X is given by y2 = y2 (X, t), with the Jacobian
of the initial configuration denoted by J, = det(y;, ;). The initial fields

yfx = yg (X’ t)v d)o = ¢O(X7 t)’ 0% = 00(X7 t) (14)

satisfy the equations of nonlinear thermoelectroelasticity (1)-(11) under the prescribed action. The
electric potential, electric field and temperature field are denoted by ¢°(X, t), W2 = —¢°, and
0°(X, t), respectively. The solution to the initial state problem is assumed known.

To the deformed body at the initial configuration, infinitesimal deformations, electric, and ther-
mal fields are applied. The present position of the material point associated with X is given by
y; (X, t), with electric potential ¢(X, t) and temperature (X, t).

The fields y;(X, t), ¢(X, t), (X, t) satisfy (1) under the action of the external action (13).

Let £ be a small number. The incremental process £(y*, ¢t, 61) for (y, ¢, ) superposed to
the initial process (y°, ¢°, 6°) is assumed to be infinitesimal and, therefore, we write:

yi=din(yete),  0=¢"+edt,  9=0"+eb", (15



Corresponding to (15), any other quantity Q in the present state can be written as
Q=Q°+¢eQ!, (16)

where, due to nonlinearity, higher powers of € may arise. We want to derive equations governing the
incremental process (u:=y', ¢', 6'). From (15) and (16), we can further write:

FBrr 2 ES; +eEk;, W 2W2+eW,., Op=09 401, (17)
where
Efr = Yo, kYe L — OKL)/2, Egp = (yg,Ky(lx,L + yg,Ly(lx,K)/2a
Wi =—-9°, Wiz_d),lLv 7 =0, @1L:9,1L- (18)

Substituting (15)-(18) into the constitutive relations (1), Yang (2003) obtains the expressions:

KMig(siOé(KX/Ioz—FsK}\la)a AM% ?\4+6A}\/17 77%7704‘5771» QMgQ?W-FEQ}VIv

where
Ko = Graryty, L + Rinad! s — polaral’, (19)
Al = Runqtiy, N — Lund!y + poPrrf’ (20)
0" = Anryuy, v — Palpy + aft @1
Qi = —KMNala, N — kN N — k0" — kand'y - (22)

In (19)-(22), Grary = Gryma are the effective elastic constants, Ry are the effective pie-
zoelectric constants, Ay, are the effective thermoelatic constants, Ly;ny = Las are the effective
dielectric constants, P, are the effective pyrolectric constants, « is related with the specific heat.
Their expressions are given by Egs. (14), (15) in [13].

3.1 Restriction on the incremental heat flux
Condition (7) on the heat flux (4), together with the condition Q¢ =0 for ©% = 0, implies
an analogous restriction on the incremental heat flux (22), that is,

Q101 <0. (23)

3.2 Incremental field equations
By substituting (15)-(22) into (1), we find the governing equations for the incremental fields

Ko v + Pofo = poliia (24)
A v = Pis (25)
po (090" + 0'9°) = —Qpr i + Py (26)

Introducing the constitutive relations (19)-(22) into the incremental equations of motion (24), the
equation of the electric field (25), and the heat equation (26), for fclY = 0 we have

GraryUy, Lv + RLMa(b}LJW - PoAMae,lM = po i , 27)



RyrN~Uy, NM — LMN¢}NM + poPr03; = P (28)

p00° (AJV]—y{/J'y, M — PM¢}M —+ Ozél) + poolffyo = 29)
= kyn® nar + B0y + Eun0 o + EMNatia, N F Py (30)

4 UNIQUENESS THEOREM OF THE SOLUTION OF THE INCREMENTAL DIFFEREN-
TIAL EQUATIONS
In [1] the proof in [3] is generalized when there are initial fields with 77° = 0 and ©¢ = 0 (uni-
form initial temperature field 6°). Substituting the constitutive relations (19) into the fundamental
energy equation

/ (f; —poi)a)va AV + | KovedS = | Kby te adV G1)
Vo So Vo

we obtain

[ (= pota)oadv s [ Rovads = [ (Gotarot s+ Rustadly = polasaf?) o s dV , G2)
Vo SO o

thus

2 (w+k) = / £ oadV + / RovedS+ / (PoArtaf® = Reatadly ) i, ar dV, (33)
dt VO o VO ’ ’

where W is the work of deformation and K is the kinetic energy:

1 1
W = 5 / GMaLy Yo, M Uy, L dV, K = ) / PoVaVa dV . (34
Let
£=11 WyWkdv, P = 660" av LT I
- KM MWK 5 - Po 5 X = M(b LdV7
2 Vo 20° Jyo 0o Jyo T
(35)
x=k [ 00t dV, xe =Tk / 0M 0LV, xu =" [ 0%, 1dV
0° Jyo o 0o Jyo 0°  Jyo
By some manipulations we arrive at the modified energy balance
d 11571
Z(WHK+P+E+poPic 0 WidV) + (X + X0+ Xp + x0) =
= froadV + | Kqv,dS +
Ve S
i 1,41 kL 1 kML 1p1
0° Jgo ’ 0° Jgo 0° Jso
1 .
+ = po 0ty dV — Al Ngo'dsS.
0° Jyo g0

The energy balance (36) makes possible the proof of the uniqueness of the solution.



We assume that two distinct solutions (u}, ¢/, 61/) and (u}, ¢!, 01" satisfy Egs.(24)-(26)
and the appropriate boundary and initial conditions. Their difference

(111 = ’U,; _ u;/, (52 ¢l/ _ ¢51//7 é — 01/ _ 91//)

therefore satisfies the homogeneous equations (24)-(26) and the homogeneous boundary and initial
conditions. Equation (36) holds for (4, qAﬁ, é)

In view of the homogeneity of the equations and the boundary conditions, the right-hand side of
Eq.(36) vanishes. Hence

d
%(W—FK—FP—FE’—{—%PK 9lw}<dv) — — (X4 X0+ X6+ xu) <0,
Vo
(37)
where the last inequality is true since by (22), (36) and (23) we have
1
—(X+x0+ X0+ Xu) = 55 | QuOydV. (38)

60 VD

The integral in the left-hand side of Eq.(37) vanishes at the initial instant, since the functions
U;, é, 6 satisfy the homogeneous initial conditions. On the other hand, by the inequality in (37)
the left-hand side is either negative or zero.

Now we assume (¢ — i) below; note that (ii7) is the sufficient condition of J. Ignaczak, written
in [3] on pages 176-177.

(¢) The initial deformation y?, realizes that the tensor G asar i8 positive-definite, so that W >
0 by (34).

(#3) The tensor Ly n is positive-definite so that, by (35), £ > 0.

(#i1) Ly is a known positive-definite symmetric tensor, g; = p,P; is a vector, and ¢ =
Pot/26° > 0; consider the function

A0, W) = (0") +20'g;W} + L, WiW;
A is nonnegative for every real pair (', W}), provided
l91] < cAm

where )\, is the smallest positive eigenvalue of the tensor Ly ;.
Under these three assumptions, (37) implies

i =0, 6=0, W, =0,

which imply the uniqueness of the solutions of the incremental thermoelectroelastic equations,
i.e.,
u; — U;/, 91/ — 01//7 Wl/ — WIll/ .
Moreover, from the constitutive relations we have that
17 1 n 17/ 1n 1 1n
K;, =K A =AD", n'=n".

Ia >



5 ON THE GENERALIZED HAMILTON’S PRINCIPLE
The free energy, electric enthalpy, and potential of the heat flow are respectively defined by

1 o
P = §GM04L'y'UJa,MU'y,L + RLMaQb}LUa,M — pob? {AMaua,JW — Pyl + 591} , (39

1 1
H' = ¢t — iLABW}lWé =y - iLABi)}A@}B, L= Q0. (40)
Extending Eqgs.(36)-(38) of [3], we define two functionals
- / (Hl + pontot — f;ua)dv - / (K;ua - A1¢1)ds 1)
and
U = / (r — po(n'0°0r +1'6°0" + 1010 + 7161))dV + [ 6'Qds. (42)
o So

The generalized Hamilton’s principle has the form

tz t2
o [ (k-m)a=o0, o[ wat=o0. (43)
tl tl
The virtual processes  (6uq, 66%, §¢*)  of the body must be compatible with the conditions
restricting the process of the body and must satisfy the conditions

§ua(x, tl) = 5UQ(X, tQ) = O7 501(X, tl) = 591(X, t2) = O7 6¢1(X, tl) = 5¢)1(X, tg) = O

Hence, performing the variations in the second of Eqs.(43) and observing that
SH' = Kj;,0ua, m — pon' 00" + Ap6®';, and

/tQ (lC—H) dt = /tz dt [/ (%uaua — H' — pono" + f;ua)dv + / (f(;ua —A1¢1)ds],
ty ty o o

we have
12

5 (/c —H) dt = /t2 dt [/ (—pouaaua — Kot m — AL, + fgéua)dv

t1 t1
+ / (Kioue — Al6s)as | = 0. 44)

Since the variations du, and 6¢' are arbitrary, it is easy to show that Eq.(44) is equivalent to the
equations governing the incremental motion and electric field, completed by the appropriate boun-
dary conditions, that are written above.

Thus (i) the variational equation (43)y performed with ~ du, = 0 = 6¢'  is equivalent to
(j) the entropy balance (26) and (jj) the boundary condition for the heat flow

QiNL =Q, (x€89) (45)

ifandonly if kp = 0.

Alternatively, (ii) by performing the variation (43), with all the variations du,, d¢t, 50!
arbitrary, we deduce that

the variational equation (43 )2 is equivalent to the entropy balance (26) and the boundary condi-
tion for the heat flow (45) if and only if kp =0, /ﬁ]]f“ =0, Kymra=0.



6 THEOREM OF RECIPROCITY OF WORK

The theorem of reciprocity of work is extended by following and developing some steps in [3]
on pages 179-182. We assume that the body is homogeneous and moreover that the initial state is
static, so that in particular 6° =0, 7° = 0. Here we do not assume that 6° is uniform. The Laplace
transform of functions v = v(x, t),

v(x, p) = /000 e Ply(x, t)dt, (46)

will be used below. Consider two sets of causes A', A/ for incremental processes, and respective
effects (uq, @, 0), (ul,, ¢’, 8"). Starting from the equations of motion

Klop+ pofa=poiia,  Klar+ pofa= poiily, (47)

taking their Laplace transform, multiplying each by 0°, then multiplying the first by @, and the
second by u,, and making the difference of their integrals over the instantaneous region V', assuming
that the initial conditions for the displacements are homogeneous, and performing some very lengthy
algebraic manipulations, we obtain

1[/0 (77QF ~ 7@ )Ny ds -

; (0l -9, QL) av ] 48)

Vo

—I—pPM/ ﬁ(,@( —0VWi + 91W1](4>dV
+p[ / %(ﬁm’a - F’aﬂa)dv +/ GT(FILQH’Q - FlLaﬂa>NLdS

+ [ F(AT - BT Nuds - [ @ (867 - A7) av

*/Vo o0, 1L (ﬁWiLl’fWWLl)de/O(OO)VL(@@lei’La@)dV} (49)

7? A1
1 _ prr_ —
+/opo(9 o = 0T )av = 0. (50)

The latter is the final form of the theorem of reciprocity of work, containing all causes and effects. It
generalizes Eq.(62) of [3], and reduces exactly to the latter in case of vanishing initial fields, that is,
when the initial configuration is natural.
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