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The aerodynamic force experienced by a solid body and the physical interpretation of the processes
involved in its genesis represents an issue of fundamental importancein the fluid dynamics. The far
field formulations, alternative to the standard near field expression of the aerodynamic force, arein-
troduced because they bring together several advantagesin the physical understanding and technical
applications. A recent far field theory clarifies the role of the Lamb vector in the generation of the
aerodynamic force for an incompressible viscous flow. In the present paper this theory is reviewed
and numerically applied for flows at high Reynolds numbersin steady and unsteady conditions. For
these scopes, a straightforward extension to the analysis of flows governed by the Reynolds Aver-
aged Navier Stokes equations has also been proposed. As applicative examples, the aerodynamic
force (lift and drag) of atwo dimensional airfoil under steady and unsteady conditions is computed
by means of Lamb vector integrals.

1 Introduction
The aerodynamic force E , by means of the momentum balance equation, can be expressed in
two alternative formulations, the near field and the far field one, as follows:
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where § B isthe surface of asolid body B and X isthe external surface of afixed control volume (2,
see figure 1(a). In equation (1), p is the pressure, | is the unit tensor, T is the viscous stress tensor,
n is the normal versor, positive when pointing outward, p is the flow density and u is the velocity
vector. The equation (1) is vaid for a compressible steady and viscous flow. Even though the far
field formulation is formally equivalent to the near field form, it is often used to address several
specific issues of the Applied Aerodynamics.

In the experimental aerodynamics context, the need of using alternative approaches to the near
field form appeared very quickly. The correlation of the profile drag component of an airfoil with the
flow defect in the wake represented the first effective application of the far field form (Betz, 1925).

In principle, the Computational Fluid Dynamics (CFD) should not be touched by these aspects.
The continuous growth of the computer power alows for aerodynamic analyses of more and more
complex configurations. Nevertheless, this does not assure a reliable confidence on the calculated
drag component, even if the solution is locally accurate, because of discretization error and artificial
viscosity effects, (see van Dam (1999) for a comprehensive review). Among the various numerical
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Figure 1: (a) Schematic representation of the control volume 2, the body surface &B and external surface X. (b) Special-
ization of the control volume €2 for an airfail, the wake surface >; and the outer surface > 5.

methodologies, it has also been shown how the far field formulation can aid in the identification of
spurious numerical contributions associated with the prediction of the aerodynamic force, (Paparone
& Tognaccini (2003), Destarac & van der Vooren (2004)).

The breakdown of the aerodynamic drag is another research branch in which the far field methods
give a significant contribution. The possibility to recognize the specific components of the physi-
cal processes involved is of fundamental importance for the aerodynamic designers. Of particular
interest is the identification of the induced drag component over afinite wing in case of areal flow.

However, the research on the prediction and breakdown of the aerodynamic force has been lim-
ited to the analysis of steady flows. The extension to unsteady flows necessarily increases the com-
plexity of the formulation. Wu J. C. (1981) showed a correlation of the aerodynamic force to the
first moment of the vorticity, applicable also to unsteady flows by supposing afluid at rest at infinity
in an unbounded domain. Panda & Zaman (1994) used such result in a wind tunnel facility by
measuring the vorticity around an oscillating airfoil so showing the practical possibility to infer the
unsteady aerodynamicforce. Wu J.Z. & a. (2006), recently extended the Wu J.C.’sformulationto a
more general case by removing some of the hypotheses underlying the previous theory of the 1981.
In this theory, the Lamb vector |, defined asw x u (where w isthe vorticity and u is the velocity),
appears to be the key quantity in the generation of the aerodynamic force. Besides, Wu J.Z. & al.
(2007) showed the first numerical applications of this theory to flows at low Reynolds number.

The aim of the present paper is to propose a specialization of Wu J.Z.'s theory for flows at
high Reynolds number. For this purpose, flow solutions arising from the Euler equations and the
Reynolds Averaged Navier Stokes (RANS) equations have been considered. In § 2 abrief recall of
thetheory proposed by Wu J.Z. with aformal extensionfor RANS solutionsisreported. Applications
to inviscid and viscous flow fields around a two dimensional airfoil in both steady and unsteady
conditions are presented in § 3. Comparisons of the aerodynamic force computed between the far
field technique and the classical wall integration method are shown to verify and validate the theory.
In § 4, some concluding remarks are drawn.

2 Far field formulation of the aerodynamic force
Consider a solid body B immersed in a free stream flow U.,. Let ¥ be an external surface
surrounding the solid body B, as sketched in figure 1(a). By specifying with €2 the flow domain, Wu



J.Z. providesthe expression of the aerodynamic force E through the sum of three contributions:
E=E;+Enu+Em 2

The contribution E ; has two aternative and equivalent expressions, named diffusion E Id and
advection F ; , form respectively. They are:
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where p is the dynamic viscosity, X' = x /(d — 1), x isthe position vector and d = 2, 3 is the space
dimension. The vortex force, namely, the volume integral of the Lamb vector, appears explicitly in
equation (3b). The contribution F ;; is made up of surface integrals on X:
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The contribution E ;;; is associated with the local solid body acceleration a, which is zero in case of
a stationary motion.
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It is worth to note that in equation (3b) the surface integrals on 09X in steady case may be reduced to

Y becauseu - n = 0 on 9B. Moreover, for the unsteady case, this contribution can be embodied in

(3d) asfollows:
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Once afluid dynamic field is provided, the theory of Wu, as formulated in equations (3), allows
for computing the aerodynamic force in terms of vorticity w and Lamb vector |_fields. Applications
of such results have been shown by Wu J.Z. & a. (2007) for circular cylinder flows at Reynolds
~ 10*. However, it has been supposed that the fluid dynamic field is governed by the Navier Stokes
equations in laminar flow regime. Therefore, further analyses are needed before applying such
resultsto flow solutions at high Reynolds number.

2.1 Fullyinviscid flows

In case of an inviscid but rotational flow, the dynamic viscosity 4 = 0. As a consequence, by
equations (3), E ;; and E ; , are zero. From the equivalence of the diffusion and advection forms,
we should also have E ; , = 0. But this equivalence only subsists for viscous flows. In fact, by
decomposing the vorticity into two components, one of which parallel to the velocity direction,
w=w;tw,, it results a non zero Lamb vector field | if the componentw | # 0. The steady
inviscid flow around an airfoil with a sharp trailing edge experiences a non zero aerodynamic force
just dueto anon zerow | . Such force can only be computed by the advection form (3b).



2.2 Laminar boundary layer flows
By specifying with ¢,. thereference quantity of ¢ and with ¢* the corresponding non dimensional
guantity, the non dimensional expressions of equations (3) are:
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where Re, = p,U,L,/;u is the Reynolds number and E = p,U2L2 E*. Only E; , and E7;
explicitly depend on the Reynolds number. In case of alaminar boundary layer flow (Re > 1), the
classical analysis of the orders of magnitude allows for neglecting the integral F*;,; and computing
the aerodynamic force by using only the contributions F*; , or ;.

2.3 Turbulent boundary layer flows

In case of turbulent flows, the numerical methods most widely used are based on space filtered
or time averaged Navier Stokes equations, commonly referred as LES (Large Eddy Simulation) or
RANS (Reynolds Averaged Navier Stokes) methods. In both cases, the filter process introduces an
extra term in the momentum equation having the form of a second order tensor 7 £, (Pope , 2000).
By referring hereafter to the RANS equations and by indicating with (¢) the averaged value of ¢,
equations (5) have to be transformed according to the average procedure. However, it is possible
to verify that while the Reynolds averaged advection form is obtainable by substituting the corre-
sponding averaged quantities in the integrand function, this does not occurr for the diffusion form,
where new terms associated with 7t appear. However, some simplifications are allowed in the hy-
pothesys of turbulent boundary layer. According to Pope (2000), in the boundary layer theory, only
the derivatives of the shear stress components (u'v") with respect to the wall normal distancey have
the same order of magnitude of the mean quantities. Thus, within this approximation the integral
(5¢) reducesto:
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wherei and j are unit vectors, and n, is the wall normal component of n. It is worth noting that this
contribution is zero on ¥ when n. = 4, but in the general case it can not be neglected as in laminar
boundary layer flows.

3 Applications

Although the diffusion and advection form are equivalent, the latter shows several advantages
in the application context. At first, the diffusion form requires the calculation of the third spatial
derivative of the velocity field, cumbersomeif the spatial resolution isnot sufficient. On the contrary,
first order derivatives are only required for the advection form. Another problem is that, in case of



turbulent flows, the diffusion form (E ; ;) involves the Reynolds stress tensor —°. In addition, it can
not be applied in case of inviscid flows. B

In figure 1(b) it is proposed a selection of the integration domain €2 based on a typical compu-
tational grid used for CFD calculations around two dimensional airfoils. The external surface X is
divided into two parts, ¥ and X ;, obtained by fixing a grid line at an index i and j respectively.
By specializing the integrals (3) and the body surface contribution (4) in an orthogona cartesian
reference system Oxy, with the z axis parallel to U, we have:

c, = —2/ (ly—a:a—w)dV +2/ a:w(g-n)dS—Q/ zagdS
Q ot b aB
(79)
ow
Cd:—2/ (L +ya—)dV—2/ yw(g-n)d5+2/ yagpdS
Q t s oB
(7b)
whereap = |n x (@a—1)|. It is straightforward to see that a — | on 9B is aways norma to

the direction joining the rotation centre and the surface point together. As a consequence, for thin
oscillating airfoils a g results negligible.

In the following, such results will be applied to numerical solutions of two dimensional flows
around aNACAO0012 airfoil at high Reynolds number obtained from a standard CFD code for aero-
dynamics applications (Jameson & al. , 1981). The C-type computational grid used for the inviscid
flow computations has 448 x 112 cellsin stream wise and normal wise directions respectively. For
turbulent computations, the grid used has 768 x 200 cells. In both the cases, the external boundary
is located at about 30 chord units from the airfoil surface. Some tests with a domain of about 100
chords have also been performed. The turbulent calculations are performed through a RANS ap-
proach with a k — w turbulence model (Kok (2000)). Theintegralsare numerically computed using
the cell centered data of the flow solver output. The data are considered as averages over the cell
volume, which is consistent with the discretization of the flow equations.

3.1 Steady and inviscid flow around airfoils

Thelift on an airfoil immersed in an inviscid and steady flow field can be computed using equa-
tion (7a). Nevertheless, anumerical solution of the steady Euler equations around an airfoil does not
provide any vorticity in the field and, as a conseguence, the integrals of the Lamb vector should not
be able to provide the correct lift value. However, equation (7a) can be applied in a fully inviscid
flow by considering the Euler solution asalimit of aNavier Stokes solutionfor Re — oo. Assuming
azero velocity at thewall, avorticity layer extending for £ /2 is created.
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where ¢ is the normal spacing of the first cell near the solid wall, and u , is the corresponding flow
velocity. As a consegnence, the Lamb vector is:

2u
|—8/4:g5/4xu6/4:(?1 Xﬂ) Xus/4 (9)
wheregg/4 = 0.5u, isthevelocity at r = £/4. Thus, by computing the Lamb vector integral in a
volume Q surrounding the solid body, having a thickness /2 in the normal direction it is possible
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Figure 2: NACA0012 airfail, fully inviscid flow solutions. (a) Wall vorticity computed using equation (9). —, h = 1; ——,
h =2; — - —, h = 4. (b) Lift coefficients. open symbols refer to the near field method, full symbolsto the far field method.
Circle, « = 2°; square, o = 4°.

to show that such integral supplies the standard near field expression of the aerodynamic force in
an inviscid steady flow. This result has been verified on the numerical inviscid solution around the
NACAOQ012 airfoil at o = 2° and a = 4°. In figure 2(a) the vorticity at the wall computed by using
equation (9) is plotted versusthe airfoil chord for the solution at o = 4 °, for different mesh size. As
it can be observed, the vorticity intensity grows as grid spacing ratio h* decreases. In figure 2(b),
thelift coefficients computed by refining the grid are reported. These values are computed with both

the near field formulaand equation (7a). The Lamb vector integral convergestowards the near field

resultash — 0.

3.2 Inviscid and unsteady flow around airfoils

An inviscid flow around an oscillating airfoil is characterized by a release of free vorticity w
in the flow field. This vorticity is responsible for the time delay between the aerodynamic force
and the airfoil angular position, and it is superimposed to the bound vorticity w? associated with
the airfoil surface. In this section it will be shown how the use of Lamb vector integrals allows for
a decomposition of the aerodynamic force of kind C'; = C/ + C}, where C/ and C'} are the
contributions associated with w?/ and w® respectively.

In fact, while the total lift coefficient is obtainable by equation (7a) considering the Lamb vector
l. /4 8 donein the steady case, the contribution C ,f is given by integrating the vorticity field shed
in the wake, namely, by the surfaceintegral on X , located just downstream the airfoil.

The numerical solution of the Euler equations around the NACA0012 airfoil has been considered
by imposing a pitching periodic motion with the rotation axis at (0.25,0). The angle of attack law
isa = 7.5°sin(2kt), where k = 0.05 is the reduced frequency. The analytical solution provided
by Theodorsen (1935) for amoving flat plate has also been reported as areference. The integration
domain ) has been selected by locating the surface ¥ ; just downstream the trailing edge of the

h = \/N;/Nc, Ny and N, arethe cell numbers of the fine and coarse grids.
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Figure 3: NACA0012, fully inviscid unsteady flow solution, a = 7.5° sin(2kt), k = 0.05. Comparisons of the hysteresis
curves of lift coefficient. (a) —, far field ; ——, near field. (b) —, bound vorticity contribution; ——, real part of Theodorsen
solution.

airfoil, and the surface ¥ ; near the outer boundary. In figure 3(a), a comparison between the lift

hysteresis curve computed through equation (7a) and the near field method is shown. The curvesare

plotted as function of the instantaneous flow incidence «. Equation (7a) provides a good agreement

with respect to the wall integrated data. In figure 3(b), the effects of the bound vorticity w? are
detected by plotting the real part of the Theodorsen solution and the contribution associated with

the surface 3 ;. As expected, such contributions provide a curve practically in phase with respect to
the instantaneous angular position. The real part of Theodorsen’s solution shows a dightly different

slope due to the effects of the finite thickness of the airfoil. As pointed out before, the contribution

of the body surface integral has a negligible effect on the total lift coefficient.

3.3 Turbulent steady flow around airfoils

Thefar field computation of the aerodynamic coefficients has been applied to a steady turbulent
flow around atwo dimensiona airfoil. Three Reynolds numbers have been investigated, Re = 106,
5 x 105, and 107 at angles of attack 0° < a < 6°. The aerodynamic coefficients have been
calculated by varying the location of the surfaces ¥ ; and X ;. Furthermore, each contribution has
been normalized by the corresponding near field coefficient in a such way:

(C1)Farfield (Ca)Farficid
O = CWFarfield (e . & d)Farfield
() (C1)Nearficld (©a) (C 4) Near field

where the superscript * specifies the normalized coefficient. In the following the discussion for the
Y7 and X ; dependency is presented separately.

e Influence of X7 position
Infigure 4(a) the effects on the aerodynamic force computation by moving the surface ¥ ; from
the airfail trailing edge (z/c = 1) to the external boundary (z/c = 30) is visible. The surface
Y iskept fixed at adistance L of about 30 chord units from the airfoil. For shortness, only
the lift coefficient is examined. Although different o and Reynolds numbers flow solutions
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Figure4: NACA0012 airfoil, turbulent flow solutions at Reynolds numbers 10°, 5-106 and 107. Angles of attack v = 2°,
4° and 6°. Normalized aerodynamic coefficients. (8) Effect of the ; position on (C';)*. (b) Effect of the X; position on
(Ca)"

are reported, no significant dependency upon these parametersis visible. The (C ;)* is~ 1
within an approximation of 2% for all 2 athough the computational mesh is quite coarse near
the externa boundary.

e Influence of X ; position

In this case, the surface X is kept fixed just after the trailing edge airfoil, while the surface
Y7 is moved along the wall normal direction. The discussion is presented only for the drag
coefficient. Infigure 4(b), the (C 4)* is plotted as function of y, taken along the grid line of the
Y1 location. Thelogarithmic scale for thewall normal direction has been used to highlight the
viscousregion. It isshown that theintegrals convergetoward the near field valuesfor y greater
than the boundary layer thickness. Oncethe convergenceis achieved, avery small dependency
isvisible upon a and the Reynolds number. In the boundary layer large overshoots are visible
because of the neglected terms associated with the turbulent shear stress componentsas stated
in§23.

3.4 Turbulent unsteady flow around airfoils

Finally, the far field integrals (7) are applied to the analysis of an oscillating airfoil in turbulent
flow conditions. The oscillating motion has been imposed through a sinusoidal variation of the
angle of attack o = 7.5° sin(2kt), with a reduced frequency £ = 0.05 and Reynolds number
Re = 1.35 - 10°. Theintegration domain 2 has been fixed with the surface ¥ ; just downstream the
airfail trailing edge, and the surface ¥ ; outside of the turbulent boundary layer. In figure 5(a) the
hysteresis curve of the lift and drag coefficientsis reported as function of the instantaneousincidence
for both the near field and far field formulations. A very good agreement has been achieved. By
using equations (7a) and (7b) several decompositions of the aerodynamic force are possible. In
particular, following the unsteady inviscid flow analysis, the free vorticity w / shed in the wake can
be detected through the surface integral on X ;. For difference, the effect of the bound vorticity,
reported in figure 5(b), is obtained by eliminating the X ; contribution. Asin the fully inviscid case,
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Figure 5: NACA0012 airfoil, unsteady turbulent flow solution at Reynolds number Re = 1.35 - 10°, e = 7.5° sin(2kt),
k = 0.05. Comparison of the aerodynamic coefficients. —, far field; ——, near field (&) Lift coefficient. (b) Lift coefficient
associated with the bound vorticity.

this last one results to be practically in phase with the airfoil angular position . The same kind
of the decomposition has been applied to the drag coefficient but for shortness it has not reported
here.

4 Conclusions

An incompressible far field analysis of the aerodynamic force on a two dimensional airfoil has
been conducted by computing integrals of Lamb vector field. The theory on which such analysisis
founded, was initially developed for viscous flows. In the present work it has been extendend and
applied to various flow typologies characterized by high Reynolds numbers. For turbulent flows the
theory has been made suitable for the Reynolds Averaged Navier Stokes equations. Four kind of
applications have been shown.

In case of fully inviscid and steady flows, amethod to introduce a proper Lamb vector field near
the solid walls has been proposed by interpreting the Euler flow as limit of a Navier Stokes solution.
In this way the correct aerodynamic force can also be obtained from a numerical solution of the
Euler equations.

This result has also been extended to an unsteady inviscid flow solution around an oscillating
airfail. The contribution of the free vorticity shed in the wake has been detected by the Lamb vector
integrals and compared with the analytical results provided by Theodorsen for an oscillating flat
plate. The bound vorticity contribution has also been identified as the component of the aerodynamic
force in phase with the instantaneous angular position of the airfoil.

The extension of the theory to turbulent flows has permitted to deal with numerical solutions gov-
erned by the Reynolds Averaged Navier Stokes equations. It has been shown that in case of laminar
boundary layer approximation, some contributions of the complete expression of the aerodynamic
force are negligible. In case of turbulent boundary layer, the same analysis remarks the importance
of aterm associated with the turbulent stress tensor. However, it has been shown that through a
proper choice of the external surface orientation this contribution does not need to be computed.



The effect of the integration domain has been investigated at different Reynolds numbers and angles
of attack.

From a numerical point of view, the most accurate values of the aerodynamic force have been
obtained with an integration domain that intersects the wake just downstream the airfoil trailing edge
and that contains the whole boundary layer region. A certain dependency upon the outer boundary
conditions has been noted.

Finally, the case of an unsteady and turbulent flow field around an oscillating airfoil has been
discussed. Analogously to the fully inviscid case, the effect of the bound vorticity has also been
recognized as the contribution in phase with the instantaneous angular position of the airfoil.
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