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E-mail: pozzi@unina.it, rtogna@unina.it

Keywords: Thermo-fluid Dynamics, Conjugated heat transfer, analytical methods.

SUMMARY. The exact analytical solution of the unsteady impulsive Thermo-fluid dynamic field
arising in a two-dimensional channel with thick solid wallsis presented when the thermal field in
the fluid is coupled with the thermal field in the solid. Two cases are considered depending on the
boundary condition imposed on the unwetted sides of the channel walls: assigned temperature and
adiabatic condition. The analytically computed temperature and heat flux at the solid-fluid interface
are analysed as function of time and of the nondimensional parameters governing the problem.

1 INTRODUCTION
In Fluid dynamic problems both temperature and heat flux at a solid-fluid interface are in general

unknownand should be determined by simultaneous and coupled solutions of the Thermo-fluid dy-
namic equations in the fluid and the energy equation in the solid. This problem is known in literature
asConjugated heat transfer[1]. Anyway conjugated phenomena are usually neglected in Fluid Dy-
namics because either the temperature or the heat flux areassignedas boundary conditions. These
effects are, however, relevant in many applications such asaerospace and cooling technologies.

The lack of exact analytical solutions of the Thermo-fluid dynamic field and the difficulty in
the solution of the coupled problem itself implies that conjugated problems are usually studied by
approximate or numerical methods [2]. Therefore it is difficult to identify “a priori” when conjugated
effects can be neglected and the standard boundary conditions can be used.This problem is further
complicated by the lack of identification of the nondimensional parameters ruling the phenomenon.
Moreover it is important to know how these parameters governthe field, difficult by numerical
methods.

Just in the recent years exact analytical solutions describing conjugated effects have been pub-
lished. Pozzi & Tognaccini[3] found the solution for the conjugated heat transfer in the case of an
impulsively accelerated flow from rest to a constant speed over an infinite plate of finite thickness in
the case of imposed temperature and of adiabatic condition on the unwetted side of the plate. Pozzi
et al.[4] showed that, in the cases of plate of infinite thickness the solutions in both the fluid and
in the solid are self-similar with very simple analytical expressions. These papers evidenced that
the key role in conjugated thermal effects is played by thethermal activity ratiodefined as the ratio
between the thermal effusivities in the fluid and in the solid.

Pozzi & Tognaccini[5] have recently added another family tothe short list of exact analytical
solutions of the Navier-Stokes equations of practical relevance. Indeed they presented the solution
of the completely developed unsteady flow in a two-dimensional channel when an arbitrary time
varying pressure gradient is imposed (unsteady Poiseuilleflow). The solution has been straightfor-
ward extended to the case of a moving wall with arbitrary timedependent velocity (unsteady Couette
flow). In addition, the temperature field has also been analytically computed in the case of assigned
time varying temperature at the walls for an arbitrary Prandtl number in the case of Eckert number
equal to zero and for the relevant case of Prandtl number equal to one in the case of arbitrary Eckert
number (whose effects are usually neglected in literature).

1



With the help of these results, we now present a further step in the analysis of conjugated heat
transfer. Indeed these effects are analytically studied when the unsteady channel flow with assigned
impulsive pressure gradient is developing between walls offinite thickness and the thermal boundary
conditions (constant temperature or adiabatic wall) are assigned on the unwetted side of the chan-
nel. The physical problems in the fluid and in the solid are coupled enabling the continuity of the
temperature and of the heat flux at the solid-fluid interface.

2 THE PHYSICAL PROBLEM
We consider an infinite two-dimensional channel with section length2 d. Both solid walls of

the channel have thicknessb. We shall consider problems symmetrical with respect to thechannel
axis. At timet = 0 the fluid is impulsively accelerated by imposing a constant pressure gradient
dp/dx. The boundary conditions for the thermal field are imposed onthe unwetted side of the thick
walls and are constant along the channel axis, therefore thesolution only depends on time and on
the spatial coordinate orthogonal to the wall.

We assume that an incompressible, laminar flow with constantproperties (kinematic viscosityν
and thermal conductivityλ) arises in the channel. In this case the dynamic field is not coupled with
the temperature one and the momentum equation is linear since the flow is parallel. An analytical
solution of the problem has been proposed in [5].

The energy equations in the fluid and in the solid assume the following forms:

∂θ

∂τ
− 1

Pr
∂2θ

∂η2
= E

(

∂u

∂η

)2

,
∂θ̄

∂τ
= tfs

∂2θ̄

∂Y 2
, (1)

whereη is the nondimensional spatial coordinate in the fluid (referenced tod) and origin placed
on the channel axis,Y is the spatial coordinate in the solid lower wall (referenced to b) and origin
placed on the unwetted side of the plate (Y = 1 corresponds toη = 0), τ is the non dimensional time
referenced tod2/ν, θ = (T − T0)/T0 is the temperature in the fluid (T0 is the initial temperature
in the fluid), θ̄ is the temperature in the solid andu is the axial fluid velocity referenced toVref =
−(dp/dx) d2 /(2µ) (µ is the dynamic viscosity).Pr is the Prandtl number;E = V 2

ref/(cpT0) is
the Eckert number (cp is the specific heat at constant pressure in the fluid).tfs = dαs/(Vref b2) is
the ratio between the reference times in the fluid and in the solid (αs is the thermal diffusivity in the
solid andL a reference length for the fluid).

The coupling between the thermal field in the fluid and in the solid is obtained by imposing the
continuity of the temperature and of the heat flux at the solid-fluid interface in this way:

θ(τ,−1) = θ̄(τ, 1) = θw(τ), p
∂θ

∂η
(τ,−1) =

∂θ̄

∂Y
(τ, 1) , (2)

wherep = (b/d)(λ/λs) (λs is the thermal conductivity in the solid).
The initial conditions for the temperature fields are

θ(0, η) = 0, θ̄(0, Y ) = 0; (3)

at the initial time the fluid and solid are in thermal equilibrium.
Two cases are studied here, depending on the condition imposed on the unwetted side of the

plate:

(a) isothermal case, the temperature is kept at a constant valueθ̄(τ, 0) = θe;

(b) adiabatic case, the heat flux∂θ̄/∂Y (τ, 0) = 0.
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3 THE TRANSFORMED SOLUTION
3.1 The solution in the fluid
We propose here the solution of the coupled equations (1) in the relevant case ofPr = 1.
Denoting withΘ(s, η) = Lτ [θ(τ, η)] the Laplace transform with respect time of the fluid tem-

perature we have

Θ(s, η) =

[

Θw(s) +
4E

s3

]

cosh(
√

s η)

cosh
√

s
+ Θp(s, η), (4)

whereΘw(s) = Lτ [θw(τ)] andΘp(s, η) = Lτ [θp(τ, η)], whereθp is a particular integral of equation
(1) in the fluid forPr = 1:

θp(τ, η) = −E

2
[u(τ, η) − 2τ ]

2
. (5)

u(τ, η) has been proposed in [5] by an infinite series of Jacobiθ2 functions. The calculation of the
temperature field in physical variables only requires the knowledge ofΘp at the solid-fluid interface
whereu = 0 and the Laplace transform ofθp is trivial.

3.2 The solution in the solid
The solution in the solid depends on the assigned boundary condition imposed on the unwetted

side of the channel wall.

Isothermal case

Θ̄(s, Y ) = Θw(s)
sinh (σY )

sinhσ
+

θe

s

sinh [σ(1 − Y )]

sinhσ
, (6)

whereΘ̄ is the Laplace transform of the temperature in the solid andσ =
√

s/tfs.

Adiabatic case

Θ̄(s, Y ) = Θw(s)
cosh (σY )

coshσ
. (7)

Coupling condition
Both transformed solutions in the fluid and in the solid are unknown since depend on the un-

known transformed interface temperature, which can be obtained by coupling the solutions in the
fluid and in the solid. In the previous equations the continuity of the temperature across the solid-
fluid interface has been already taken into account (Θ̄w = Θw). By imposing in transformed vari-
ables the continuity of the heat flux we obtain:

p

(

∂Θ

∂η

)

w

(s) =

(

∂Θ̄

∂Y

)

w

(s) . (8)

The temperature at the solid-fluid interface can be obtainedsubstituting equations (4),(6) and (7)
in equation (8). Specifying withΛ = p

√
tfs, we have:

Isothermal case

Θw(s) =
1

cothσ + Λ tanh
√

s

[

2EΛ

s2

(

tanh
√

s√
s

− 1

cosh2 √s

)

+
θe√

s sinhσ

]

; (9)
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Adiabatic case

Θw(s) =
1

tanhσ + Λ tanh
√

s

[

2EΛ

s5/2

(

tanh
√

s√
s

− 1

cosh2 √s

)]

. (10)

4 THE TEMPERATURE AT THE SOLID-FLUID INTERFACE
The physical temperatures at the solid-fluid interface are obtained by performing the inverse

Laplace transforms of equations (9) and (10) which, however, are not straightforward.

4.1 The isothermal case
In this case equation (9) can be written as follows:

Θw = 2EΛ

(

ΘE1

s3
− ΘE2

s5/2

)

+
θe

s
Θe, (11)

where

ΘE1 =
tanh

√
s

Da
, ΘE2 =

1

cosh2 √s

1

Da
, Θe =

1

cosh2 σ

1

Da
, (12)

with Da = coth σ + Λ tanh
√

s.
Each term in equation (11) can be expanded in series by takinginto account for the properties of

the binomial series. In particular, specifying withβ = (1 − Λ)/(1 + Λ):

ΘE1 =
1

1 + Λ
{1 − (1 + β)·

∞
∑

h=0

(−1)h
h

∑

r=0

βr

(

h

r

) r
∑

j=0

(

r

j

)

[

e−
√

s(bh+2u) + e−
√

s(bh+2)
]







, (13)

ΘE2 =
4

1 + Λ

∞
∑

h=0

(−1)h
h

∑

i=0

(

h

i

) i
∑

j=0

βi−j(1 + β)j

(

i

j

)

·

i−j
∑

s=0

(

i − j

s

) j
∑

r=0

(

j

r

)

[

e−
√

s(eh+2) − e−
√

s(eh+2+2u)
]

, (14)

Θe =
2

1 + Λ

∞
∑

h=0

(−1)h
h

∑

r=0

βr

(

h

r

) r
∑

j=0

[

e−
√

s(bh+u) + e−
√

s(bh+u+2)
]

, (15)

wherebh = 2[u(1− j) + h + j − r], eh = 2[u(h− i + s + j − r) + 2h− j − 2s] andu = 1/
√

tfs.
The inverse Laplace transform of each term in these series can now be performed.

4.2 The adiabatic case
In the same way, equation (10) can be written as:

Θw = 2EΛ

(

ΘEb1

s3
− ΘEb2

s5/2

)

, (16)
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where

ΘEb1 =
tanh

√
s

Db
, ΘEb2 =

1

cosh2 √s

1

Db
, (17)

with Db = tanhσ + Λ tanh
√

s.
The series expansion of each term in equation (10) is

ΘEb1 =
1

1 + Λ

{

1 + (1 + β)

∞
∑

h=0

h
∑

r=0

βr

(

h

r

)

·

r
∑

j=0

(−1)2h−j

(

r

j

)

[

e−
√

s(bh+2u) − e−
√

s(bh+2)
]







, (18)

ΘEb2 =
4

1 + Λ

∞
∑

h=0

h
∑

i=0

(

h

i

) i
∑

j=0

(

2

1 + Λ

)i−j

βj

(

i

j

)

·

i−j
∑

s=0

(

i − j

s

) j
∑

r=0

(−1)2h−i+s+r

(

j

r

)

[

e−
√

s(ch+2+2u) + e−
√

s(ch+2)
]

, (19)

wherech = 2[u(r + s + h− i) + j − i + 2h− 2r]. The inverse transform can be now easily found.

5 LOCAL AND ASYMPTOTIC ANALYSIS OF THE TEMPERATURE
The local (τ → 0) and asymptotic (τ → ∞) solutions can be obtained performing the analysis

in transformed variables by the Abelian and Tauberian theorems.

5.1 Isothermal case
Forτ → 0 we have

Θw(s) ≈ 2E
Λ

1 + Λ

1

s3
(20)

and

θw(τ) ≈ E
Λ

1 + Λ
τ2. (21)

In this case of flow driven by an imposed impulsive pressure gradient, the temperature at the solid-
fluid interface is continuous and grows asτ2. On the contrary, the interface temperature was discon-
tinuous at the initial time when the initial velocity had an impulsive jump, see [3].

Forτ → ∞ we have

Θw(s) ≈
(

4EΛ

3
√

tfs
+ θe

) (

1

s
− a1

a1s + 1

)

(22)

and

θw(τ) ≈
(

4EΛ

3
√

tfs
+ θe

)

(

1 − e−τ/a1

)

, (23)

wherea1 = Λ/
√

tfs + 1/(3tfs). Therefore, for large time values, the interface temperature expo-
nentially tends towards a constant valueθwa∞ = 4EΛ

3
√

tfs
+ θe which is always higher than the value

imposed on the external wall.
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Figure 1: Temperature at the solid fluid interface versus time. (a): isothermal case (θe = 1). (b):
adiabatic case.E = 1, Λ = 1, tfs = 0.5. —: exact solution;−−−: local solution;−·−: asymptotic
solution.

5.2 Adiabatic case
In this case, forτ → 0 we have the same behaviour of the interface temperature thatwe have

obtained in the isothermal case, equations (20) and (21); i.e. for small time values the interface
temperature does not depend on the condition imposed on the unwetted side of the plate. This result
should not surprise, because in the solid, near the interface, asτ → 0 (small time and length scales),
the unwetted side of the plate looks infinitely far.

Forτ → ∞ we have

Θw(s) ≈ 4

3
E

Λ

Λ + 1/
√

tfs

1

s2
(24)

and

θw(τ) ≈ 4

3
E

Λ

Λ + 1/
√

tfs
τ. (25)

In case of adiabatic external wall of the channel, due to the dissipation of kinetic energy, for large
time values the temperature at the solid-fluid interface (and terefore in the fluid and in the solid too)
indefinitely grows linearly.

6 THE HEAT FLUX
The transformed heat flux at the solid-fluid interface can be obtained differentiating equations

(6) and (7).
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Figure 2: Heat flux at the solid fluid interface versus time. (a): isothermal case (θe = 1). (b):
adiabatic case.E = 1, Λ = 1, tfs = 0.5. —: exact solution;− − −: local solution;− · −:
asymptotic solution.

Isothermal case
(

∂Θ̄

∂Y

)

w

(s) = σ

[

Θw(s) coth σ − 1

sinhσ

θe

s

]

. (26)

Adiabatic case
(

∂Θ̄

∂Y

)

w

(s) = σΘw(s) tanh σ. (27)

6.1 The isothermal case
In this case we have:

(

∂Θ̄

∂Y

)

w

= σ cothσ

[

2EΛ

(

ΘE1

s3
− ΘE2

s5/2

)

+
θe

s
Θe

]

− u

sinhσ

θe√
s

(28)

Taking again into account for the properties of the binomialseries we have:

cothσ = 1 − 2
∞
∑

p=0

(−1)2p+1e−2u
√

s(p+1). (29)

Therefore a series expansion of the term within square brackets can be straightforward obtained.
Once the series expansion has been obtained, the inverse transform of each term is straightforward
as in the previous section.

The inverse transform of the last term in equation (28) can beobtained due to the property of the
Jacobiθ3 function [6] applied forq = 1 andq = 1/2:

L−1
τ

{

cosh[(2q − 1)
√

s√
s sinh

√
s

}

= θ3(q, τ), (30)
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where

θ3(q, τ) =

+∞
∑

k=−∞

e−(q+k)2/τ (31)

with 0 ≤ q ≤ 1 and applied forq = 1/2.
As for the analysis of the temperature, a local and asymptotic analysis of the heat flux can be

performed by the Abelian and Tauberian theorems. Forτ → 0, the heat flux is given by

(

∂θ̄

∂Y

)

w

=
8EΛ

3
√

π
√

tfs(1 + Λ)
τ3/2. (32)

Forτ → ∞:
(

∂θ̄

∂Y

)

w

=

(

4EΛ

3
√

tfs
+ θe

)

(

1 − e−τ/a1

)

− θe. (33)

For small and large time values, due to the dissipation of kinetic energy, the fluid is always heating
the walls of the channel, even ifθe > 0. For large time values the heat flux become constant and is
θwa∞ − θe.

6.2 The adiabatic case
The differentiation of equation (16) gives

(

∂Θ̄

∂Y

)

w

= 2EΛu

(

tanhσ
ΘEb1

s5/2
− tanhσ

ΘEb2

s2

)

+ θ0u tanhσ
Θ0b

s
. (34)

Again, since

tanhσ = 1 − 2
∞
∑

p=0

(−1)pe−2u
√

s(p+1), (35)

we can obtain a series expression for each term of equation (34) and the inverse Laplace transform
can be analytically obtained.

Forτ → 0 the behavior of the heat flux is given by equation (32). Forτ → ∞:

(

∂θ̄

∂Y

)

w

=
4

3
E

Λ

tfsΛ +
√

tfs
. (36)

7 ANALYSIS OF THE RESULTS
The temperature at the solid-fluid interface is plotted in figure 1(a) for the isothermal case and in

figure 1(b) for the adiabatic case. The exact solutions are compared with the local and asymptotic
ones. In the isothermal case (withθe > 0), the temperature grows and reaches a constant asymptotic
value which is higher than the imposed temperatureθe (it depends on the Eckert number and on
Λ). As in the case of Rayleigh flow over a thick plate [3],Λ = p

√
Pr

√
tfs is the main additional

parameter ruling the conjugated effects. Also in the present caseΛ is related to the thermal activity
ratioER =

√

ρcpλ/
√

ρscps
λs:

Λ =
ER√

Re
, (37)
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Figure 3: Temperature at the solid fluid interface versus time for different values of the Eckert
number. (a): isothermal case (θe = 1). (b): adiabatic case.Λ = 1, tfs = 0.5. − · −: E = 0.1; —:
E = 1; −−−: E = 10.

whereRe= ρVrefd/µ is the reference Reynolds number of the flow.

In the adiabatic case, ifE 6= 0 the interface temperature, as already noted by the asymptotic
analysis, indefinitely grows with linear law.

In figures 2(a) and 2(b) the heat fluxes at the interface versustime are plotted, respectively for the
isothermal and adiabatic case. Again the exact solution is compared with the local and asymptotic
ones. It is interesting to note that in the isothermal case, even if θe > 0, at the initial time the fluid is
heating the wall due to the dissipation of kinetic energy. There is a range of time in which the solid
wall is heating the fluid, but in the asymptotic stage, the fluid will again heat the wall. For large
values ofE, the wall can heat the flow only for high values ofθe.

Figures 3 and 4 show the interface temperature versus time respectively for different values ofE
andΛ. In each figure both the isothermal and adiabatic cases are proposed. It is interesting to note
that a similar behavior of the temperature can be obtained byvaryingE or Λ.

8 CONCLUSIONS
In this paper we have presented an exact solution of the unsteady conjugated heat transfer prob-

lem of a flow arising in a 2D channel withthick walls. The flow is driven by a constant pressure
gradient impulsively set to a constant value at the initial time. The solution of the thermal field has
been obtained in the case ofPr = 1 taking into account for the effects of the dissipation of kinetic
energy in the fluid (Eckert number different than 0). Two problems have been solved depending on
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Figure 4: Temperature at the solid fluid interface versus time for different values of the thermal
activity ratio. (a): isothermal case (θe = 1). (b): adiabatic case.E = 1, tfs = 0.5. − · −: Λ = 0.1;
—: Λ = 1; −−−: Λ = 10.

the thermal condition imposed on the unwetted side of the channel walls: isothermal and adiabatic
case.

The time evolution of the temperature and heat flux at the solid-interface have been analysed and
discussed in terms of the main parameters which are ruling the phenomena: the Eckert numberE
and the coupling parameterΛ which essentially is related with the thermal activity ratio between the
fluid and the solid.
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